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21.8 Interval VES editing : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 7521.9 Interval VG editing : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 7521.10Single number interval Y editing : : : : : : : : : : : : : : : : : : : : : : : : : 7521.10.1Single number I/O and internal base conversions : : : : : : : : : : : : 7821.11List{directed interval I/O : : : : : : : : : : : : : : : : : : : : : : : : : : : : 7921.11.1List{directed interval input : : : : : : : : : : : : : : : : : : : : : : : 7921.11.2List{directed interval output : : : : : : : : : : : : : : : : : : : : : : : 8021.12Namelist interval I/O : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 8021.13File compatibility with future releases : : : : : : : : : : : : : : : : : : : : : : 8022 Acknowledgments 8223 Appendix A: Interval Intrinsics 831 IntroductionThis speci�cation de�nes a set of representable extended real intervals, a subset of supportedintervals and their internal representation for IEEE 754 compliant processors. It is also aspeci�cation of the needed additions to the syntax and semantics of Fortran 95 with whichto implement, test and document support for interval data types. It is not a completeimplementation speci�cation, although some important implementation issues are addressed.Real interval arithmetic operations are interval enclosures of their point counterparts. Soare rational expressions1 computed using interval arithmetic. This fact, known as the fun-damental theorem of interval arithmetic, is important because an interval enclosure of areal expression contains the expression's range over the sub-domain de�ned by its intervalarguments [12]. The property of including the range of a expression in an interval result isalso referred to as \containment".Sendov [16] extended the domain of interval arithmetic to include unbounded intervals. Wal-ster et al [18] de�ned the set of values that interval enclosures of extended point expressionsmust contain. Walster [20] de�ned a closed system of extended real intervals that includesenclosures of intrinsics and relations where point results are unde�ned. Walster and Hansen[23] extended the fundamental theorem to include multi{valued and irrational functions.The practical consequences of these results as implemented herein are:1The term \expression" is used to include both single and multi{valued functions.6



1. Simple representation: Each supported interval can be internally represented using apair of IEEE 
oating-point numbers.2. Algorithm e�ciency: Branching is minimized and there are opportunities for additionalhardware support.3. Closure: All arithmetic operations on any supported intervals produce supported in-tervals.4. Sharp Results: Whenever possible, sharp2 interval results are produced.5. Simplicity: User interface complexity is minimized.A complete set of intrinsic interval enclosures of point intrinsics and operations for Fortranis de�ned using [7] together with [18], [20] and [23]. For IEEE 754 compliant processors thiscollection of de�nitions yields a consistent closed set of interval operations and intrinsics,even in the presence of arguments and outcomes that would otherwise raise IEEE exceptions.Appendix A contains algorithms for interval operations +, -, *, and / on IEEE 754 compliantprocessors.This speci�cation is written to be consistent as practical with the Fortran 95 Standard.Additions to this speci�cation for future versions of Fortran and other languages will beprovided in future versions.2 Interval Implementation QualitySpeed and sharpness de�ne the quality of an interval implementation. The result of aninterval operation is sharp if the resulting width, w ([a; b]) = b � a, is as small as possiblewithout violating the containment constraint.The two components of interval implementation quality do not necessarily con
ict. Takingmore time to compute sharp elementary and intermediate results can cause an intervalalgorithm to execute faster.Without special interval hardware, speed forces a pair of IEEE 754 
oating{point numbersto be used when representing the in�mum and supremum of an interval. Speed can also beachieved by eliminating exceptional events. This requires an interval system that is closedwith respect to arithmetic operations, including division by an interval containing zero andthe evaluation of expressions including both relations and functions.2An interval X is \sharper" than interval Y, if WID(X) < WID(Y) (see section 16.8), that is, assumingboth X and Y contain the correct answer. 7



Sharpness of interval results can be improved by distinguishing both between zero and un-der
ow, on the one hand, and between in�nity and over
ow, on the other. Sharpness ofinterval results can also be improved by permitting the result of interval operations to berepresented by a set of disjoint intervals.Quickly computing sharp interval results can be achieved with various amounts of hardwaresupport. In some cases, di�erent internal representations are required. Nevertheless, binary�le compatibility can be maintained, see section 21.13.2.1 The \Simple", \Sharp", and \Full" Interval SystemsThe three interval systems, \Simple", \Sharp", and \Full", are designed to introduce in-creasing result sharpness at the cost of implementation complexity and hardware support.All three systems use extended real interval arithmetic as their base. The \Sharp" systemadds the ability to distinguish between under
ow and zero, on the one hand, and betweenover
ow and in�nity, on the other. This makes it possible to preserve sign information whichis otherwise lost. The \Full" system adds the ability to sharply represent division by intervalscontaining zero as the union of two semi-in�nite intervals. All three systems are closed withrespect to interval arithmetic operations. The present speci�cation implements the \Simple"system and requiring no hardware support other than IEEE 754 compliance.3 Extended Real IntervalsLet IR denote the set of real numbers: IR �fx j �1 < x < +1g. A real interval, or just aninterval, X = [x; x], is a closed, bounded subset of the real numbers, IR:X � [x; x] � fx 2 IR j x � x � xg ;where x and x denote the left endpoint or in�mum3 and the right endpoint or supremum4of the interval X. The set of real intervals is denoted by IIR. An interval is a point ordegenerate interval if X = [x; x] or x = x. The in�mum of an interval is always less than orequal to the supremum.The set of extended real numbers, IR�, is the set of real numbers, IR, extended with the twoideal points plus and minus in�nity: IR� = IR [ f�1g [ f+1g. The set of extended realintervals, IIR�, is the set of real intervals, IIR, extended with the empty interval, ;, and3The largest number that is less than or equal to each of a given set of real numbers.4The smallest number that is greater than or equal to each of a given set of real numbers.8



intervals with one or both in�nite endpoints.IIR� � 8>>>>>>>>>>><>>>>>>>>>>>: IIR [; [f[�1; x] j x 2 IRg [f[x;+1] j x 2 IRg [[�1;�1] [[�1;+1] [[+1;+1]where intervals with in�nite endpoints are interpreted as follows:[�1; x] � fz 2 IR� j z � x, x 2 IR g[x;+1] � fz 2 IR� j z � x, x 2 IR g[�1;�1] � fz 2 IR� j z < x, 8x 2 IRg[�1;+1] � IR�[+1;+1] � fz 2 IR� j z > x, 8x 2 IRgThe set of values that an arithmetic operation on extended intervals must contain is the\containment{set" of the operation, is denoted fX op Y g , and as conceived my Moore isde�ned :De�nition 1 fX op Y g = f� j � = x op y; x 2 X and y 2 Y g ; whereop = f+;�;�;�g , X 2 IIR , Y 2 IIRand in the case of division, 0 62 Y ; because x� y is unde�ned if y = 0.Remark 1 In case x op y is not uniquely de�ned, X op Y must still contain the set of allpossible values of � to which � = x op y can be equal. This set is the containment set of theexpression � = x op y and is denoted f[x op y]g, see [18].Remark 2 An interval operation produces an interval containing the set of all results ob-tainable by performing the operation in question on every element of the argument intervals.Therefore X op Y must contain fX op Y g.Neither the real nor the extended real number systems are closed with respect to arithmeticoperations. In the real number system, division by zero is unde�ned. In the extended real9



number system, neither division by zero nor the following indeterminate forms are de�ned:(+1)� (+1) (+1)� 0 (+1)� (+1)(�1) + (+1) (�1)� 0 (�1) � (+1)(+1) + (�1) 0� (+1) (+1)� (�1)(�1)� (�1) 0� (�1) (�1)� (�1) (1)The following notation makes explicit the identities between the set and interval represen-tations, both for the point at 0 and for the ideal points at �1:[�1;�1] � �1 ,[+1;+1] � +1 ,[0; 0] � 0:The relationship between projective in�nity, f�1g, and a�ne in�nities, �1 and +1, is:�1[+1 � f�1g (2)The following reciprocity relations exist between zero and projective in�nity, which can thenbe related to a�ne in�nities using (2):[0; 0] = � [0; 0] ;f�1g = �f�1g ;1=(�1) = 1=(+1) = 1= f�1g = [0; 0] ; and,1= [0; 0] � f�1g .To close the system of extended intervals with respect to the arithmetic operators, it isnecessary to de�ne the result of interval operations on operands involving ;, as well asindeterminate forms, including those in table 1. This has been done in [18]. De�nition 1does not apply to extended intervals or division by zero or the indeterminate forms in (1).If x op y is indeterminate, then de�ne f[x op y]g to be the set of all possible values of � towhich � = x op y can be equal. If x op y is determinate, then f[x op y]g = x op y: Thefollowing required results are derived from topological closure of arithmetic operations usingresults in [20]. f; op Xg = ; for op 2 f+;�;�;�g and 8X 2 IIR� ; (3)fX op ;g = ; for op 2 f+;�;�;�g and 8X 2 IIR� ; (4)f[(+1)� (+1)]g = IR� ; (5)10



f[(�1) + (+1)]g = IR� ; (6)f[(+1) + (�1)]g = IR� ; (7)f[(�1)� (�1)]g = IR� ; (8)f[0=0]g = IR� ; (9)f[(+1)� 0]g = IR� ; (10)f[(�1)� 0]g = IR� ; (11)f[0� (+1)]g = IR� ; (12)f[0� (�1)]g = IR� ; (13)f[a=0g = f�1]g � IR� 8 0 < a ; (14)f[(�a) =0]g = f�1g � IR� 8 0 < a ; (15)f[(+1) = (+1)]g = [0;+1] ; (16)f[(�1) = (+1)]g = [�1; 0] ;. (17)f[(+1) = (�1)]g = [�1; 0] ; and, (18)f[(�1) = (�1)]g = [0;+1] . (19)The result of equations (14) and (15) is unsigned or projective in�nity, while not sharpcontainment is preserved if IR� is returned instead of f�1g, because projective in�nity iscontained in IR�.The indeterminate forms in (1) are unde�ned in the point system because these forms de�nemulti{valued, not single{valued functions. Because intervals are sets of values, the results in(3) can be used to return containing intervals.The results from the de�nitions in (3) through (19) can be used to generalize De�nition 1:De�nition 2 fX op Y g = ff[x op y]g j x 2 X and y 2 Y g ; whereop = f+;�;�;�g, X 2 IIR�, Y 2 IIR�, f[x op y]g = x op y when x op y is de�ned, butwhenever x op y is indeterminate, the de�nitions of f[x op y]g in (3) through (19) are usedinstead.4 Internal Representation using IEEE numbersTo support arithmetic operations on the complete set of extended real intervals requiresnon{IEEE arithmetic operators, or the sacri�ce of run{time performance. An alternative isto exclude the intervals [�1;�1] and [+1;+1] from the set of supported intervals. Asa consequence, the invalid operation exception (+1) � (+1) is avoided in inlined IEEE11




oating{point addition and subtraction operations. Without loss of containment or closure,any containing interval can be returned for the result of an operation on supported intervalsthat produces an unsupported interval result. In particular, [�inf;�fp] can be returnedin place of [-inf,-inf] and [+fp;+inf] can be returned in place of [+inf], where fpdenotes the largest representable 
oating{point number5.The following design objectives are supported by the chosen mapping of interval endpointsonto the set of IEEE repesentable 
oating-point numbers:� represent the empty, ;, and entire, IR�, intervals;� use IEEE features to implement the relative dominance of the empty (;) and the entire(IR�) intervals; and,� use the properties of IEEE 
oating-point arithmetic to achieve sharpness and speed.Justi�cation for limiting the �rst release of Sun's compiler support for intervals to the \Sim-ple" system is contained in [21]. While the \Simple" system produces results that are lesssharp in the presence of under
ow and over
ow than the \Sharp" and \Full" systems in[20], simplicity is believed to be more important than sharpness in the �rst interval compilerrelease.The empty interval, ; , is represented using the unique internal representation [NaN;; NaN;];where NaN; is a non-default quiet not-a-number. To provide e�cient hardware support forthe \Sharp" and \Simple" systems, NaN;, must be unique and unobtainable in any otherway. The result of operations such as IEEE 0*inf, inf/inf, or 0/0, produce a defaultNaN . Using a non default NaN to represent the empty interval enables empty intervals tobe e�ciently propagated without introducing branches.The entire interval IR� is internally represented using [�inf;+inf].Zero interval endpoints are internally represented using either plus or minus zero. In the\Simple" system, the sign of zero is ignored. Processors that implicitly initialize variablesto zero may initialize variables of interval type to [-0,-0], [+0,+0], [+0,-0] or [-0,+0].The following examples for the \Simple" system are obtained form De�nition 2 and equations(5) { (19).Given a; b; c; d 2 IR and a; b; c; d > 0[a, +inf] * [-c,d] = [-inf,+inf][-inf, -b] * [-c,d] = [-inf,+inf]5The notationfp and -fp is not meant to imply that 
oating{point numbers are symmetrically distributedaround zero 12



[a, +inf] * [� 0 , d] = [-inf,+inf][-inf, -b] * [� 0,d] = [-inf,+inf][-inf, b] * [� 0,d] = [-inf,+inf][-inf, b] * [-c,� 0 ] = [-inf,+inf]For all intervals X 2 IIR� :X / [� 0,d] = [-inf,+inf]X / [c,� 0] = [-inf,+inf]X / [-c,d] = [-inf,+inf][a,+inf] / [c,+inf] = [0,+inf][-inf,-b] / [-inf,-d] = [0,+inf][-inf,-b] / [c,+inf] = [-inf,0][a, +inf] / [-inf,-d] = [-inf,0]The following table shows how (in the \Simple" system) internal binary representations areinterpreted on output ("x" stands for an external character representation of x ). In thistable, x 6= inf and x 6= 0.Internal binary Output External character[� 0, � 0] �! [0,0][� 0,x] �! [0,"x"][x, � 0] �! ["x",0][x, +inf] �! ["x", +INF][+0, +inf] �! [0,+INF][-inf,x] �! [-INF,"x"][-inf, +0] �! [-INF,0]The following table shows how (in the \Simple" system) character strings are converted intothe internal binary representation ("x" stands for an external character representation of x).In this table, x 6= inf and x 6= 0.
13



Internal binary Input External character[�0,x]  � [0,"x"][�0,x]  � [1e-5000, "x"][x,�0]  � ["x",0][x,�0]  � ["x",-1E-5000][x,+inf]  � ["x",+INF][�0,+inf]  � [0, +INF ][-0,+0]  � [0,0][-inf,�0]  � [-INF,0 ][-inf,�0]  � [-INF, -1E-5000 ][-inf,x]  � [-INF,"x" ][-inf, �fp]  � [-INF, -INF][�0, fp ]  � [0,1E-5000][fp, +inf ]  � [+INF, +INF]Note: fp and fp are respectively: the smallest positive and largest representable
oating{point number.5 The empty and entire intervals5.1 The empty interval, ;Three ways an empty interval can be produced are: by inputing of an empty interval (see sec-tion 21); by intersecting, .IX. (see section 11.2), two disjoint intervals; or by evaluating theinterval enclosure of a expression using an argument that is strictly outside the expression'sdomain of de�nition.The following are de�ning properties of the empty interval:� The empty interval is a degenerate interval constant.� The empty interval is a proper subset, .PSB. (12.6), of every other interval.� The empty interval is set equal, .SEQ. (12.7), to itself.� The empty interval is disjoint, .DJ. (12.1), with any interval, including itself.� The intersection, .IX. (11.2), of the empty interval with any interval, including itself,is empty. 14



