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PREFACE 

Targeted audience 

• Specialists in numerical computations, especially in numerical optimiza
tion, who are interested in designing algorithms with automatie result ver
ification, and who would therefore be interested in knowing how general 
their algorithms caIi in principle be. 

• Mathematicians and computer scientists who are interested in the theory 0/ 
computing and computational complexity, especially computational com
plexity of numerical computations. 

• Students in applied mathematics and computer science who are interested 
in computational complexity of different numerical methods and in learning 
general techniques for estimating this computational complexity. The book 
is written with all explanations and definitions added, so that it can be 
used as a graduate level textbook. 

What this book .is about 

Data processing. In many real-life situations, we are interested in the value 
of a physical quantity y that is diflicult (or even impossible) to measure directly. 
For example, it is impossible to directly measure the amount of oil in an oil 
field or a distance to a star. Since we cannot measure such quantities directly, 
we measure them indirectly, by measuring some other quantities Xi and using 
the known relation between y and Xi'S to reconstruct y. The algorithm that 
transforms the results Xi of measuring Xi into an estimate fj for y is called data 
processing. 

Error estimation for data processing: interval computations. The 
input data for data processing algorithms come from measurements and are, 
therefore, not precise: the measured value Xi is, in general, different from the 

IX 
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x COMPLEXITY OF INTERVAL COMPUTATIONS 

(unknown) actual value Xi of the measured quantity. In some cases, we know 
the probabilities of different measurement errors ~Xi = Xi - Xi, but in many 
other practical situations, we only know the upper bound ~i for this error. In 
such situations, the only information that we have about the (unknown) actual 
value Xi is that lXi - xii ~ ~i, Le., that the value Xi belongs to the interval 
xi = [Xi - ~i, Xi + ~i]' 

Since the input data of the data processing algorithm are not precise, the result 
fj of data processing is also not precise: it may differ from the (unknown) 
actual value y of the estimated quantity. It is, therefore, necessary that the 
data processing algorithm return not only the numerical estimate fj itself, but 
also the bound ~ of the possible inaeeuraey of this estimate, so that we will be 
able to deduce the interval y = [fj - ~,fj + ~] of possible values of the desired 
quantity y. 

For example, if our estimate of an oil deposit is y = 100 mln. tons, it may 
mean 100 ± 10, in which case it is reasonable to start exploiting this weH, 
or100 ± 100, in which case additional measurements are in order. 

In other words, we need data processing methods that produce not just ap
proximate results but results with automatie result verifieation. Such interval
proeessing algorithms are ealled interval eomputations. 

Interval computations: from Archimedes to success. Interval compu
tations ean be traeed to Archirnedes who produced two-sided estimates for 71', 

i.e., an interval that is guaranteed to eontain 71'. In this century, basic interval 
methods were pioneered as early as 1914 by Norbert Wiener, the future father 
of cybernetics, in his analysis of measurement accuracy. The real boom started 
with the space age. In 1959, Ramon E. Moore, a young Stanford student 
working for Lockheed Missiles and Space Co., published a teehnical report in 
which he developed a new technique called interval eomputations and applied 
this technique to the problem of computing the trajectory of an Earth-Moon 
spaceship (a problem for which errors ean indeed be disastrous). After Moore's 
1966 pioneer book, interval computations started to actively flourish. Methods 
with automatie results verification were developed for numerous computational 
problems, and these methods were applied to areas ranging from manufacturing 
to economy to quantum physics to space exploration. 

Interval computations: problems. In spite of numerous success stories, 
there were also many problems in whieh aH known algorithms either produced 
unrealistically overestimated bounds, or required unrealistically long eomputa-
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Preface Xl 

tions. In 1981, A. A. Gaganov, a student from St. Petersburg (then, Leningrad) 
University, proved that some of these problems are indeed computationally in
tractable (in some precise sense). Since then, many other intractability re
sults appeared. It turned out (somewhat unexpectedly) that even for the sim
plest data processing algorithms (e.g., quadratic or piecewise-linear), the above
described problem of estimating accuracy of the results of data processing (i.e., 
interval computations) is, in general, eomputationally intraetable. 

