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Conjugate directions method for solving interval linear
systems*

A.H. Bentbib

Faculté des Sciences et Techniques—Guéliz, Département de Mathématiques et Informatique,
Université Cadi Ayyad de Marrakech, BP 618, Marrakech, Morocco

We propose the interval version of the conjugate directions method, to solve the problem
of linear systems, with symmetric and positive definite interval matrix A, and a right-hand
side interval vector b.
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1. Introduction

It is well known that in the formulae of the Gaussian algorithm, the Jacobi and
Gauss-Seidel iterations can be used to bound the set S of solutions of linear systems
for which the coefficient matrices and the right-hand sides are varying within given
intervals [3,6,7], given by

S={zecR"|3Ac A, Fbeb Azr=0}.

Much work has been done to compute an enclosure interval vector of the set S, see,
for example, [5,7-10,12,13].

We are interested here in solving the symmetric interval linear systems Ax = b,
where A is an (n,n) symmetric interval matrix (i.e., A;; = A;;), and b is an interval
vector. The set of symmetric solutions of such problems is given by

Sym={zcR"|JAc A, AT=A4, Fbeb: Ar=>)}.

The formulae of the Cholesky method can be used to solve the symmetric interval
linear systems [1,2]. The purpose of the present paper is to apply the well-known
conjugate directions method to compute an enclosure interval vector of Ssym. When
the interval matrix A is not symmetric, we set B = AT A, where B is a symmetric
interval matrix. Consider the interval linear system Axz = b, for which the set of
solutions is given by

S={zecR"|3Ac A, Fbeb Az =0}
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Consider now the symmetric interval linear system Bz = ¢, where ¢ = ATb. The set
of symmetric solutions is
Sym={r€R"|3IBe B, B' =B, 3¢c ¢ Bx=¢}.

Proposition 1.1. We have the following inclusion:

S C Seym.
Proof.
r€S = JAc A ech Ar=0b — JAc A, Tbecb: ATAdz=A"b
— 3Be B, B'=B, 3¢cec Bt =¢ = x € Sym. O

2.  Notations

By IR, we denote the set of real compact intervals
[0, 0] ={z eR[a<z<p}, fora<p apBeR

IR™*™ is the set of (n,m) interval matrices A, whose elements A; ; belong to IR. If
m = 1, IR"*® is denoted by TR", and it represents the set of vectors with » interval
components. For an interval I = [, 5] € IR, we denote by

I= OHZFB : the midpoint of I,
o="2 > % . the radius of 1.

For A € TR"*™, A is the real (n,m) matrix whose elements Aij are midpoints
of corresponding elements A;; of A. p(A) is the positive rea (n,m) matrix whose
elements p(A); ; are radii of corresponding elements A;; of A.

3.  Operations
If x is one of the symbols +, —, -, /, we define arithmetic operations on intervals
by
[, ] % [v, 6] ={z*y|a<z < B, y<y< b}

except that we do not define [a, 8] /[, 6] if O € [v,6]. [«, 5] %[, 6] isarea compact
interval, and it is equal to

[min{a*fy, ax*xd, Bx~, Bx0},max{ax*x~y, a*xd, [x*, 5*6}].

For A,B € IR"™*™, C = A £ B, is the (n,m) interval matrix whose elements are
Cij = Aij £B;;. f BeIR™* C = A-B,isthe (n,s) interval matrix whose
elements are

m
Cij=> Aik- Brj.
k=1
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If VelR™, W = A.V istheinterval vector, whose components are given by

k=1

W = [a, 8] - V istheinterval vector with components W; = [a, 8] - Vi. If 0 ¢ [, 5],
V 1

4. Independence, norm and orthogonality in IR"™

Definition 4.1. A set of interval vectors J = {Uy,Uy,...,Up} of IR" is said to be
linearly independent if each set of real vectors {ug,uz,...,u,}, with u; € U;, for
1=1,...,p, islinearly independent in R™.