� Any arithmetic operation on an empty operand produces the empty interval.� Any interval enclosure of a point arithmetic expression of one or more arguments isempty when any of its interval arguments is empty. Without loss of containment,interval enclosures of invariant (or constant) expressions can safely return the value ofthe invariant expression, even when the argument of the interval enclosure is empty,see [20]. Examples of invariant expressions include f(x) = c and f(x) = xn, for n = 0.� Any point-valued (non{interval) intrinsic of one or more empty interval argument isunde�ned. A processor{dependent result is returned in this case. The point-valuedintrinsics are: INF, SUP, WID, MID, MIG, MAG, NDIGITS and INT see sections 10, 16 and17.5.2 The entire interval, IR�For convenience of exposition the term entire interval is used to denote the interval IR�. Thefollowing are de�ning properties of the entire interval:� The entire interval is a non-degenerate interval constant. Two entire intervals mustbe treated as completely independent, see [23]. Consequently, IR� � IR� = IR� andIR�=IR� = IR� (see section 7).� The entire interval is a proper superset, .PSP. (12.5), of every other interval.� Two entire intervals are set{equal, .SEQ. (12.7).� The entire interval is disjoint, .DJ. (12.1), with no other interval except the emptyinterval� The intersection, .IX. (11.2), of the entire interval with any interval, X, is X.� The result of any interval arithmetic operation on one or more entire interval operandsis the range of the operation with respect to the entire interval argument(s). This isa consequence of the de�nition of the minimum width interval enclosure of a pointoperation; X:op:Y = hull(f� j � = x:op:y; x 2 X; y 2 Y g), see [20]. Example:[1,1]/[0,0] = f�1g [ f+1g � IR�� The result of evaluating an interval enclosure of a point expression with one or moreentire interval arguments is the range of the expression with respect to the entireinterval argument(s). That is, f(IR�) = hull(fy j y = f(x); x 2 IIR�g), see [20].The extension to expressions of n-variables must include consideration of expressionsresulting in indeterminate forms, see [20].Examples: IR�2 = [0;+1] � IR�, pIR� = [0;+1] � IR�, and sin (IR�) = [�1; 1].15



� Any point-valued (non-interval) intrinsic of one or more entire interval arguments mayor may not be de�ned. If not de�ned, a processor must return a processor-dependentresult. The point-valued intrinsics are: INF, SUP, WID, MID, MIG, MAG, NDIGITS and INT,see sections 10, 16 and 17.6 Language ExtensionsThe language extensions described in this section are introduced to enable interval variablesto be declared, manipulated, input, and output.6.1 Character SetProcessors are assumed to support square brackets, \[" and \]", to delimit literal intervalconstants, see section 6.4.6.2 Interval related command line optionsInterval features in the Sun f95 compiler are activated by means of the following commandline options� -xinterval=(no|widestneed|strict) is a 
ag to enable processing of intervals andto control permitted expression evaluation syntax."no", the �rst default, is a no-op."widestneed", the second default will promote all non-interval variables and literalsin any mixed-mode interval expression to the widest interval data type anyplace in theexpression. The details are spelled out in the interval speci�cation document and apaper by Robert Corbett."strict" will not permit any mixed-type or mixed-length interval expressions. Allinterval type and length conversions will need to be explicit, or it will be a compile-time error.� -xia=(widestneed|strict) is a macro that enables the processing of interval datatypes and sets a suitable 
oating-point environment.If -xia is not mentioned, there is no expansion.-xia expands into :-xinterval=widestneed-ftrap=%none 16



-fns=no-fsimple=0.-xia=(widestneed|strict) expands into :-xinterval=(widestneed|strict)-ftrap=%none-fns=no-fsimple=0.Previously set values of -ftrap, -fns, -fsimple are superseeded.It is a fatal error if at the end of command line processing -xinterval=(widestneed|strict)is set and either -fsimple or -fns is set to any value other than-fsimple=0-fns=no.If at the the end of the command line processing -ansi is set and -xinterval is set to eitherwidestneed or strict a warning "Interval data types is a non-standard feature" is issued.Note: -fround = <r>: (Set the IEEE rounding mode in e�ect at startup ) does not interactwith -xia because interval operations save and restore the rounding mode upon entry/exit.When recognition of interval types is activated:� Interval operators and functions become intrinsic.� The same restrictions are imposed on the extension of interval intrinsic operators andfunctions as are imposed on the extension of standard intrinsic operators and functions.� Interval speci�c function names (see section 6.13) are recognized.In the remainder of this document, unless otherwise speci�ed, the "-xinterval=strict"command line option is assumed to be set.6.3 -xtypemap=intervalThe default size of an interval variable declared only with the INTERVAL keyword can bechanged using only the -xtypemap command line option6. The -r8const 
ag has no in
uenceon the default size of interval types. Allowed mappings for -xtypemap are:-xtypemap=interval:128, promoting INTERVAL to INTERVAL(16) ; and-xtypemap=interval:32, demoting INTERVAL to INTERVAL(4).6Implementation of this option is not planned for current release.17



6.4 Interval typeThe type speci�er for intervals is the keyword INTERVAL. An approximation method (charc-terized by the kind type parameter) de�nes sets of values for a real data type. For intervalendpoints the Fortran processor must support the same approximation methods as are usedfor real types. Both endpoints of an interval value must be represented using the sameapproximation method.In addition to the keyword INTERVAL, users may specify a kind type parameter7. If thekeyword INTERVAL is speci�ed and the kind type parameter is not speci�ed, the default kindvalue is the same as that for the double precision real, the type of both endpoints is doubleprecision real, and the data entity is of type default interval.Sun f95 also supports INTERVAL*8, INTERVAL*16, and INTERVAL*32 type speci�ers corre-sponding to interval values with REAL(4), REAL(8) and REAL(16) endpoints. In all casesthe types of both interval endpoints are the same.The set of values that are representable using an interval constant or variable is a subset ofthe mathematical real interval numbers.Intervals are opaque. That is, there is no language support provided for direct access toan interval's underlying machine representation. An intervals's in�mum and supremum areaccessible using the intrinsics INF(X) and SUP(X).If the SEQUENCE statement is present in a derived{type de�nition and a component hasan interval type then the type is not a numeric sequence type 8.Note: Although COMMON, and EQUIVALENCE variable association, and LOC() enable pro-grams to access the underlying internal representation of interval components, the results ofsuch access are processor dependent and should not be used. See also section 6.8.Where literal constants are admitted in a program, an interval value is represented as aninterval literal constant.interval{literal{constant is [ endpoint]or [ left{endpoint, right{endpoint]left{endpoint is endpointright{endpoint is endpointendpoint is signed{int{literal-constantor signed{real{literal-constantAn interval literal constant is speci�ed either by one or two decimal numbers. Thus, forexample, the constants [0.1] and [0.1,0.1] have the same interpretation. In either case,7For the INTERVAL type Sun f95 supports kind type parameters equal to 4, 8 and 168No new constraint is introduced. The Fortran standard already makes these speci�cations for any typeother than default integer, default real, default complex, or default logical.18



a decimal constant's internal representation must contain the decimal constant, regardlessof the number of digits in the constant.Interval constant properties:� An interval literal constant with a left endpoint greater than its right endpoint isinvalid.� Left and right endpoint data types may be di�erent.� If either endpoint is not exactly representable on a given machine, the left endpoint isrounded down and the right endpoint is rounded up to numbers known to contain theexact decimal value.� If both endpoints are of type real but have di�erent kind type parameters, they are bothinternally represented using the method of the endpoint with more decimal precision.� If an endpoint is of type default integer, default real or double precision real, it isinternally represented as a value of the type double precision real.An interval constant having both endpoints of type default integer, default real ordouble precision real, has the type default interval.� If an endpoint's type is INTEGER(8), it is internally represented using type REAL(16)value. If an endpoint's type INTEGER(4), it is internally represented using type REAL(8)value. If an endpoint's type INTEGER(1) or INTEGER(2), it is internally representedusing type REAL(4) value.� The kind type parameter of an interval constant is the kind type parameter value ofthe part with the approximation method which is applied to both parts.Examples:kind([9_8,9.0]) == 16kind([9_8,9_8]) == 16kind([9_4,9_4]) == 8kind([9_2,9_2]) == 4kind([9,9.0_16]) == 16kind([9,9.0]) == 8kind([9,9]) == 8kind([9.0_4,9.0_4]) == 4kind([1.0Q0,1.0_16]) == 16kind([1.0_8,1.0_4]) == 8kind([1.0e0,1.0q0]) == 16kind([1.0e0,1]) == 8kind([1.0q0,1]) == 16 19



6.5 Derived-type De�nitionINTERVAL cannot be used as a derived type name. For exampleTYPE INTERVALREAL :: INF, SUPEND TYPE INTERVALis illegal.6.6 Interval Intrinsic ExpressionsAn interval expression is used to represent interval computations. An interval expressionevaluates to a scalar interval value or to an interval array value. An interval intrinsicexpression consists of interval operands and interval operators.Interval operands are interval constants, interval variables, interval array constructors, highprecedence interval de�ned subexpressions, interval functions references, and (intrinsic andde�ned) (sub)expressions enclosed in parentheses.A de�ned expression is composed of operands and operators, where: operands may havederived and intrinsic types; and, operators may be de�ned, intrinsic or extended intrinsicoperators. A de�ned expression may also be an interval expression if it evaluates to aninterval type.A de�ned expression and an intrinsic expression di�er either in that a de�ned expression hasat least one derived type operand, or in that a de�ned expression includes either a de�nedoperator or an extended intrinsic operator.Operands are (as in the case of an intrinsic expression ) constants, variables, array construc-tors, function references, and (sub)expressions enclosed in paretheses. De�ned expressionsmay also include structure constructors used as operands.In the integer exponenatiation operation X**N, where X is interval and N is an integer typevariable, an integer{literal constant is allowed as an exponent only if the constant is in therange [-MAX INT,MAX INT]. This prevents containment failures caused by the truncation ofinteger constants that are not internally representable.Simple interval expressions may consist only of one operand without an operator.More complicated interval expressions consist of one or more operands processed by intervalintrinsic operators. They may contain interval subexpressions enclosed in parentheses.Interval intrinsic operators are: 20



Operator Operation Use Interpretation** Exponenatiation X**Y Raise X to the power YMultiplication X*Y Multiply X and Y/ Division X/Y Divide X by Y+ Addition X+Y Add X and Y+ Identity +X Same as X (without a sign)- Subtraction X-Y Subtract Y from X- Numeric Negation -X Negate X.IH. Interval hull X.IH.Y Interval hull of X and Y.IX. Intersection X.IX.Y Intersect X and YPrecedence of operators:� The Unary operators +,- take precedence over the **, *, +, -, .IH., and .IX.� The operator �� takes precedence over the *, +, -, .IH., and .IX. operators.� The operators *,/ take precedence over the +, -, .IH., and .IX. operators.� The operators +,- take precedence over the .IH. and .IX. operators.� The operators .IH. and .IX.take precedence over the // operator.Interpretation rules:� An interval intrinsic expression is interpreted from left to right. That is, if there is anoperand between two operators of the same precedence (except exponentiation), theleft operator is combined with the operand.� A parenthesized expression is treated as a data entity.� If an expression includes operators of di�erent precedence, the precedence of the oper-ators controls the order of the combination of operators and operands.� a sequence of exponentiation is combined from the right to the left; for example[1,2]**[3,4]**[5,6] is interpreted as [1; 2]([3;4][5;6])6.6.1 Type, kind type parameter and shapeAn interval expression evaluates to a result that is an interval. The results type, kindtype parameter, shape and value are determined from those of the operands and from theinterpretation of the expression. 21



Unary interval operator: If the operator + or - is applied to one interval operand, thetype, kind type parameter and shape of the expression (and thus the type of the result) isthe same as the type of the operand.Binary interval operator:If both operands have the default interval type, the result also has the default interval type.With the exception of the interval ** operator with the integer exponent, an interval operatorcan only be applied to two operands of the same interval type and kind type parameter andthus the type and the kind type parameter of the expression (and the type of the result) isthe same as the type of the operands.If the second operand of the interval ** operator is of an integer type, the �rst operand canbe of any interval type and the result type and the kind type parameter is that of the �rstoperand.A binary interval operator may be applied to two operands of di�erent shapes (if one operandis a scalar).Shape: If a binary interval operator is applied to two operands with the same shape, theresult of the operation also has this shape. If the shapes of the operands are di�erent (onebeing a scalar) the result has the shape of the array operand.6.7 Interval Relational Intrinsic ExpressionAn interval relational intrinsic expression compares the results of two interval intrinsic ex-pressions or compares (in the case of .IN. operator) the result of an real intrinsic expressionwith a result of an interval intrinsic expression.An interval relational expression may appear only as an operand in a logical expression. Theinterval relational expression evaluates to a default logical type scalar or array value.The list of interval relational intrinsic operators for interval data entities is:.SP., .PSP., .SB., .PSB., .IN., .DJ., .EQ., .NE., ==, /=, .SEQ., .SNE., .SLT.,.SLE., .SGT., .SGE., .CEQ., .CNE., .CLT., .CLE., .CGT., .CGE., .PEQ., .PNE.,.PLT., .PLE., .PGT., .PGE.The precedence of interval relational operators is the same as a the precedence of real rela-tional operators, for example the .EQ. operator.A scalar interval relational intrinsic expression evaluates to the default logical value, true,if and only if the operands satisfy the relation speci�ed by the operator; otherwise theexpression evaluates to the default logical value, false. If the operands are conformablearrays, the result of the expression is produced element{wise.Except for the .IN. operator, the types and kind type parameters of the operands in theinterval relational expression 22



IntervalExpression1 IntervalRelationalOperator IntervalExpression2must coincide.If the �rst operand of the .IN. operator is of any integer or real type, the second operandcan be of any interval type.The result of the interval relational expression has the default logical kind type parameter.6.7.1 Semantics of .EQ. and .NE. operators for interval data typeThe .EQ. (equivivalently ==) and .NE. (equivivalently /=) relational operators can be appliedto interval type operands. These operands are semanticly equivivalent to the interval setrelations .SEQ. (12.7) and .SNE. (12.12), respectively.The .LT., .LE., .GT., .GE. relational operators do not accept interval type operands.6.8 COMMON and EQUIVALENCE statementsConstraint: If an equivalence set contains an interval, all of the objects in the equivalenceset must have the same type with the same kind type parameter.Constraint: An interval variable may only be storage associated with an interval variableof the same size.It is a desirable feature for Global Program Checking (GPC) to check for interval storageassociation errors.6.9 Interval assignment: -xinterval=strictLet v be an interval variable and e be an interval expression.An interval intrinsic assignment statement v = e is an assignment statement in which shapesof v and e conform.Execution of the interval assignment v = e causes the following steps to be taken:1. All expressions used to identify the variable on the left{hand side are evaluated.2. The interval expression on the right-hand side is evaluated.9;3. The result of the right{hand side is assigned (i.e stored) to the interval variable of theleft{hand side.9In contrast to section 9 no widest-need evaluation is used23



Note: Compiling with -xtypemap compiler option can have an e�ect on the assumed typeof e. See section 6.2.6.10 Prede�ned interval operatorsFor the combinations of arguments listed below, interval intrinsic operators +, -, *, /,.IH., .IX. and ** are prede�ned and cannot be extended by users.( any INTERVAL type, any INTERVAL type)( any INTERVAL type, any REAL or INTEGER type)( any REAL or INTEGER type, any INTERVAL type)The interval operator ** with the integer exponent is prede�ned and cannot be extended byusers for the following combination of arguments:( any INTERVAL type, any INTEGER type)Except for the operator .IN. interval relational operators described in 6.7 are prede�ned forthe combinations of arguments listed below and cannot be extended by users( any INTERVAL type, any INTERVAL type)( any INTERVAL type, any REAL or INTEGER type)( any REAL or INTEGER type, any INTERVAL type)The interval relational operator .IN. is prede�ned and cannot be extended by users for thefollowing combination of arguments:( any REAL or INTEGER type, any INTERVAL type)6.11 Extended Interval Intrinsic OperatorsIf the operator speci�ed in the INTERFACE statement of an operator interface block is anintrinsic interval operator (for example .IH.), this de�nes an extension of the intrinsic in-terval operator. An operator function for such an extended intrinsic interval operator mayonly extend the operator for those data types of its operands that do not belong to the datatypes for which this operator is prede�ned.In the following example both S1 and S2 interfaces are correct because .IH. is not prede�nedfor (LOGICAL,INTERVAL(16)) and REAL, REAL operands,MODULE M 24



INTERFACE OPERATOR (.IH.)MODULE PROCEDURE S1MODULE PROCEDURE S2END INTERFACECONTAINSREAL FUNCTION S1(X,Y)LOGICAL, INTENT(IN) :: XINTERVAL(16), INTENT(IN) :: YS1=1END FUNCTION S1INTERVAL FUNCTION S2(X,Y)REAL, INTENT(IN) :: XREAL, INTENT(IN) :: YS2=2END FUNCTION S2END MODULE MIn the following example both S3 and S4 interfaces are incorrect because .IH. is prede�nedfor (INTERVAL,INTERVAL) and (INTERVAL(4),INTERVAL(8)) operands.MODULE M1INTERFACE OPERATOR (.IH.)MODULE PROCEDURE S4MODULE PROCEDURE S3END INTERFACECONTAINSREAL FUNCTION S4(X,Y)INTERVAL, INTENT(IN) :: XINTERVAL, INTENT(IN) :: YS4=4END FUNCTION S4INTERVAL FUNCTION S3(X,Y)INTERVAL(4), INTENT(IN) :: XINTERVAL(8), INTENT(IN) :: YS3=[3]END FUNCTION S3 25



END MODULE M1The number of arguments of an operator function for an extended intrinsic interval operatormust agree with the number of operands needed for the intrinsic operator.For example, the following de�nition is incorrect:MODULE MINTERFACE OPERATOR (.IH.)MODULE PROCEDURE S1END INTERFACECONTAINSREAL FUNCTION S1(X)REAL, INTENT(IN) :: XS1=1END FUNCTION S1END MODULE MA binary intrinsic interval operator can not be extended with unary operator function havingan interval argument.For example, the following de�nition is incorrect:MODULE MINTERFACE OPERATOR (.IH.)MODULE PROCEDURE S1END INTERFACECONTAINSREAL FUNCTION S1(X)INTERVAL, INTENT(IN) :: XS1=1END FUNCTION S1END MODULE M6.12 Overloaded Interval Intrinsics NamesIn a generic interface block, if the generic name speci�ed in the INTERFACE statement is thename of an interval intrinsic subprogram, the user{de�ned speci�c subprograms speci�ed26



in the generic interface block extends the prede�ned meaning of this intrinsic subprogram.All references to subprograms having the same generic name must be unambiguous. Theintrinsic subprogram is treated as a collection of speci�c intrinsic subprograms, the interfacede�nitions of which are also speci�ed in the generic interface block.For example, the following de�nition is correct:MODULE MINTERFACE WIDMODULE PROCEDURE S1MODULE PROCEDURE S2END INTERFACECONTAINSREAL FUNCTION S1(X)REAL, INTENT(IN) :: XS1=1END FUNCTION S1INTERVAL FUNCTION S2(X,Y)INTERVAL, INTENT(IN) :: XINTERVAL, INTENT(IN) :: YS2=2END FUNCTION S2END MODULE MIn contrast, the following de�nition is correct.MODULE MINTERFACE ABSMODULE PROCEDURE S1END INTERFACECONTAINSINTERVAL FUNCTION S1(X)INTERVAL, INTENT(IN) :: XS1=1END FUNCTION S1END MODULE MThe following de�nition is correct. 27



MODULE M2INTERFACE MINMODULE PROCEDURE S3END INTERFACECONTAINSINTERVAL FUNCTION S3(X,Y)INTERVAL(4), INTENT(IN) :: XINTERVAL(8), INTENT(IN) :: YS3=[3]END FUNCTION S3END MODULE M26.13 Speci�c names for interval intrinsicsThe Sun f95 speci�c names for interval intrinsics end with the generic name of the intrin-sic and start with \V", followed by \ S", \D" or \Q" for arguments of type INTERVAL(4),INTERVAL(8) and INTERVAL(16), respectively.In the current release only the following speci�c intrinsics are supported for the INTER-VAL(16) data type: VQABS, VQAINT, VQANINT, VQINF, VQSUP, VQMID, VQMAG, VQMIG,VQISEMPTY.To avoid name space clashes in non{interval programs, the speci�c names are made availableby means of the command line options"-xinterval", "-xinterval=strict" or "-xinterval=widestneed".Examples: Speci�c Name Argument ResultVSABS INTERVAL(4) INTERVAL(4)VDABS INTERVAL(8) INTERVAL(8)VQABS INTERVAL(16) INTERVAL(16)7 Interval arithmetic operationsThe implementation of interval arithmetic operations, f+;�;�; =g is based on the de�nition2. 28



Using down and up arrows to indicate the direction of rounding in the next and subsequentoperations, the following formulas can be used to perform basic interval operations (seesection 8 for the de�nition of interval exponentiation operator):X + Y = h# x+ y; " x+ yiX � Y = h# x� y; " x� yiX � Y = hmin �# x� y; x� y; x� y; x� y� ;max �" x� y; x� y; x� y; x� y�iX=Y = hmin �# x=y; x=y; x=y; x=y� ;max �" x=y; x=y; x=y; x=y�i , if 0 =2 YX=Y = IR�, if 0 2 YAlgorithms implementing interval arithmetic operations on IIR� for IEEE processors arecontained in the Appendix A. See section 18 for interval enclosures of mathematical intrinsicfunctions.Note: Interval operations on valid interval operands may raise 
oating{pointIEEE 754 exceptions. These exceptions may be ignored. If it is required to track
oating{point IEEE exceptions in non{interval code, these exceptions will needto be cleared after executing interval code. See [15] for instructions to clear IEEE754 exceptions.8 Interval power exponentiation operators X**n andX**YThe interval enclosure of the exponentiation operator, is more complicated than the fourarithmetic operators. There are two basic cases to consider: integer exponents, xn, andcontinuous exponents, xy. The set of values an interval enclosure of Xn must contain is:fy j y = xn; x 2 Xg .Monotonicity can be used to construct a sharp interval enclosure of the integer power intrin-sic. With n = 0, xn = 1 8x.The set of values an interval enclosure of XY must contain isff[exp(y ln(x))]g j x 2 X; y 2 Y g;where f[exp(y ln(x))]g is the containment set of the expression exp(y ln(x)).The result is empty if either argument is empty.29



When both the base and the exponent contain zero, the result is de�ned to be the interval[0;+1]. This result follows from considering all the possible values satisfying the relationf� = exp(y ln(x)); x 2 X; y 2 Y; x � 0g, see [20].The following table contains the containment sets for all the singularities and indeterminateforms of the intrinsic f (x; y) = fexp (y ln x)g:x y f[exp (y lnx)]g0 < 0 +1;1 �1 [0;+1]+1 0 [0;+1]0 0 [0;+1]9 Widest{need interval expression evaluationWidest{need interval expression evaluation is activated by the -xinterval=widestneedcommand line option (see section 6.2).The Fortran standard contains no accuracy requirement on the results obtained from theevaluation of 
oating{point or integer expression, or the evaluation of intrinsics. The Fortranstandard also mandates that literal constants be treated as 
oating{point variables andprohibits \widest need" expression evaluation, see [2]. Without loss of containment, thiscombination of requirements precludes evaluating both interval expressions containing non{interval literal constants and mixed mode interval and non{interval subexpressions.The terminology adapted from [2] provides a more formal statement of the rules for widest{need interval expression evaluation.An arithmetic expression is complete if it is not an immediate operand of a generic operator.For example argument expressions of user{de�ned operators are complete.The �nal type of a complete expression is the type required by the context in which itappears.Note: Neither the interval constructor , nor interval intrinsics INF, SUP, WID, MID, MIG, MAGare generic operators.The �nal type of a complete expression is the same as its result type unless the expressionis: the right{hand side of an assignment; an initial value expression in a DATA statement; aconstant expression in an INTERVAL, PARAMETER statement, or an operand of a relationaloperator.Basic operands are constants, variables, array constructors, and functions references.An intrinsic reference is a basic operand if the intrinsic being invoked is not one of the genericoperators. 30



The direct operands of a complete expression are those basic operands that are not alsocontained in complete subexpressions. If the expression contains any complete subexpression,the type and kind type parameter assigned to the components of each of these subexpressionsis determined separately.9.1 Interval assignment statementLet v be an interval variable and e be a non{complex numeric or interval expression.An interval intrinsic assignment statement v = e is an assignment statement in which shapesof v and e conform.Execution of an interval assignment v = e causes the following steps to be taken:1. All expressions used to identify the variable on the left{hand side are evaluated.2. The expression on the right-hand side is evaluated using widest{need interval evalua-tion.3. The result of the right-hand side is converted to the kind type parameter of the left{hand side if the kind type parameters of v and e are di�erent.4. The (possibly converted) result of the right{hand side is assigned (i.e stored) to theinterval variable of the left{hand side: v = INTERVAL(e, KIND(v))The algorithm for widest{need interval evaluation of the right{hand side of the intervalassignment statement can be logically split into the following steps.1. All real operands of interval intrinsic operators are implicitly converted to containingintervals having type de�ned by the following rule:INTERVAL(Operand, KIND=KIND(Operand))All integer operands of interval intrinsic operators are implicitly converted to containingintervals having type de�ned by the following rule:INTERVAL(Operand, KIND=2*KIND(Operand))2. Let e0 denote the resulting interval expression implicitly constructed. The widest{need kind type parameter (wnktp) of the interval expression e0 is determined using thefollowing Fortran intrinsics:wnktp = SELECTED REAL KIND(MAX(PRECISION(v),PRECISION(e0))),MAX(RANGE(v),RANGE(e0))))31



3. All real, integer or interval literal constant direct operands are internally converted toa containing INTERVAL(16).4. All direct operands are converted to containing intervals with widest{need interval typede�ned by the following rule:INTERVAL( DirectOperand, KIND=wnktp)5. The resulting interval expression is then evaluated.9.2 Array constructorIf an array constructor is a direct operand in an interval expression, its type is interval, andits elements are subject to widest{need interval expression evaluation.REAL :: RINTERVAL, DIMENSION(3) :: YY = (/r,0.1,0.2/) ! interpretation Y = (/INTERVAL(r),[0.1],[0.2]/)9.3 Interval constant expressionsWhere interval constant expressions are allowed, real or integer constant expressions areallowed. Widest{need interval evaluation will apply.9.4 Interval initialization expressionsWhere interval initialization expressions are allowed, real or integer initialization expressionsare allowed. Widest{need interval evaluation will apply.9.5 Interval Relational ExpressionsLet either operand of an interval relational operator be an interval expression and let theother operand be a non{complex numeric expression or an interval expression. Then thealgorithm for widest{need evaluation of an interval relational intrinsic expressionexp1 IntervaRelationalOperator exp2can be logically split into the following steps.32



1. All real operands of interval intrinsic operators in exp1 and exp2 10 are implicitlyconverted to containing intervals having type de�ned by the following rule:INTERVAL(Operand, KIND=KIND(Operand))All integer operands of interval intrinsic operators in exp1 and exp2 11 are implicitlyconverted to containing intervals having type de�ned by the following rule:INTERVAL(Operand, KIND=2*KIND(Operand))2. The widest{need kind type parameter (wnktp) of the interval expressions exp1 andexp2 is determined using the following Fortran intrinsics: ( exp1 and exp2 are implicitlyevaluated)wnktp = SELECTED REAL KIND(MAX(PRECISION(exp1),PRECISION(exp2))), MAX(RANGE(exp1),RANGE(exp2))))3. All real, integer or interval literal constants that are direct operands in exp1 and exp212are internally converted to containing intervals having the wnktp kind type parameter.4. All direct operands in exp1 and exp2 13 are converted to containing intervals withwidest{need interval type de�ned by the following rule:INTERVAL( DirectOperand, KIND=wnktp)5. The resulting interval expression exp1 and exp214 are evaluated and compared.Thus all of the following expressions are legal and evaluate to true.LOGICAL :: LL= [0.1D0].SEQ.[0.1Q0]L= [0.1].SEQ.[0.1D0]L= 0.1.SEQ.[0.1D0]L= 0.1.SEQ.[0.1Q0]L= [0.1].SEQ.[0.1Q0]Without widest{need evaluation onlyL= [0.1] .SEQ. [0.1]is legal.The following expression is always illegalL= 0.1 .SEQ. 0.110If IntervaRelationalOperator is .IN. then only exp2 is a subject to this conversion.11If IntervaRelationalOperator is .IN. then only exp2 is a subject to this conversion.12If IntervaRelationalOperator is .IN. then only exp2 is a subject to this conversion.13If IntervaRelationalOperator is .IN. then only exp2 is a subject to this conversion.14If IntervaRelationalOperator is .IN. then only exp2 is a subject to interval evaluation.33