Proposition 4.2. A set of interval vectors J = {Uy, Uy, ...,Up} of IR™ is linearly
independent if and only if
Oea1U1+a2U2+---+apUp:>a1:a2:---:ap:O.
Proof. Supposethat theset 3 = {U1,U,...,U,} of IR™ islinearly independent. Let
ag,ap,...,0p € R, such that
0€ aylUs + apUs + - - - + U,

Then, there exists at least one set of rea vectors {uq,up,...,up}, u; € U;, © =
1,...,p, which verify

oaqug + agup + -+ - + apu, = 0.

Thisimplies a; = ap = --- = oy, = 0. Now, if aqug + apuz + -+ + opu, = 0, then
0€ aqUy + apUz + - - + a,Up, Which implies ag = ap = --- = o, = 0. Thus, all
sets {ug, u, ..., up}t, u; € U;, of real vectors are linearly independent. This means
J={U,Uy,...,U,} islinearly independent. a

Example 4.3. Sets of interval vectors
~ [1,2] [0,0] ~ [1,2] (1,1]
= { (o) (2)} = »={(sm)(i22)}
of TR? are linearly independent.

Let V be an interval vector belonging to TR™. The norm of V' is designated by
|V||, and computed as

i => V2
k=1
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where, for X € IR, X2 = {2? | 2 € X} and, if X > 0 (that is, V2 € X, z > 0),
VX ={/z | x € X}. The square of the norm of V is given by

vz ="> V2
k=1

Let now A be a symmetric positive definite interval (n, n) matrix, i.e., A;; = A;,; and
for al real matrices A belonging to A, A is positive definite (for details, see [11]).
The norm of V' associated with A, denoted by ||V || 4, is computed as

k=1 k=1 j=k+1

wdimkk-vzwz-"zl(vk- > A,w..vj),

n n—1 n
IVIE=D (Ark- Vi) +2-) (Vk' > Ak,j-‘@).

k=1 k=1 j=k+1

V|| contains al 57 - (A-7), where & € V, and A is a symmetric real matrix
belonging to A. Because of phenomenon of dependence of interval arithmetic, we
have [V|3 C VT (4 V).

Definition 4.4. Let A be a symmetric positive definite interva (n,n) matrix. A set
of interval vectors {P1, P, ..., P} of IR™ is said to be A-orthogonal if for each
symmetric real matrix A € A and each rea vector p1 € Py, there exists a set of
real vectors {pz,...,pm}, Dj € Pj, j = 2,...,m, such that p) - (A - p;) = O, for
1<i#j<m.

Such an A-orthogonal set of interval vectors can be found by

Py =ey,
PlT (A -e2)

- Py,
|P1]1%

P,=ep; —

m—1
Pl (A i em)
Bu=en Yo D)
2 RR

where e; is the real vector with one in the ith component, and zero otherwise. To
compute Py 1, we must have 0 ¢ || Pyl 4.



A.H. Bentbib / Conjugate directions method 83

5. Steepest descent in interval arithmetic

Let A € IR"*" be asymmetric positive definite (s.p.d.) interval matrix, i.e., each
real matrix A € A is positive definite [11], b € IR™ an interval vector. We consider
the formal minimization problem

min{cb(x) = %xT (A-z)—2"- b},

which by definition means the minimization of all functions

¢45(@) = %xT- (ﬁx) — "D,

where A is area s.p.d. matrix which belongs to A, and b isrea vector varying in the
interval vector b. It is well known that the minimum value of ¢ b (z) is achieved by
setting 7 = A1 b [4]. Let 3 be the set

{TeR"|FAc A, Aspd, Ieb ¢5;(F) =ming;;@)},

then it is obvious that > = Sgym. Thus, solving the interval minimization problems and
the symmetric, positive definite interval linear systems are equivaent. The method of
steepest descent consists in minimizing each functional ¢ ;;, a a current point z, in
the direction of the negative gradient

~Voi;@)=b—A .