9.6 INTERVAL versus REAL PARAMETERsUnder -xia=widestneed using real named constants to de�ne interval constants must bedone with care.Real named constants are evaluated in PARAMETER statements i.e. the behavior of REALPARAMETERs is identical to that of REAL variables.In the following example interval X gets assigned a degenerate interval with both endpointsequal to the result of the real expression 0:14 + 0:24.REAL, PARAMETER :: PR = 0.1+0.2REAL :: R = 0.1+0.2INTERVAL :: X,YX = PRY = RIF ( X .SEQ. Y ) ) PRINT *, 'Check1'IF ( X .SEQ. INTERVAL(0.1_4+0.2_4) ) PRINT *, 'Check2'IF ( WID(X) == 0. ) PRINT *, 'Check3'An expression de�ning an INTERVAL PARAMETER is computed with the INTERVAL(16) preci-sion and its result value always contain the mathematical value of the expression.In the following example interval X gets assigned a non degenerate interval containing themathematical value of the expression 0:1 + 0:2:INTERVAL, PARAMETER :: PY = 0.1+0.2INTERVAL :: Y = 0.1+0.2INTERVAL :: XX = YIF ( X .SEQ. Y ) PRINT *, 'Check1'IF ( X .SEQ. INTERVAL([0.1_16]+[0.2_16], KIND=8) ) PRINT *, 'Check2'IF ( WID(X) /= 0. ) PRINT *, 'Check3'9.7 Examples: Extended operators with widest{need evaluationThe following code illustrates how widest{need expression evaluation occurs when a prede-�ned versus an extended version of an interval intrinsic operator is called.MODULE MINTERFACE OPERATOR (.IH.)MODULE PROCEDURE S4 34



END INTERFACECONTAINSINTERVAL FUNCTION S4(X,Y)COMPLEX, INTENT(IN) :: XCOMPLEX, INTENT(IN) :: YS4=[0]END FUNCTION S4END MODULE MUSE MINTERVAL:: XREAL :: RCOMPLEX :: CX= (R-0.1).IH.(R-0.2) ! INTRINSIC INTERVAL .IH. IS INVOKED,! WIDEST-NEED ON BOTH ARGUMENTSX= X.IH. (R+R) ! INTRINSIC INTERVAL .IH. IS INVOKED,! WIDEST-NEED ON BOTH ARGUMENTSX= X.IH. (R+R+X) ! INTRINSIC INTERVAL .IH. IS INVOKED,! WIDEST-NEED ON THE SECOND ARGUMENTX= (R+R).IH. (R+R+X) ! INTRINSIC INTERVAL .IH. IS INVOKED,! WIDEST-NEED ON BOTH ARGUMENTSX = C .IH. (C + R) ! S4 IS INVOKED, NO WIDEST-NEEDENDThe following code illustrates how widest{need expression evaluation occurs when a user-de�ned operator is called.The following is the expected behavior for the current release:MODULE MINTERFACE OPERATOR (.AA.)MODULE PROCEDURE S1MODULE PROCEDURE S2END INTERFACECONTAINS 35



INTERVAL FUNCTION S1(X,Y)INTERVAL, INTENT(IN) :: XREAL, INTENT(IN) :: YS1=[0]END FUNCTION S1INTERVAL FUNCTION S2(X,Y)INTERVAL, INTENT(IN) :: XINTERVAL, INTENT(IN) :: YS2=[0]END FUNCTION S2END MODULE MUSE MINTERVAL:: XREAL :: RX= X.AA.(R+R) ! S1 IS INVOKED 15X= X.AA.X ! S2 IS INVOKEDX= R.AA.R ! Error : No operator .AA. with (REAL,REAL) arguments is defined.X= R.AA.X ! Error: No operator .AA. with (REAL,INTERVAL) arguments is defined.END9.8 Examples: Widest{need interval expression evaluationTo guarantee containment of pair of REAL variables, the interval hull, .IH., operator isused:REAL(16) EPS, AINTERVAL XX= (A-EPS) .IH. (A+EPS)In the following examples, assume these variables have been declared:INTEGER(2) :: I, INTEGER(4) :: DI, INTEGER(8) :: QIREAL(4):: R, REAL(8) :: DR, REAL(16) :: QRINTERVAL(4) :: X, INTERVAL(8) :: DX, INTERVAL(16) :: QX15A warning indicating a potential violation of containment is issued36



Expression: X = DX + R * QIInterpretation: X = SINTERVAL(QINTERVAL(DX)+QINTERVAL(R)*QINTERVAL(QI))Expression: DX = R + WID(MAX(DI, QR+ SINTERVAL(R, I)))Interpretation: DX = DINTERVAL(QINTERVAL(R)+QINTERVAL(WID(MAX(QINTERVAL(DI),QINTERVAL(QR)+ QINTERVAL(SINTERVAL(R, I)))))Expression: DX = QR + WID(MAX(DI, DR+ SINTERVAL(R, I)))Interpretation: DX = DINTERVAL(QINTERVAL(QR)+QINTERVAL(WID(MAX(DINTERVAL(DI), DINTERVAL(DR)+DINTERVAL(SINTERVAL(R, I))))))Expression: DX = R + DINTERVAL(DR, R + WID(X + QX))Interpretation: DX = DINTERVAL(R)+DINTERVAL(QREAL(DR), QREAL(R)+WID(QINTERVAL(X)+QX))Expression: DX = USER FUNCTION RETURNING INTERVAL(R + WID(QX))Interpretation: DX = DINTERVAL(USER FUNCTION RETURNING INTERVAL(QREAL(R) +WID(QX)))Expression: DX = QX + DCOS( R * R + MID(X+X * DSIN(DR)))Interpretation: DX = DINTERVAL(QX+QINTERVAL(DCOS(DREAL(R)*DREAL(R)+MID(DINTERVAL(X)+ DINTERVAL(X)*DINTERVAL(DSIN(DR))))))Expression: DX = DR .IH. RInterpretation: DX = DINTERVAL(DR) .IH. DINTERVAL(R)If default interval type is INTERVAL(16) then:Expression: DX = R + INTERVAL(DR, R + WID(X + QX))Interpretation: DX = QINTERVAL(R)+QINTERVAL(QREAL(DR), QREAL(R)+WID(QINTERVAL(X)+ QX))Note: Using DINTERVAL constructor in the statementDX = R + DINTERVAL(DR, R + WID(X + DX))insulates its arguments from widest-need evaluation. To guarantee containment the intervalhull, .IH., and widest-need expression evaluation are requiredDX = R +DR .IH. ( R + WID(X + DX))37



Descriptions of intrinsic algorithmsThe description of each Fortran intrinsic and operation contains an algorithm de�ning thelogic of a possible impelementation. These algorithms are not a part of the speci�cationbody. They are provided only for IEEE 754 compliant processors.The algorithms that rely on the MIN" and MAX intrinsics, (for example the .IX., MIG, MAG,ABS, MAX, and MIN intrinsics), are guaranteed to correctly return an empty result for anempty argument, only if the MIN and MAX propagate the NaN; pattern:minfx;NaN;g = NaN;, for all 
oating{point xmaxfx;NaN;g = NaN;, for all 
oating{point x10 Interval set intrinsics.In the description of algorithms the notation X = [x; x] for the components of the intervalX is taken for granted.10.1 INF(X)Description. In�mum 16 of an interval.Class. Elemental function.Argument X is of type interval.Result characteristics. The result is of type real. The kind type parameter is that of X.Result value. The result is x. Because INF(;) is unde�ned, if X is empty the result is aquiet NaN.Algorithm. If .NOT. ISEMPTY(X) then x else NaN ;10.2 ISEMPTY(X)Description. Tests if X is the empty interval.ISEMPTY (X) � (X = ;)Class. Inquiry function.16The largest number that is less than or equal to each of a given set of real numbers.38



Argument X is of type interval.Result characteristics. Default logical scalar.Result value. If X is empty, the result is true otherwise the result is false.Algorithm. ISNAN(x) and ISNAN(x)10.3 SUP(X)Description. Supremum 17 of an interval.Class. Elemental function.Argument. X is of type interval.Result characteristics. The result is of type real. The kind type parameter is that of X.Result value. The result is x.Because SUP(;) is unde�ned, if X is empty the result is a quiet NaN.Algorithm. If .NOT. ISEMPTY(X) then x else NaN ;11 Set operations11.1 Interval Hull (X .IH. Y)Description. Interval hull of two intervalsX.IH.Y � 8><>: if X = ; : Yelse if Y = ; : Xelse : [minfx; yg;maxfx; yg]Argument. X and Y are of type interval and have the same kind type parameter.Result characteristics. Same as X.Result value. If one of the operands of the interval hull operator is the empty interval thenthe result is the other operand.The interval result is an enclosure of the speci�ed interval. An ideal enclosure is a fp-intervalof minimum width that contains the exact mathematical interval in the description.Algorithm.17The smallest number that is greater than or equal to each of a given set of real numbers.39



if ISEMPTY (X) : [y; y]else if ISEMPTY (Y ) : [x; x]else : [minfx; yg;maxfx; yg]11.2 Intersection (X .IX. Y)Description. Intersection of two intervals.X \ Y � fx : x 2 X and x 2 Y gArguments. X and Y are of type interval and have the same kind type parameter.Result characteristics. Same as X.Result value. If either operand of the interval intersection operator is the empty intervalthen the result is the empty interval.The interval result is an enclosure of the speci�ed interval. An ideal enclosure is a fp-intervalof minimum width that contains the exact mathematical interval in the description.Algorithm. [maxfx; yg;minfx; yg] : if maxfx; yg � minfx; yg; : otherwise12 Set relationsFor a relation :op: 2 f<;>;�;�;=g between two points x and y, the corresponding setrelation :Sop: between two intervals X and Y isX .Sop.Y � (8x 2 X; 9y 2 Y : x:op:y) and (8y 2 Y;9x 2 X : x:op:y)For the relation 6= between two points x and y, the corresponding set relation :SNE: betweentwo intervals X and Y isX .SNE. Y � (9x 2 X; 8y 2 Y : x 6= y) or (9y 2 Y;8x 2 X : x 6= y)These de�nitions apply when the operands are independent or dependent: (X:Sop:X).The following table summarizes the results for X.Sop.X expressions, where .Sop. is one ofthe set relational oparators: .SLT., .SGT., .SLE., .SGE., .SEQ. or .SNE.40



X 6= ; X = ;X.Sop.X x = x x 6= xX.SLT.X false false falseX.SGT.X false false falseX.SLE.X true true trueX.SGE.X true true trueX.SEQ.X true true trueX.SNE.X false false falseCompile{time optimization can be applied to all of these expressions, because their resultsare invariant with respect to the value of X.Note: The above optimizations can be applied to variables, constants or expressions.12.1 Disjoint (X .DJ. Y)Description. Tests if two intervals are disjoint.X .DJ. Y � (8x 2 X; 8y 2 Y : x 6= y)The result is true if one or both arguments is empty.Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x > y or x < y) or either X or Y or both is empty.Otherwise the result is false.Algorithm. not (x � y and y � x) 18Possible compile-time action.From the de�nition of the disjoint operator it follows that X .DJ. X is false if Xis not empty. The proposed algorithm correctly enforces this result at run time,but the check \ISEMPTY(X)" may be substituted for X .DJ. X at compile time.18To get the desired true result if one or both arguments is empty the complement of (x � y and y � x)rather than (x > y or x < y) must be used. This is because the equality test invloving a NaN operand isalways false and the inequality test is always true. That is NaN== NaN is false and NaN /= NaN is true.41



12.2 In (R .IN. Y)Description. Tests if the number is contained in the interval.R 2 Y � (9y 2 Y : y = R)Arguments.R is of type integer or real.Y is of type interval.Result characteristics. Default logical scalar.Result value. The result is true if (y � R and R � y) otherwise the result is false. Theresult is false if Y is empty .Algorithm. y � R and R � y12.3 Interior (X .INT. Y).Description. Tests if X is in interior of YX.INT.Y � (X = ;) or (8x 2 X; 9y0 2 Y;9y00 2 Y : y0 < x < y00)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (y < x and x < y) or X is empty19. Otherwise the resultis false.Algorithm. (y < x and x < y) or ISEMPTY(X)12.4 Proper subset (X .PSB. Y)Description. Tests if X is a proper subset of YX � Y � X � Y and X .SNE. YArguments. X and Y are of type intervalResult characteristics. Default logical scalar.19It is worth mentioning that in contrast to ;.PSP.; = false (see section 12.5), ;.INT.; = true. Theinterior of a set in topological space is a union of all open subsets of the set. An empty set is open andtherefore is a subset of the interior of the empty set.42



Result value. The result is true if X is a subset of Y and X is set{not{equal (12.12) to Y.Otherwise the result has the value false.Algorithm.(x � y and x � y and (x > y or x < y) ) or( ISEMPTY(X) and not ISEMPTY (Y) )12.5 Proper superset (X .PSP. Y).Description. Tests if X is a proper superset of YX � Y � X � Y and X .SNE. YArguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if X is a superset of Y and Y is set{not{equal (12.12) toX. Otherwise the result has the value false.Algorithm.(x � y and y � x and (x < y or y < x)) or (ISEMPTY(Y) and not ISEMPTY (X) )12.6 Subset (X .SB. Y).Description. Tests if X is a subset of YX � Y � (X = ;) or (8x 2 X; 9y0 2 Y;9y00 2 Y : y0 � x � y00)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (y � x and x � y) or X is empty ). Otherwise the resultis false.Algorithm. (y � x and x � y) or ISEMPTY(X)12.7 Set{equal (X .SEQ. Y)Description. Tests if two intervals are set{equal.X .SEQ.Y � (8x 2 X; 9y 2 Y : x = y) and (8y 2 Y;9x 2 X : x = y)Any interval including the empty interval is set{equal to itself.43



X.SEQ.X � TRUEArguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if x = y and x = y or both arguments are empty. Other-wise the result is false.Algorithm. x = y and x = y or ISEMPTY (X) and ISEMPTY (Y )12.8 Set{greater-or-equal (X .SGE. Y)Description. Tests if one interval is set{greater{or{equal to another.X .SGE.Y � (8x 2 X; 9y 2 Y : x � y) and (8y 2 Y;9x 2 X : x � y)X .SGE. X � TRUEArguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x � y and x � y ) otherwise the result is false. Theresult is false if only one of the arguments is empty. The result is true if both argumentsare empty.Algorithm.x � y and x � y or ISEMPTY (X) and ISEMPTY (Y )12.9 Set{greater (X .SGT. Y)Description. Tests if one interval is set{greater than another.X .SGT.Y � (8x 2 X; 9y 2 Y : x > y) and (8y 2 Y;9x 2 X : x > y)X.SGT. X � FALSEArguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x > y and x > y) otherwise the result is false. Theresult is false if one or both of the arguments is emptyAlgorithm. x > y and x > y 44



12.10 Set{less-or-equal (X .SLE. Y)Description. Tests if one interval is set{less{or{equal to another.X .SLE.Y � (8x 2 X; 9y 2 Y : x � y) and (8y 2 Y; 9x 2 X : x � y)X.SLE.X � TRUEArguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x � y and x � y) otherwise the result is false. Theresult is false if only one of the arguments is empty. The result is true if both argumentsare empty.Algorithm. x � y and x � y or ISEMPTY (X) and ISEMPTY (Y )12.11 Set{less (X .SLT. Y)Description. Tests if one interval is set{less than another.X .SLT.Y � (8x 2 X; 9y 2 Y : x < y) and (8y 2 Y;9x 2 X : x < y)X.SLT.X � FALSEArguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x < y and x < y) and otherwise the result is false.The result is false if one or both of the arguments is emptyAlgorithm. x < y and x < y12.12 Set{not{equal (X .SNE. Y)Description. Tests if two intervals are not set{equal.X .SNE. Y � (9x 2 X; 8y 2 Y : x 6= y) or (9y 2 Y;8x 2 X : x 6= y)Any interval including the empty interval is set{equal to itself, thereforeX .SNE. X � FALSE:Arguments. X and Y are of type interval 45



Result characteristics. Default logical scalar.Result value. The result is true if (x 6= y or x 6= y) or one or the other argument is theempty interval. Otherwise the result is false.Algorithm. not (x = y and x = y or ISEMPTY (X) and ISEMPTY (Y )) 2012.13 Superset (X .SP. Y).Description. Tests if X is a superset of Y.X � Y � (Y = ;) or (8y 2 Y; 9x0 2 X; 9x00 2 X : x0 � y � x00)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x � y and y � x) or Y is the empty interval. Otherwisethe result is false.Algorithm. (x � y and y � x) or ISEMPTY(Y)13 Certainly relationsFor a relation :op: 2 f<;>;�;�;=; 6=g between two points x and y, the correspondingcertainly true relation :Cop: between two intervals X and Y isX:Cop:Y = TRUE i� (8x 2 X; 8y 2 Y : x:op:y = TRUE)If the empty interval is an operand of a certainly relation then the result is false. The oneexception is the certainly{not{equal relation (13.6), which is true in this case.When both operands are completely dependent, X:Cop:X is de�ned :X:Cop:X = TRUE i� (8x0 2 X; 8x00 2 X : x0:op:x00 = TRUE):The following table summarizes the results for X.Cop.X expressions.20In contrast to the algorithm in [7] the .SNE. operator's algorithm must use the complement of the .SEQ.relation (12.7). Otherwise if both operands are empty the required false result will not be produced. Thisis because the equality test invloving a NaN operand is always false and the inequality test is always true.That is, NaN== NaN is false and NaN 6= NaN is true.46



X 6= ; X = ;X.Cop.X x = x x 6= xX.CLT.X false false falseX.CGT.X false false falseX.CLE.X true false falseX.CGE.X true false falseX.CEQ.X true false falseX.CNE.X false false trueCompile{time optimization can be applied to X.CLT.X and X.CGT.X expressions, becausetheir results are invariant with respect to the value of X.13.1 Certainly{equal (X .CEQ. Y)Description. Tests if one interval is certainly{equal to another 21X = Y � (8x 2 X; 8y 2 Y : x = y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if ( x � y and x � y ). Otherwise the result is false. Ifone or both arguments is empty, the result is false.Algorithm. x � y and x � y13.2 Certainly{greater{or{equal (X .CGE. Y)Description. Tests if one interval is certainly{greater{or{equal to another.X � Y � (8x 2 X; 8y 2 Y : x � y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x � y) . Otherwise the result is false. If one or bothof the arguments is empty, the result is false.Algorithm. x � y21(X .CEQ. Y) = true implies that X or Y can be substitutes for one another in any expression. This isnot possible if (X .SEQ. Y)= true, but (X .CEQ. Y) = false.47



13.3 Certainly greater (X .CGT. Y)Description. Tests if one interval is certainly{greater than another.X > Y � (8x 2 X; 8y 2 Y : x > y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x > y). Otherwise the result is false. If one or bothof the arguments is empty, the result is false.Algorithm. x > y13.4 Certainly{less{or{equal (X .CLE. Y)Description. Tests if one interval is certainly{less{or{equal to another.X � Y � (8x 2 X; 8y 2 Y : x � y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x � y). Otherwise the result is false. If one or bothof the arguments is empty, the result is false.Algorithm.x � y13.5 Certainly{less (X .CLT. Y)Description. Tests if one interval is certainly{less than another.X < Y � (8x 2 X; 8y 2 Y : x < y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x < y). Otherwise the result is false. If one or bothof the arguments is empty, the result is false.Algorithm. x < y 48



13.6 Certainly{not{equal (X .CNE. Y)Description. Tests if one interval is certainly{not{equal to another 22X 6= Y � (8x 2 X; 8y 2 Y : x 6= y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x > y or y > x) . Otherwise the result is false. If oneor both arguments is empty, the result is true.Algorithm. not (x � y and y � x) 2314 Possibly relationsFor a relation :op: 2 f<;>;�;�;=; 6=g between two points x and y, the correspondingpossibly true relation :Pop: between two intervals X and Y is de�ned as follows:X:Pop:Y = TRUE i� (9x 2 X; 9y 2 Y : x:op:y = TRUE)If the empty interval is an operand of a possibly relation then the result is false. The oneexception is the possibly not equal relation (14.6) which is true in this case.Whenever both intreval operands are completely dependent, X:Pop:X is de�ned :X:Pop:X = TRUE i� (9x0 2 X; 9x00 2 X : x0:op:x00 = TRUE):The following table summarizes the results for X.Pop.X expressions.X 6= ; X = ;X.Pop.X x = x x 6= xX.PLT.X false true falseX.PGT.X false true falseX.PLE.X true true falseX.PGE.X true true falseX.PEQ.X true true falseX.PNE.X false true trueCompile{time optimization cannot be applied to any of these expressions, because none oftheir results are invariant with respect to the value of X.22The semantic and the algorithm for the .CNE. operator are equivalent to those of the .DJ. operator.23To get the desired true result the complement of (x � y and y � x) rather than (x > y or y > x) mustbe used. This is because the equality test invloving a NaN operand is always false and the inequality testis always true. That is NaN== NaN is false and NaN 6= NaN is true.49



14.1 Possibly{equal (X .PEQ. Y)Description. Tests if one interval is possibly{equal to another.X .PEQ.Y � (9x 2 X; 9y 2 Y : x = y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x � y and x � y) . Otherwise the result is false. Ifone or both arguments is empty, the result is false.Algorithm.x � y and x � y14.2 Possibly{greater{or{equal (X .PGE. Y)Description. Tests if one interval is possibly{greater{or{equal to another.X .PGE.Y � (9x 2 X; 9y 2 Y : x � y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x � y) . Otherwise the result is false. If one or bothof the arguments is empty, the result is false.Algorithm.x � y14.3 Possibly{greater (X .PGT. Y)Description. Tests if one interval is possibly{greater than another.X .PGT.Y � (9x 2 X; 9y 2 Y : x > y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x > y) . Otherwise the result is false. If one or bothof the arguments is empty, the result is false.Algorithm. x > y 50



14.4 Possibly{less{or{equal (X .PLE. Y)Description. Tests if one interval is possibly{less-or-equal to another.X .PLE.Y � (9x 2 X; 9y 2 Y : x � y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x � y) . Otherwise the result is false. If one or bothof the arguments is empty, the result is false.Algorithm. x � y14.5 Possibly{less (X .PLT. Y)Description. Tests if one interval is possibly{less than another.X .PLT.Y � (9x 2 X; 9y 2 Y : x < y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x < y) . Otherwise the result is false. If one or bothof the arguments is empty, the result is false.Algorithm. x < y14.6 Possibly{not{equal (X .PNE. Y)Description. Tests if one interval is possibly{not{equal to another.X .PNE.Y � (9x 2 X; 9y 2 Y : x 6= y)Arguments. X and Y are of type intervalResult characteristics. Default logical scalar.Result value. The result is true if (x > y or x < y) . Otherwise the result is false. If oneor both arguments is empty, the result is true.Algorithm. not (x � y and x � y) 2424To get the desired true result if one or both arguments is emptythe complement of the algorithm forthe certainly equal relation rather than (x > y or x < y) must be used. This is because the equality testinvloving a NaN operand is always false and the inequality test is always true. That is NaN== NaN isfalse and NaN /= NaN is true. 51



15 Precedence of OperatorsThe precedence of interval operations determines the order in which the operands are com-bined, unless the order is changed by the use of parentheses. The precedence order of intervaloperators is summarized in the following table.In the absence of parentheses, if there is more than one operator in an expression, then theoperators are applied in the order of precedence. If the operators are of equal precedence,they are applied left to right.Interval relational operators have the same precedence as the other Fortran relational oper-ators and therefore have higher precedence than logical operators.Category of Operators PrecedenceoperationNumeric ** HighestNumeric * or /Numeric unary + or - �Numeric binary + or - �Set .IX., .IH. �Relational .SP., .PSP., .SB., .PSB., .IN., .DJ.,.EQ., .NE., ==, /=,.SEQ., .SNE., .SLT., .SLE., .SGT., .SGE.,.CEQ., .CNE., .CLT., .CLE., .CGT., .CGE.,.PEQ., .PNE., .PLT., .PLE., .PGT., .PGE. LowestExamples: Expression InterpretationX + Y .IX. Z (X+Y) .IX. ZX + Y .SB. Z (X+Y) .SB. ZX .SB. Y .IX. Z X .SB. (Y .IX. Z )X .IX. Y .SEQ. Z (X .IX. Y) .SEQ. Z16 Special interval intrinsics16.1 Absolute value: ABS(X)Description. Range of absolute value.ABS(X) � fjxj j x 2 XgClass. Elemental function.Arguments. X is of type interval 52



Result characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.If the argument is empty, the result is the empty interval.Algorithm. [MIG(X);MAG(X)]16.2 Magnitude: MAG(X)Description. The greatest absolute value in the non-empty interval.maxfjxj j x 2 XgClass. Elemental function.Arguments. X is of type intervalResult characteristics. The result is of type real.Result value. maxfjxj; jxjg.MAG(;)= NaN, MAG( IR�)= +INFAlgorithm. maxfjxj; jxjg16.3 Maximum: MAX(X1, X2 [, X3, ...])Description. Range of maximum.The containment set for max(X1; : : : ; Xn)) is : fmax(X1; : : : ; Xn))g =f� j � = max(x1; : : : ; xn); xi 2 Xig = [sup(hull(x1; : : : ; xn)); sup(hull(x1; : : : ; xn))]The implementation of the MAX intrinsic must satisfy: MAX(X1, X2[X3,...]) � fmax(X1; :::; Xn)gClass. Elemental function.Arguments. The arguments are of type interval and all have the same kind type parameter.Result characteristics. The result is of type interval. The kind type parameter is that ofthe arguments.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description. 2525As long as at least one argument of the MAX intrinsic is not empty, the returned value will not be empty.Only if all arguments are empty is max(X1; : : : ;Xn) = ;.53



16.4 Midpoint: MID(X)Description. Midpoint of the non-empty interval.Class. Elemental function.Arguments. X is of type intervalResult characteristics. The result is of type real.Result value. The result is a processor{dependent approximation of (x + x)=2. For non-empty argument the result must ful�ll the property x �MID(X) � x.MID(;)= NaN, MID( IR�)= 0Algorithm. if x = x then x else if j x j=j x j then 0, else (0:5 � x+ 0:5 � x)16.5 Mignitude: MIG(X)Description. The smallest absolute value in the non-empty interval.minfjxj j x 2 XgClass. Elemental function.Arguments. X is of type intervalResult characteristics. The result is of type real.Result value. The result is minfjxj; jxjg, if 0 62 X; otherwise the result is 0.MIG(;)= NaN, MIG( IR�)= 0Algorithm. minfjxj; jxjg : if 0 62 X0 : otherwise.16.6 Minimum: MIN(X1, X2 [, X3, ...])Description. Range of minimum.The containment set for min(X1; : : : ; Xn)) is : fmin(x1; : : : ; xn))g =f� j � = min(x1; : : : ; xn); xi 2 Xig = [inf(hull(x1; : : : ; xn)); inf(hull(x1; : : : ; xn))]The implementation of the MIN intrinsic must satisfy: MIN(X1, X2[X3,...]) � fmin(X1; :::; Xn)gClass. Elemental function.Arguments. The arguments are of type interval and all have the same kind type parameter.54



Result characteristics. The result is of type interval. The kind type parameter is that ofthe arguments.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description. 2616.7 NDIGITS(X)Description. Maximum number of signi�cant decimal digits in the single-number repre-sentation (see section 21.3) of the non-empty interval X.Class. Elemental function.Arguments. X is of type interval.Result characteristics. Default integer scalar.Result value. The integer result is the maximum number of signi�cant digits in a decimalnumber y such that X is contained in an interval whose endpoints are de�ned by adding andsubtracting 1 unit in the last digit (uld) of y.For example 2:3 + [�1; 1]uld = [2:2; 2:4] and 2:30 + [�1; 1]uld = [2:29; 2:31]If X is a degenerate non-empty interval (x = x), then the result is MAX INT (the largestrepresentable integer).NDIGITS (;) = NDIGITS( IR�) = 0ExamplesNDIGITS ([0.0, .5]) = 1NDIGITS ([1, 1]) = MAX INTNDIGITS ([2.345690 E+7, 2.345679E+7]) = 716.8 Width: WID(X)Description. Width of the non-empty interval.Class. Elemental function.Arguments. X is of type intervalResult characteristics. The result is of type real.26As long as at least one argument of the MIN intrinsic is not empty, the returned value will not be empty.Only if all arguments are empty is min(X1; :::;Xn) = ;.55



Result value. The result is a processor{dependent upper bound on (x � x). That is, if(x� x) is not machine representable then it is upwardly rounded.WID(;)= NaN, WID( IR�)= +INFAlgorithm.(x � x) rounded up.17 INT(X [, KIND] )Description. Convert the midpoint of the non{empty interval argument to integer type.Class. Elemental function.Arguments. X is of type intervalKIND (optional) is a scalar integer initialization expression.Result characteristics. Integer. If KIND is present, the kind type parameter is thatspeci�ed by KIND; otherwise, kind type parameter is that of default integer type.Result value. The result value is INT( MID (X)).INT (;) = INT(NaN), INT( IR�) = 018 Interval enclosures of mathematical functionsAll Fortran intrinsics that accept real data accept interval data.The results from [20] eliminate any restriction on the domain of any interval enclosures ofreal expressions. Points at which real functions are not de�ned, need not be excluded fromthe domain of the function's interval enclosures. Extended intervals can always be used toreturn an interval enclosure.18.1 ACOS(X)Description. Interval enclosure of the inverse cosine intrinsic over an interval.acos(X) � ff[acos(x)]g j x 2 X \ [�1; 1]g:Special values. acos(IR�) = [0; �].Class. Elemental function.Arguments. X is of type interval 56