Wecall 7=b— A -z the residua of z associated with A sp.d. € A and b € b. If the
residual 7 is nonzero, then

~ T
«= =
7T (A7)
minimizes ¢ 4 ;(x + a.- 7). This gives the algorithm
Xo=0, Rp=1b
fork=12,...

if 0¢ Ry,_1, then ay_1 = [|[Ry_1|%/|| Re—1]3
Xp=Xp1+tag1-Rpa
Rp,=0—A-X;
If 0 ¢ Ry_1, then al residuals 7,_1 = b— A - j_1, where A sp.d. € A, be b
and 7;_1 € Xy_1, are nonzero.
Po1 Tho1
g (A-To1)

o . R 4112
isintheinterval ;1= M
([ Re—1ll%

thus 7, = Zp_1 + ag_1-Tk_1 € Xi. Unfortunately, this agorithm fails when the
interval residual vector Rj_, contains zero, which is possible when X;,_; contains at

ap_1 =
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least one solution z for a given minimization problem associated with one real s.p.d.
matrix A € A and one real vector b € b.

6. A-conjugate direction method in interval arithmetic

To avoid the problem of the interval steepest descent method, when the resid-
ual contains zero, we consider the successive minimization of @ aong a set of
A-orthogonal interval vector directions { P, P, ..., P,} of IR™. Thus, we obtain
the following agorithm:

Xo=0, Rg=0b
fork=1,...,n
ap-1= (P b/ P}
Xp=Xp1+ap_1- Py
Rp=b—A- X

Proposition 6.5. At each step k of the agorithm given above, p(b) < p(Ry), so the
radius of the interval P} - b is less than the radius of P - Ry_.

Proof. The proof is based on a simple remark: for I,J € IR we have p(I + J) =
p(I) + p(J) < p(I). O

Theorem 6.6. Let{ P, P>,..., P,} beaset of A-orthogonal interval vector directions
of IR" that verify 0 ¢ P, for k = 1,...,n. The interva vector sequences X}
constructed by the algorithm given above verify ~ C X,,.

Proof. Let A be ared s.p.d. matrix belonging to A, b area vector which belongs
to b. There exists a set of red vectors {p1,...,pn}, pr € P, k =1,...,n, such that
pi - (A-p;) =0, for 1 <i#j<n. Therea vector sequences 7, given by

T0=0 To=0b
fork=1,...,n B
Gy = Pr - Th-1 _ pp b
TR A B (A
T = Tg—1+ Q1" Dk
rn=b—A T
verify 2, € Xy, for k = 1,...,n. The red vector z,, minimizes ¢A,B (x). From the
equality

Pr o Tre1 _ by b
pr-(A-pr) D (A-pr)
and by proposition 6.5, in order to construct oy, 1 = (P} - Ri_1)/||Pe|3, it will be
better to take ay,_1 = (P - b)/|| Pi||3- =
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Example 6.7.

[1.9900, 2.0100] [0.4900, 0.5100] [0.3333, 0.3333]
A = [ [0.4900, 0.5100] [1.3233, 1.3433] [0.2400, 0.2600]
[0.3333, 0.3333] [0.2400, 0.2600] [1.1900, 1.2100]

b is given by

(1 1 [1.8333, 3.8333]
b=A - [1] ad o)=|1], b= |[10833, 3.0833]
1 1 [0.7833, 2.7833]

By using the algorithm given in section 4, we give a set of A-orthogona interval
directions:

1 [—0.2563, —0.2438)] [—0.1376, —0.1266]
p=|0]|, P= 1 , Py= | [-0.1499, —0.1263]
0 0 1

Denote by X P and X", theinterval solution given, respectively, by interval conjugate
directions and interval Cholesky method. We have the following results:

[ 0.0456, 1.9318] [—0.0318, 2.0288]
XCP — [ [—0.2443, 2.2385] and X" = [ [-0.2503, 2.2449]
[—0.1862, 2.1804] [—0.2293, 2.2274]

> denotes the set of solutions of the interval linear system A -x = b. By the numerical
results given above, we have ¥ C XP C X,
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