Result characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.18.2 AINT(X [, KIND])Description. Interval enclosure of the truncation to a whole number intrinsic over aninterval. AINT (X) � ffAINT (x)g j x 2 Xg:Class. Elemental function.Arguments. X is of type interval.KIND (optional) is a scalar integer initialization expression.Result characteristics. The result is of type interval. If KIND is present, the kind typeparameter is that speci�ed by KIND; otherwise, kind type parameter is that of X.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if argument is empty.18.3 ANINT(X [, KIND])Description. Interval enclosure of the nearest whole number intrinsic over an interval.ANINT (X) � ffANINT (x)g j x 2 Xg:Class. Elemental function.Arguments. X is of type interval.KIND (optional) is a scalar integer initialization expression.Result characteristics. The result is of type interval. If KIND is present, the kind typeparameter is that speci�ed by KIND; otherwise, kind type parameter is that of X.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if argument is empty. 57



18.4 ASIN(X)Description. Interval enclosure of the inverse sine intrinsic over an interval.asin(X) � ff[asin(x)]g j x 2 X \ [�1; 1]g:Special values.asin(IR�) = [��=2; �=2].Class. Elemental function.Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.18.5 ATAN(X)Description. Interval enclosure of the inverse tangent intrinsic over a pair of intervals.atan(X) � ff[atan(x)]g j x 2 Xg:Special values. atan([+1]) = [�=2], atan([�1]) = [��=2], atan(IR�) = [��=; �=2]Class. Elemental function.Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.18.6 ATAN2(Y,X)Description. Interval enclosure of the inverse tangent intrinsic over a pair of intervals.atan2(Y;X) � ff[atan2(y; x)]g y 2 Y; j x 2 Xg; whereatan2(y; x) = �; given h sin � = y; h cos � = x and h = (x2 + y2)1=258



Class. Elemental function.Special values. The following table from [20] contains all the indeterminate forms of theATAN2 intrinsic. y x f[sin �]g f[cos �]g f[�]g0 0 [�1; 1] [�1; 1] [��; �]+1 +1 [0; 1] [0; 1] h0; �2 i+1 �1 [0; 1] [�1; 0] h�2 ; �i�1 �1 [�1; 0] [�1; 0] h��; ��2 i�1 +1 [�1; 0] [0; 1] h��2 ; 0iArguments. Y is of type interval, X is of the same type and kind type parameter as Y.Result characteristics. Same as the arguments.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if one or both arguments are empty.To get a sharp interval enclosure (denoted by �), in the case when x < 0 and 0 2 Y , thefollowing convention is used to uniquely de�ne all possible returned interval angles (see [19]for complete discussion): �� < m (�) � �: (20)This choice, together with 0 � w (�) < 2�: (21)results in a unique de�nition; of the interval angles, �; that atan2(y; x) must include.The following table contains the tests and the arguments of the real ATAN2 function thatcan be used to compute the endpoints of � in an algorithm that satis�es the constraints in(20) and (21). The �rst two columns de�ne the cases to be distinguished. The third columncontains the range of possible values ofm (�) : The last two columns show how the endpointsof � are computed, using the real ATAN2 intrinsic function. Of course, directed roundingmust be employed to guarantee containment.59



Y X m (�) � ��y < y x < 0 �2 < m (�) < � ATAN2 (y; x) ATAN2 �y; x�+ 2��y = y x < 0 m (�) = � ATAN2 (y; x) 2� � �y < �y x < 0 �� < m (�) < ��2 ATAN2 (y; x)� 2� ATAN2 �y; x�18.7 CEILING(X [, KIND])Description. Returns the least integer greater than or equal to the supremum of theinterval.Class. Elemental function.Arguments. X is of type intervalKIND (optional) is a scalar integer initialization expression.Result characteristics. Integer. If KIND is present, the kind type parameter is thatspeci�ed by KIND; otherwise, kind type parameter is that of default integer type.Result value. The result value is CEILING( SUP (X)).CEILING (;) = CEILING(NaN), CEILING( IR�) = + MAX INT18.8 COS(X)Description. Interval enclosure of the cosine intrinsic over an interval27cos(X) � ff[cos(x)]g j x 2 Xg:Special values. cos( IR�) = [�1; 1]Class. Elemental function.Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.Examples.COS([ -INF, +INF])= [ -1,1]27This is a quality of implementation option to provide a sharp enclosure of denegerate interval anglesmodulo �. 60



18.9 COSH(X)Description. Interval enclosure of the hyperbolic cosine intrinsic over an interval.cosh(X) � ff[cosh(x)]g j x 2 Xg:Special values. cosh([+1]) = [+1], cosh([�1]) = [+1].Class. Elemental function.Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.18.10 EXP(X)Description. Interval enclosure of the exponential intrinsic over an interval.exp(X) � ff[exp(x)]g j x 2 Xg:Special values. exp( IR�) = [0;+1]Class. Elemental function.Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if argument is empty.Examples.EXP([ -INF, +INF])= [ 0, +INF]18.11 FLOOR(X [, KIND])Description. Returns the greatest integer less than or equal to the in�mum of the interval.61



Class. Elemental function.Arguments. X is of type intervalKIND (optional) is a scalar integer initialization expression.Result characteristics. Integer. If KIND is present, the kind type parameter is thatspeci�ed by KIND; otherwise, kind type parameter is that of default integer type.Result value. The result value is FLOOR( INF (X)).FLOOR (;) = FLOOR(NaN), FLOOR( IR�) = - MAX INT18.12 LOG(X)Description. Interval enclosure of the natural logarithm intrinsic over an interval.log(X) � ff[log(x)]g j x 2 X \ [0;+1]g:Special values. log([0]) = [�1] � [�1;�fp]Class. Elemental function.Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.Examples.LOG([0])= [ -INF, - fp]18.13 LOG10(X)Description. Interval enclosure of the common logarithm intrinsic over an interval.log 10(X) � ff[log 10(x)]g j x 2 X \ [0;+1]g:Special values. log 10([0]) = [�1] � [�1;�fp]Class. Elemental function.Arguments. X is of type interval 62



Result characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.Examples.LOG10([0])= [ -INF, - fp]18.14 MOD(X, Y)Description. Interval enclosure of the modulo intrinsic over an interval.mod(X;Y ) � ff[mod(x; y)]g j x 2 X; y 2 Y g; where mod(x; y) = x� y � INT (x=y):Special values. If 0 2 Y then mod(X;Y ) = IR�Class. Elemental function.Arguments. The arguments are of type interval and all have the same type and kind typeparameter.Result characteristics. Same as X.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if one or both arguments are empty.Examples.MOD( [0], [0] ) = [-INF, +INF ]18.15 PRECISION(X)Description. Returns the decimal precision of the model representing real numbers withthe same kind type parameter as the argument.Arguments. X is of type interval. It may be scalar or array valued.Result characteristics. Default integer scalar.Result value. PRECISION(INF(X)). 63



18.16 RANGE(X)Description. Returns the decimal exponent range of the model representing real numberswith the same kind type parameter as the argument.Arguments. X is of type interval. It may be scalar or array valued.Result characteristics. Default integer scalar.Result value. RANGE(INF(X)).18.17 SIGN(X, Y)Description. Interval enclosure of the SIGN intrinsic over an interval.SIGN(X;Y ) � ff[SIGN(x; y)]g j x 2 X; y 2 Y g:Special values. 8X, SIGN( IR�, X)= IR�Class. Elemental function.Arguments. The arguments are of type interval.Result characteristics. Same as X.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if one or both arguments are empty.Examples:SIGN([-2,-1],[3,4]) = [1,2]SIGN([-1,2],[-4,-3]) = [-2,0]SIGN([1,2],[-4,-3]) = [-2,-1]SIGN([1,2],[0,1]) = [1,2]SIGN([1,2],[-1,0]) = [-2,2]SIGN([1,2],[-INF,+INF]) = [-2,2]SIGN([-INF,+INF],[3,4]) = [-INF,+INF]18.18 SIN(X)Description. Interval enclosure of the sine intrinsic over an interval 28.sin(X) � ff[sin(x)]g j x 2 Xg:28It is a quality of implementation option to provide a sharp enclosure of denegerate interval angles modulo2�. 64



Special values. sin( IR�) = [�1; 1]Arguments. X is of type intervalResult characteristics. Same as the arguments.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.Examples.SIN([ -INF, +INF])= [ -1,1]18.19 SINH(X)Description. Interval enclosure of the hyperbolic sine intrinsic over an interval.sinh(X) � ff[sinh(x)]g j x 2 Xg:Special values. sinh([+1]) = [+1], sinh([�1]) = [�1].Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if the argument is empty.18.20 SQRT(X)Description. Interval enclosure of the square root intrinsic over an interval.pX � ff[exp(12 ln(x))]g j x 2 X \ [0;+1]g:Special values. exp(12 ln(IR�)) = [0;+1]Class. Elemental function.Arguments. X is of type intervalResult characteristics. Same as the argument.65



Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description. The result is empty if argument is empty.Examples.SQRT([ -INF, x])= [EMPTY] if x < 0SQRT([ -INF, +INF])= [ 0, +INF]18.21 TAN(X)Description. Interval enclosure of the tangent intrinsic over an interval29.tan(X) � ff[tan(x)]g j x 2 Xg:Special values. tan([�=2 + k�]) = f�1g [ f+1g � [�1;+1]; k 2 ZZ 30 ,tan([�1; ]) = IR�tan([+1]) = IR�tan(IR�) = IR�Class. Elemental function.Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if argument is empty.18.22 TANH(X)Description. Interval enclosure of the hyperbolic tangent intrinsic over an interval.tanh(X) � ff[tanh(x)]g j x 2 Xg:Special values. tanh([+1]) = [1], tanh([�1]) = [�1], tanh([IR�) = [�1; 1].Class. Elemental function.29It is a quality of implementation option to provide a sharp enclosure of denegerate interval angles modulo2�.30The set of integers. 66



Arguments. X is of type intervalResult characteristics. Same as the argument.Result value. The interval result value is an enclosure for the speci�ed interval. An idealenclosure is a fp-interval of minimum width that contains the exact mathematical intervalin the description.The result is empty if argument is empty.19 Conversions to interval typesExplicit conversions to the interval from integers, reals or intervals of di�erent types are per-formed with type conversion intrinsics INTERVAL, SINTERVAL, DINTERVAL and QINTERVAL.3119.1 INTERVAL(X [, Y, KIND])Description. Convert to interval typeClass. Elemental function.Arguments.X is of type integer, real, or interval. Y (optional) is of type integer or real. If X is of typeinterval, Y must not be present.KIND (optional) is a scalar integer initialization expression.Result characteristics. The result is of type interval. If KIND is present, the kind typeparameter is that speci�ed by KIND; otherwise, the kind type parameter is that of thedefault interval type.Containment is guaranteed if X is of type interval For example given INTERVAL(16) X theresult of INTERVAL(X, KIND=4) contains interval XContainment is not guaranteed otherwise.For example, given REAL(8) X,Y the result of INTERVAL(X,Y, KIND=4) does not necessarilycontain the internal interval [X,Y]In comparison with interval literal constants the result of (for example)INTERVAL(1.1,1.3)does not necessarily contain the mathematical interval [1:1; 1:3], whereas [1.1,1.3] doescontain [1:1; 1:3].Result value. The interval result value is a valid 
oating{point interval (see section 3).31These intrinsics insulate their arguments from widest{need interval expression evaluation, see section 967



If Y is absent and X is an interval, then INTERVAL(X [,KIND]) is an interval containing X:INTERVAL(X [,KIND]) is an interval with left and right endpoints [XL, XU], where XL =REAL(INF(X) [,KIND]) rounded down, so that XL .LE. INF(X) and XU = REAL(SUP(X)[,KIND]) rounded up, so that XU .GE. SUP(X).If both X and Y are present then INTERVAL(X,Y [,KIND]) is an interval with left and rightendpoints equal to REAL(X [,KIND]) and REAL(Y [,KIND]) respectively. 32If Y is absent and X is not an interval, then INTERVAL(X [, KIND]) is INTERVAL(X,X [,KIND]).If both X and Y are present and Y is less than X or if either X or Y or both do not representa mathematical integer or real number (e.g. one or both real argument is a NaN) then IR�is returned.19.2 DINTERVAL(X, [Y])Description. Convert to INTERVAL(8) type.DINTERVAL(X, [Y]) is equivalent to INTERVAL(X, [Y], KIND=8)Class. Elemental function.19.3 SINTERVAL(X, [Y])Description. Convert to INTERVAL(4) type.SINTERVAL(X, [Y]) is equivalent to INTERVAL(X, [Y], KIND=4)Class. Elemental function.19.4 QINTERVAL(X, [Y])Description. Convert to INTERVAL(16) type.QINTERVAL(X, [Y]) is equivalent to INTERVAL(X, [Y], KIND=16)Class. Elemental function.32Because interval [inf,inf] is not supported in the current release interval [max real,inf] has to bereturned instead of it.
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19.5 Conversion examplesREAL R, S, TREAL(8) R8, T81, T82INTERVAL(4) X, YINTERVAL(8) DX InterpretationX = INTERVAL(0.1, 0.1, KIND=4) ! R=0.1 ; X=INTERVAL(R,R, KIND=4)X = INTERVAL(0.1, KIND=4) ! R=0.1 ; X=INTERVAL(R,R, KIND=4)DX = DINTERVAL(R+S, T+R8) ! T81=R+S; T82=S+R8; DX = DINTERVAL(T81,T82)DX = INTERVAL(Y, KIND=8) ! Converts Y to a containing INTERVAL(8) interval! Produce a sharp interval containing a given real numberDX = INTERVAL(-TINY(R8),TINY(R8), KIND=KIND(R8)) + INTERVAL(R8,KIND=KIND(R8))! Some code setting both R and S to zeroT = R/S ! T is 0/0, which creates a NaN! Produce interval [-INF, INF]X = DINTERVAL(T, S)Y = DINTERVAL(T, T)20 Interval array intrinsicsInterval versions of the following array intrinsics are supported:ALLOCATED(),ASSOCIATED(),CSHIFT(),DOT PRODUCT(),EOSHIFT(),KIND(),LBOUND(),MATMUL(),MAXVAL()MERGE(),MINVAL(),NULL(), 69



PACK(),PRODUCT(),RESHAPE(),SHAPE(),SIZE(),SPREAD(),SUM(),TRANSPOSE(),UBOUND(),UNPACK().The MINLOC(), and MAXLOC() intrinsics are not de�ned for interval arrays because theMINVAL and MAXVAL intrinsic applied to an interval array returns an interval that is not an ele-ment of the array33. For example MINVAL((/[1,2],[3,4]/)) = [1,3] and MAXVAL((/[1,2],[3,4]/))= [2,4].Array versions of the following interval speci�c intrinsics are supported:INF(),SUP(),ABS(),MAG(),MAX(),MID(),MIG(),MIN(),NDIGITS(),WID(),INT().Array versions of the following interval mathematical intrinsics are supported:ACOS(),AINT(),ANINT(),ASIN(),ATAN(),ATAN2(),CEILING(),COS(),COSH(),EXP(),FLOOR(),LOG(),33See description of the MIN intrinsic. 70



LOG10(),MOD(),SIN(),SIGN(),SINH(),SQRT(),TAN(),TANH().Array versions of the following interval constructors are supported:INTERVAL(),DINTERVAL(),SINTERVAL(),QINTERVAL().21 Interval I/O editing21.1 Interval inputInterval input maps a decimal interval into its internal 
oating{point binary representationThe internal fp{interval must contain the external interval regardless of the number of digitsin the input �eld or the precision of the internal representation.Input of an invalid interval with right endpoint less than left endpoint is an I/O error andmust cause the program to abort, unless alternative action (ERR clause) has been providedspeci�cally in the program. In this case IR� is returned.21.2 Interval outputInterval output maps the internal binary representation of an interval into an external deci-mal representation.The external interval must contain the internal fp{interval regardless of the number of digitsin the �eld or the precision of the internal representation.21.3 External interval representationLet xd be a decimal number reprsented by a d-input-�eld, this is an input format correspond-ing to the D edit descriptor)The interval-input-�eld can have one of the three forms:71



� \xd" { represents a non-degenerate mathematical intervalxd + [�1; 1]uld (unit in the last digit).Thus, trailing zeros are signi�cant and 0.10000000 represents interval[0.099999999,0.100000001], whereas 0.10 represents interval [0.09,0.11]. Note:100E-1 represents interval [9.9,10.1] since all trailing zero digits in the mantissa aresigni�cant.� \[xd]" { represents a degenerate mathematical interval [xd; xd].� \[xd1; xd2 ]" { represents a mathematical interval [xd1 ; xd2 ], with xd1 � xd2 .On input, if either endpoint is not exactly representable, the left endpoint is rounded downand the right endpoint is rounded up to numbers known to contain the exact decimal value.A degenerate interval [1:5; 1:5] can be externally represented in any of the following ways:[1.5E0], [1.5], [1.5, 1.5], [0.15E1, 1.5].21.4 Interval edit descriptorsThe VFw:d, VEw:dEe, VENw:dEe, VESw:dEe, VGw:dEe, Yw:dEe, Fw:d, Ew:dEe, or Gw:dEeedit descriptors may be used to specify the input/output formatting of interval data. w andd speci�ers must not be omitted.During input:� All interval edit descriptor have the same semantics. The parameter w, speci�es the�eld width containing external data.� If the input �eld contains a decimal point, the speci�cation of d is ignored. If thedecimal point is omitted, the d designates the position of the \imaginary" decimalpoint of the input value; that is, the input value is multiplied by 10�d.� Leading blanks are not signi�cant.� Because trailing zeros are signi�cant in interval input BZ control edit descriptor doesnot a�ect the interpretation of leading and trailing blanks when Y, VF, VE, VEN,VES, VG and F,E,G edit descriptors are applied to intervals.� If an input list item corresponding to the A, Z, O or I edit descriptor is of intervaltype, IR� is returned.During output: 72



� If the output �eld's width, w, in VF, VE, VEN, VES, or VG edit descriptor is even,then the �eld is �lled with one leading blank character and w�1 is used for the output�eld's width.� The VF, VE, VEN, VES, and VG edit descriptors provide [inf; sup] { style format-ting of intervals, using F, E, EN, ES, G edit descriptors, respectively, for the intervalendpoints. The Y edit descriptor is used for single{number interval output, see section21.10.� The F, E, G edit descriptors applied to intervals have the same meaning as the Yedit descriptor except that if the F or G speci�er is used, the output �eld may havethe form prescribed by the F edit descriptor, (see section 21.10). If the E, EN, ESspeci�ers are used, the output �eld may only have the form prescribed by the E, EN,ES edit descriptor.� If an output list item corresponding to the VF, VE, VEN, VES, VG or Y edit descriptoris any type other than interval type the whole output �eld is �lled with asterisks.� If an output list item corresponding to the A, Z, O or I edit descriptor is of intervaltype the whole output �eld is �lled with asterisks.� A positive interval endpoint may be pre�xed with a plus sign; a negative endpoint isalways pre�xed with minus sign; and the zero interval endpoint is never pre�xed witha leading plus or minus.During input and output� The P edit descriptor may be used to change the scale factor for the Y, VF, VE, VEN,VES or VG descriptors and for F,E or G edit descriptors when applied to intervals.� The empty interval is input/output as a case insensitive string \EMPTY" enclosed in\[" and \]". The string \EMPTY" may be preceded or followed by blanks.� A minus or plus in�nite interval endpoint is input/output as a case insensitive string\INF" pre�xed with a minus or an optional plus sign.21.5 Interval VF editingAn output value in a VFw:d edit �eld has the form[ f-output-�eld1, f-output-�eld2], where w0 = (w � 3)=2 and f-output-�eld is the output �eldfor the Fw0:d format (for non{interval types),73



w0 must allow for a minus sign, at least one digit to the left of the decimal point, the decimalpoint, and d digits to the right of the decimal point. Therefore w0 � d+ 3. Additionally wmust allow for \[", \]" and \,". Therefore w � 2(d + 3) + 3 or equivalently w must allowfor two �elds in Fw0:d format and and \[", \]" and \,". Therefore w � 2 � w0 + 3Using the speci�ed format, if one or both f-output-�eld1 or f-output-�eld2 �elds are toosmall for the output of the corresponding endpoint, then only that �eld must be �lled withasterisks.For both input and output, the symbols \[ ", \] " and \," that are part of the �eld arecounted as part of the width w of the overall VF �eld. The total width of the �eld is thus2w0 + 3.Input of the degenerate interval [1.5] and the output of resulting internal interval with theVF18.5 descriptor has the following form:123456789012345678 ! position number[1.50000,1.50000]21.6 Interval VE editingAn output value in a VEw:d[Ee] edit �eld has the form[ e-output-�eld1, e-output-�eld2 ], where w0 = (w� 3)=2 and e-output-�eld is the output �eldfor the Ew0:d[Ee] format (for real types).w0 need not allow for a minus sign, but must allow for a zero, the decimal point, and d digitsto the right of the decimal point, and an exponent. Therefore, for nonnegative numbers,w0 � d + 6; if e is present, then w0 � d + e + 4. For negative numbers w0 � d + 7; if e ispresent, then w0 � d + e + 5, and w must allow for two �elds using the Ew0:d[Ee] formatand additionally for \[", \]" and \,". Therefore w � 2w0 + 3Using the speci�ed format, if one or both e-output-�eld1 or e-output-�eld2 �elds are toosmall for the output of the corresponding endpoint, then only that �eld must be �lled withasterisks.For both input and output, the symbols \[ ", \] " and \," that are part of the �eld arecounted as part of the width w of the overall VE �eld. The total width of the �eld is thus2w0 + 3:Example: Let the interval variable, X be de�ned in a program, and suppose the programcontaines the statement :WRITE(*, '(1X, VE27.5E1)') XLet the internal representation of X be: 74



[1.9921875, 2.9921875]Then valid output produced by the WRITE statement is123456789012345678901234567 ! position number[ 0.19921E+1, 0.29922E+1]21.7 Interval VEN editingThe VEN edit descriptor may be used to describe the editing of interval data. It di�ers fromthe VE edit descriptor only in the form of the output �eld.An output value in a VENw:d[Ee] edit �eld has the form[ en-output-�eld1, en-output-�eld2 ], where w0 = (w � 3)=2 and en-output-�eld is the output�eld for the ENw0:d[Ee] format (for real types).21.8 Interval VES editingThe VES edit descriptor may be used to describe the editing of interval data. It di�ers fromthe VE edit descriptor only in the form of the output �eld.An output value in a VESw:d[Ee] edit �eld has the form[ es-output-�eld1, es-output-�eld2 ], where w0 = (w � 3)=2 and es-output-�eld is the output�eld for the ESw0:d[Ee] format (for real types).21.9 Interval VG editingFor interval input, the interval VG edit descriptor is identical to the VF edit descriptor. Forinterval output with VGw:d or VGw:dEe, two decimal numbers are printed, preceded by \[ ",separated by \, " and followed by \] ". The formats of the lower bound and upper boundare determined in accordance with the rules for non{interval Gw:d or Gw:dEe editing for thelower and upper bound of the output interval, respectively. The printed lower and upperbounds must contain the internal interval representation.Using the speci�ed format, if one or both output �elds are too small for the output of thecorresponding endpoint, then only that �eld must be �lled with asterisks.21.10 Single number interval Y editingThe Y edit descriptor is used to output an interval in the single number interval representation(see also [17]) with implicit bounds of �1 unit in the last exhibited decimal digit.75



The letter Y is chosen as a visual indicator of the relationship of the components of aninterval value to the single number used to represent that value, as illustrated here:inf supYsingle numberrepresentationThe general form of the Y edit descriptor is: Yw:d[Ee]The d speci�er sets the number of places allocated for displaying signi�cant digits34.The e speci�er (if present) de�nes the number of digits displayed in the exponent part ofthe output �eld. The presence of the e speci�er forces the output �eld to have the formprescribed by the E (as opposed to F) edit descriptor.In certain cases the single{number interval representation is less informative than a [inf; sup]representation of the interval X. This is the case when either the interval itself contains zeroor in�nity, or the interval's single-number form represents an interval containing zero.In these cases, to produce sharper external representation of the internal fp{interval, VGw:d0Eeis used with d0 allowing for the maximal number of signi�cant digits to be output35.For example: The single-number interval representation of the interval [-1, 10] is 0.E1which is the much wider interval [-10, 10] therefore the output12345678901234567890! position number[ -1. , 0.1E+02]may be produced with Y20:dThe single-number interval representation of the interval [1,6] is 1.E1 which is the muchwider interval [0, 20] . Therefore the output12345678901234567890! position number[ 1. , 6. ]may be produced with Y20:dIf there is su�cient �eld width, the E or F style will be used. The E or F descriptor isused that can display the greater number of digits of the interval in the output list. If thenumber of digits displayed using the E or F descriptor is the same, the F descriptor isused.34The actual number of displayed signi�cant digits may be more or less than d35Quality of implementation opportunity. 76



The d speci�er sets the number of signi�cant digits displayed. It is possible to have moresigni�cant digits using the F descriptor. Positions corresponding to the digits that are notdisplayed are �lled with blanks.An additional exponent digit can be displayed instead of the \E" character if necessary.The exponent �eld (if present) is always right justi�ed in the output �eld.w must allow for a minus sign, \[", \]", at least one digit to the left of the decimal point,the decimal point, d digits to the right of the decimal point, and an exponent. Thereforew � d+ 10. If e is present, w � d+ e+ 7.The decimal point is located in position p = e + d + 4, counting from the right of the �eldof w characters.If w � p+2 (2 positions for left bracket and sign), there will be character positions availablefor the integer part of a number in F format. If there are not enough character positionsavailable to display a number using the F format and keep the decimal point located in thep{th position, then the E format is used.If it is possible to represent a degenerate interval within the �eld width, the output �eld isenclosed in obligatory \[" and \]" and theF(w � 2):(d+ e+ 2), the F(w � 2):(d+ 3 + 2) or the E(w � 2):dEe speci�er is used.Otherwise the form of the output �eld is:y-output-�eldwhere y-output-�eld has the form speci�ed by either theF(w � 2):(d+ e+ 2), the F(w � 2):(d+ 3 + 2), or the E(w � 2):dEe speci�er.The following details of the output �eld are processor{dependent:� the leading zero before the decimal point;� the plus sign for a positive value; and,� the form of the exponent if the absolute value of the exponent is � 999 or > 9999 and\E" character is omitted.If the width of the output �eld allows, the leading zero before the decimal point should beoutput. If the width of the output and exponent �elds allow, the form of the exponent �eldshould be \E", followed by a sign, followed by three or e digits.Thus the following output is desirable: 77



FORMAT(Y17.6)12345678901234567! position number-0.123456789 ! represents the interval [-0.123456790, -0.123456788]-0.12345678912 ! represents the interval [-0.123456789124 ,-0.123456789122]-1.2 ! represents the interval [-1.3,-1.1][ -1.50000000000] ! represents the degenerate interval [-1.5,-1.5]FORMAT(Y17.6E4 )12345678901234567 ! position number-0.123457E+0000 ! represents the interval [-0.123456790, -0.123456788][ 0.123000E+0021] ! represents the interval [0.123E21, 0.123E21]0.123 E+0021 ! represents the interval [0.122E21, 0.124E21]-0.12 E+0305 ! represents the interval [-0.13E+0305, -0.11E+0305]0.12 E+1234 ! represents the interval [0.11Q+1234,0.13Q+1234]123456789012345 ! position numberFORMAT(Y15.5E3 )*************** ! Result of trying to output .12Q1234 using Y15.5E3FORMAT(Y15.5 )123456789012345 ! position number0.123 E+021 ! represents the interval [0.122E+021, 0.124E+021]-1.2 ! represents the interval [-1.3,-1.1]-0.120 E+003 ! represents the interval [-0.121E+003,-0.119E+003]-0.12 E+305 ! represents the interval [-0.13E+305,-0.11E+305]0.12 E+305 ! represents the interval [0.11E+305, 0.13E+305]0.12 +1234 ! represents the interval [0.11Q+1234,0.13Q+1234]1234567890123 ! position number21.10.1 Single number I/O and internal base conversionsIn single number interval I/O, input immediately followed by output can appear to suggestthat a decimal digit of accuracy has been lost, when in fact radix conversion has caused a1 or 2 ulp (unit in the last place) increase in the width of the stored input interval. Forexample, an input of 1.37 followed by an immediate print may result in 1.3 being output.Users must use character input and output to exactly echo input values and internal readsto convert input values into fp{intervals.For example, an interaction with the programINTERVAL X 78



CHARACTER*30 BUFFERC TEST INTERNAL INPUT AND OUTPUTPRINT *, 'ENTER INPUT INTERVAL:'READ (*,'(A12)'), BUFFERPRINT *, 'YOUR INPUT WAS:', BUFFERREAD(BUFFER, '(Y12)'), XPRINT *, 'RESULT INTERVAL IS:', XPRINT *, 'SINGLE NUMBER INTERVAL OUTPUT IS:'PRINT( '(Y12.2)'), XENDresults inENTER INPUT INTERVAL:1.37YOUR INPUT WAS:1.37RESULT INTERVAL IS: [1.35999999999999987E+00, 1.38000000000000012E+00]SINGLE NUMBER INTERVAL OUTPUT IS:1.321.11 List{directed interval I/O21.11.1 List{directed interval inputIf an input list item is of interval type the input record must contain an interval or a nullvalue.An input interval value may have the same form as an interval, real or integer literal constant.If an interval value has the form of a real or integer literal constant, (xd without \[ " and\]"), the input is interpreted as a non-degenerate mathematical intervalxd + [�1; 1]uld (unit in the last digit)If [inf; sup] input style is used, the end of record may occur between the left endpoint andthe comma or between the comma and the right endpoint.A null value, such as between two consecutive commas, means that the corresponding variablein the input list is not changed. A null value must not be used for either left or right endpointsof an interval constant, but a single null value may be used to represent a complete intervaldatum. 79



21.11.2 List{directed interval outputReal constants for left and right endpoints are produced with the e�ect of either an F editdescriptor or an E edit descriptor, depending on the magnitude x of the value and a range10d1 � x � 10d2, where d1 and d2 are processor dependent integers, (d1 = �2 and d2 = +8in Sun f95). If the magnitude x is within this range, the endpoint is produced using 0PFw:d;ohterwise 1PEw:dEe is used.In Sun f95 the values for d and e are the same as for the real types corresponding to theinterval endpoints. The value of w re
ects the need to conveniently accomodate two realvalues of corresponding types and three addtional characters for \[", \]" and the comma.The end of record may occur between the comma and the right endpoint only if the entireconstant is as long as, or longer than, an entire record. The only embedded blanks permittedwithin an interval constant are between the comma and the end of the record and one blankat the beginning of the record.21.12 Namelist interval I/OInterval values can be input and output using NAMELIST I/O.21.13 File compatibility with future releasesThe following table shows how (in the \Simple" system, speci�ed herein) interval internalbinary representations are converted to the external binary and external character represen-tations ("x" stands for an external character representation of x). In this table, x 6= infand x 6= 0.External binary Output Internal binary Output External character[-0,+0]  � [-0,-0] �! [0,0][-0,+0]  � [-0,+0] �! [0,0][-0,+0]  � [+0,-0] �! [0,0][-0,+0]  � [+0,+0] �! [0,0][-0,x]  � [+0,x] �! [0,"x"][-0,x]  � [-0,x] �! [0,"x"][x, +0]  � [x, -0] �! ["x",0][x, +0]  � [x, +0] �! ["x",0][x,-inf]  � [x, +inf] �! ["x", +INF][-0,-inf]  � [+0, +inf] �! [0,+INF][+inf, x]  � [-inf,x] �! [-INF,"x"][+inf,+0]  � [-inf, +0] �! [-INF,0]80



The following table shows how (in the \Simple" interval system) external binary and charac-ter strings are converted into the internal binary representation ("x" stands for an externalcharacter representation of x). In this table, x 6= inf, x 6= 0.External binary Input Internal binary Input External character[-0,x] �! [-0,x]  � [0,x][+0,x] �! [+0,x]  � [1e-5000, "x"][x, +0] �! [x,+0]  � ["x",0][x, -0] �! [x,-0]  � ["x",-1E-5000][x,-inf] �! [x,+inf]  � ["x", +INF][x,+inf] �! [x,+inf]  � ["x",+INF][-0,-inf] �! [-0,+inf]  � [0, +INF ][-0,+0] �! [-0,+0]  � [0,0][+inf,+0] �! [-inf,+0]  � [-INF,0 ][+inf,-0] �! [-inf,-0]  � [-INF, -1E-5000 ][+inf,x] �! [-inf,x]  � [-INF,"x" ][+inf, �fp] �! [-inf, �fp]  � [-INF, -INF][-0, fp ] �! [-0, fp ]  � [0,1E-5000]Note: fp { is the smallest positive representable 
oating{point number.The following table shows how (in the \Sharp" and \Full" interval systems) character stringsrepresenting intervals with endpoints resulting from 
oating{point under
ow or over
oware converted into the internal \Simple" binary representation ("x" stands for an externalcharacter representation of x ). The results are included in this speci�cation to guaranteebinary �le compaibility between \Simple", \Sharp" and \Full" interval systems. In thistable, x 6= inf, x 6= 0, \(0" represents under
ow and \+INF)" represents over
ow.Internal binary Input External character[+0,x]  � (0,"x"][x,�0]  � ["x",0)[x,+inf]  � ["x", +INF)[+0,+inf]  � (0, +INF)[-inf,�0]  � (-INF,0)[-inf,x]  � (-INF,"x" ]External representations (0,0) , (-INF,-INF) and (+INF,+INF) are invalid in the \Sharp"and \Full" interval systems. 81
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23 Appendix A: Interval IntrinsicsTable 1. Interval Arithmetic IntrinsicsIntrinsic Definition N Generic Specific Argument FunctionFunction Args Name Name Type TypeAbsolute value j X j 1 ABS VDABS INTERVAL(8) INTERVAL(8)VSABS INTERVAL(4) INTERVAL(4)VQABS INTERVAL(16) INTERVAL(16)Truncation int(X) 1 AINT VDINT INTERVAL(8) INTERVAL(8)VSINT INTERVAL(4) INTERVAL(4)VQINT INTERVAL(16) INTERVAL(16)Nearest whole int(a+.5) a>0 1 ANINT VDNINT INTERVAL(8) INTERVAL(8)number int(a-.5) a<0 VSNINT INTERVAL(4) INTERVAL(4)VQNINT INTERVAL(16) INTERVAL(16)Remainder A-int(A/B)*B 2 MOD VDMOD INTERVAL(8) INTERVAL(8)VSMOD INTERVAL(4) INTERVAL(4)Transfer of j A j if B >= 0 2 SIGN VDSIGN INTERVAL(8) INTERVAL(8)sign � j A j if B < 0 VSSIGN INTERVAL(4) INTERVAL(4)Choose largest max(A,B,...) >=2 MAX MAX INTERVAL INTERVALvalueChoose smallest min(A,B,...) >=2 MIN MIN INTERVAL INTERVALvalueIntrinsics MODand SIGN with INTERVAL(16) argument are not supported in the currentrelease.
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Table 2. Type Conversion IntrinsicsConversion N Generic Specific Argument Functionto Args Name Name Type TypeINTERVAL 1 or 2 INTERVAL INTERVAL INTERVALINTERVAL(4) INTERVALINTERVAL(8) INTERVALINTEGER INTERVALREAL INTERVALDOUBLE INTERVALQUAD INTERVALINTERVAL(4) 1 or 2 SINTERVAL INTERVAL INTERVAL(4)INTERVAL(4) INTERVAL(4)INTERVAL(8) INTERVAL(4)INTEGER INTERVAL(4)REAL INTERVAL(4)DOUBLE INTERVAL(4)QUAD INTERVAL(4)INTERVAL(8) 1 or 2 DINTERVAL INTERVAL INTERVAL(8)INTERVAL(4) INTERVAL(8)INTERVAL(8) INTERVAL(8)INTEGER INTERVAL(8)REAL INTERVAL(8)DOUBLE INTERVAL(8)QUAD INTERVAL(8)INTERVAL(16) 1 or 2 QINTERVAL INTERVAL INTERVAL(16)INTERVAL(4) INTERVAL(16)INTERVAL(8) INTERVAL(16)INTERVAL(16) INTERVAL(16)INTEGER INTERVAL(16)REAL INTERVAL(16)DOUBLE INTERVAL(16)QUAD INTERVAL(16)
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Table 3. Trigonometric Intrinsics36Intrinsic Definition N Generic Specific Argument FunctionFunction Args Name Name Type TypeSine sin(A) 1 SIN VDSIN INTERVAL(8) INTERVAL(8)VSSIN INTERVAL(4) INTERVAL(4)Cosine cos(A) 1 COS VDCOS INTERVAL(8) INTERVAL(8)VSCOS INTERVAL(4) INTERVAL(4)Tangent tan(A) 1 TAN VDTAN INTERVAL(8) INTERVAL(8)VSTAN INTERVAL(4) INTERVAL(4)Arcsine arcsin(A) 1 ASIN VDASIN INTERVAL(8) INTERVAL(8)VSASIN INTERVAL(4) INTERVAL(4)Arccosine arccos(A) 1 ACOS VDACOS INTERVAL(8) INTERVAL(8)VSACOS INTERVAL(4) INTERVAL(4)Arctangent arctan(A) 1 ATAN VDATAN INTERVAL(8) INTERVAL(8)VSATAN INTERVAL(4) INTERVAL(4)arctan(A/B) 2 ATAN2 VDATAN2 INTERVAL(8) INTERVAL(8)VSATAN2 INTERVAL(4) INTERVAL(4)

36Intrinsics with INTERVAL(16) argument are not supported in the current release85



Table 3. Trigonometric Intrinsics37 (Continued)Hyperbolic Sine sinh(A) 1 SINH VDSINH INTERVAL(8) INTERVAL(8)VSSINH INTERVAL(4) INTERVAL(4)Hyperbolic cosh(A) 1 COSH VDCOSH INTERVAL(8) INTERVAL(8)Cosine VSCOSH INTERVAL(4) INTERVAL(4)Hyperbolic tanh(A) 1 TANH VDTANH INTERVAL(8) INTERVAL(8)Tangent VSTANH INTERVAL(4) INTERVAL(4)Table 4. Other Mathematical Intrinsics38Intrinsic Definition N Generic Specific Argument FunctionFunction Args Name Name Type TypeSquare toot A**(1/2) 1 SQRT VDSQRT INTERVAL(8) INTERVAL(8)VSSQRT INTERVAL(4) INTERVAL(4)Exponential e**A 1 EXP VDEXP INTERVAL(8) INTERVAL(8)VSEXP INTERVAL(4) INTERVAL(4)Natural log(A) 1 LOG VDLOG INTERVAL(8) INTERVAL(8)logarithm VSLOG INTERVAL(4) INTERVAL(4)Common log10(A) 1 LOG10 VDLOG10 INTERVAL(8) INTERVAL(8)logarithm VSLOG10 INTERVAL(4) INTERVAL(4)

37Intrinsics with INTERVAL(16) argument are not supported in the current release38Intrinsics with INTERVAL(16) argument are not supported in the current release86



Table 5. Interval Intrinsics with REAL, INTEGER or LOGICAL resultIntrinsic Definition N Generic Specific Argument FunctionFunction Args Name Name Type TypeINF infimum 1 INF VDINF INTERVAL(8) DOUBLEVSINF INTERVAL(4) REAL(4)VQINF INTERVAL(16) REAL(16)SUP supremum 1 SUP VDSUP INTERVAL(8) DOUBLEVSSUP INTERVAL(4) REAL(4)VQSUP INTERVAL(16) REAL(16)Width sup-inf 1 WID VDWID INTERVAL(8) DOUBLEVSWID INTERVAL(4) REAL(4)VQWID INTERVAL(16) REAL(16)Midpoint (inf+sup)/2 1 MID VDMID INTERVAL(8) DOUBLEVSMID INTERVAL(4) REAL(4)VQMID INTERVAL(16) REAL(16)Magnitude max j x j in X 1 MAG VDMAG INTERVAL(8) DOUBLEVSMAG INTERVAL(4) REAL(4)VQMAG INTERVAL(16) REAL(16)Mignitude min j x j in X 1 MIG VDMIG INTERVAL(8) DOUBLEVSMIG INTERVAL(4) REAL(4)VQMIG INTERVAL(16) REAL(16)Test for X = ; 1 ISEMPTY VDISEMPTY INTERVAL(8) LOGICALempty interval VSISEMPTY INTERVAL(4) LOGICALVQISEMPTY INTERVAL(16) LOGICALFloor floor(X) 1 FLOOR INTERVAL(8) INTEGERINTERVAL(4) INTEGERINTERVAL(16) INTEGERCeiling ceiling(X) 1 CEILING INTERVAL(8) INTEGERINTERVAL(4) INTEGERINTERVAL(16) INTEGERNumber of 1 NDIGITS INTERVAL INTEGERdigits INTERVAL(4) INTEGERINTERVAL(8) INTEGERINTERVAL(16) INTEGER
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Appendix BImplementationInterval addition and subtraction are implemented using IEEE addition and subtractionoperations. The negative of in�ma are computed to save unnecessary rounding mode changes.Interval AdditionInput: X= [a,b], Y = [c,d]Output: X+Yf Intervals [�1;�1] and [+1;+1] cannot occur by construction gSave Rounding Mode ;Set Rounding Mode Up;l = �(�a� c)u = b+ dRestore Rounding Mode ;return [l; u]Interval SubtractionInput: X= [a,b], Y = [c,d]Output: X-Yf Intervals [�1;�1] and [+1;+1] cannot occur by construction gSave Rounding Mode ;Set Rounding Mode Up;l = �(�a+ d)u = b� cRestore Rounding Mode ;return [l; u]Interval multiplication and division are implemented using tests to de�ne which pair ofendpoints to use when computing in�ma and suprema. As with addition and subtraction,the negative of in�ma are computed to save unnecessary rounding mode changes.Interval MultiplicationInput: X= [a,b], Y = [c,d] 88



Output: X*YSave Rounding Mode ;Set Rounding Mode Up;if a > 0 fX > 0gif c > 0 fY > 0gl = �(�a� c)u = b� delse if d < 0 fY < 0gl = �(�b� c)u = a� delse f 0 2 Y gl = �(�b� c)u = b� dendifelse if b < 0 fX < 0gif c > 0 fY > 0gl = �(�a� d)u = b� celse if d < 0 fY < 0gl = �(�b� d)u = a� celse f 0 2 Y gl = �(�a� d)u = a� cendifelse f 0 2 Xgif c > 0 fY > 0gl = �(�a� d)u = b� delse if d < 0 fY < 0gl = �(�b� c)u = a� celse f 0 2 Y gl = �max(�a� d;�b� c)u = max(a� c; b� d)endifendifif isnan(l) or isnan(u)if not (isnan(a) or isnan(c) ) fBoth are not empty gl = �1u = +1endifendifRestore Rounding Mode ;return [l; u] 89



Interval divisionInput: X= [a,b], Y = [c,d]f Intervals [�1;�1] and [+1;+1] cannot occur by construction gOutput: X / Yif (isnan(a) or isnan(c) ) fOne or both is empty greturn [NaN;,NaN;]else if c � 0 and d � 0 f 0 2 Y greturn [�1,+1]endifSave Rounding Mode ;Set Rounding Mode Up;if a � 0 and b � 0 f 0 2 Xgif c > 0 fY > 0gl = �(�a=c)u = b=celse f if d < 0 g fY < 0gl = �(�b=d)u = a=dendifelse if a > 0 fX > 0gif c > 0 fY > 0gl = �(�a=d)u = b=celse f if d < 0 g fY < 0gl = �(�b=d)u = a=cendifelse f if b < 0 g fX < 0gif c > 0 fY > 0gl = �(�a=c)u = b=delse f d < 0 g fY < 0gl = �(�b=c)u = a=dendifendifRestore Rounding Mode ;return [l; u] 90
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