It is important to know what problems are feasible. Since these in
tractability results occur even for simple algorithms, it is extremely important 
for algorithm developers to know which classes of problems are solvable, and 
which are intractable, so that they will be able to concentrate on the classes of 
problems for which feasible general algorithms exist. 

A gap. Unfortunately, there has been, so far, no book specifically devoted 
to computational complexity (feasibility and intractability) of interval com
putations. There are several good books that describe interval computations 
techniques, and applications of interval computations. These books mention 
some computational complexity resultsj however, in general, these results are 
mainly seattered in various journal papers and monographs, and finding out 
whether a given problem is known to be feasible or intractable is often very 
diffieult. 

The main goal of this book is to fill this gap. 

Our main goal 

This book deseribes classes of problems for whieh interval eomputations (i.e., 
data processing with automatie results verifieation) are feasible, and when they 
are intraetable. 

This book is not only a comprehensive survey of known resultsj many of the 
results published in this book have never been published before. 

rohn@cs.cas.cz



Xll COMPLEXITY OF INTERVAL COMPUTATIONS 

Thanks 

This book is based on the authors' invited talks at several international con
ferences and workshops. The authors are thankful to all the participants of 
the International Symposium on Scientific Computing, Computer Arithmetic, 
and Validated Numerics (SCAN'95), of post-STOC'97 (ACM Symposium on 
Theory of Computing) workshop on computational complexity and interval 
computations, and of several other conferences for the attention to this work 
and for valuable discussions. 

We are especially thankful to Gerhard Heindl, Hoon Hong, R. Baker Kearfott, 
Werner Krandick, Luc Longpre, Wolfram Luther, Arnold Neumaier, Dietmar 
Ratz, Sergey Shary, Yuri Shokin, Bill Walster, and Jürgen WoHl' von Guden
berg. Our special thanks to Tran Cao Son for proof-reading the text. 

We want to thank the granting agencies that made this book possible: 

• the Charles University Grant Agency through grant GAUK 195/96; 

• the Czech Republic Grant Agency through grant GACR 201/95/1484; 

• Future Aerospace Science and Technology Program (FAST) Center for 
Structural Integrity of Aerospace Systems, supported by the US Air Force 
Office of Scientific Research (AFOSR), Air Force Materiel Command, un
der grant number F49620-95-1-0518; 

• the German Science Foundation; 

• Laforia, Laboratory of Forms and Artificial Intelligence of the University 
of Paris VI; 

• National Aeronautic and Space Administration (NASA) through grants 
No. NAG 9-757 and NCCW-0089; 

• NASA Pan-American Center for Earth and Environment al Studies 
(PACES); and 

• National Science Foundation (NSF) through grants Nos. CDA-9015006, 
EEC-9322370, and DUE-9750858. 

And, last but not the least, we want to thank John Martindale, Arlene Apone, 
Sharon Donovan, and all the wonderful staff of Kluwer Academic Publishers 
for their inspiration, patience, and help. 

Vladik Kreinovich, Anatoly Lakeyev, Jifi Rohn, and Patrick Kahl 
EI Paso, Irkutsk, Prague, and Tucson, Summer 1997 

rohn@cs.cas.cz



1 
INFORMAL INTRODUCTION: 

DATA PROCESSING, INTER VAL 
COMPUTATIONS, AND 

COMPUTATIONAL COMPLEXITY 

This introduction starts with material aimed mainly at those readers who are 
not well familiar with interval computations and/or with the computational 
complexity aspects of data processing and interval computations. It provides 
the motivation for the basic mathematical and computational problems that 
we will be analyzing in this book. Readers who are well familiar with these 
problems can skip the bulk of this chapter and go straight to the last section 
that briefly outlines the structure of the book. 

In brief, trus chapter's analysis starts with the the following problem (that is 
considered one ofthe basic problems ofinterval computations): given a function 
f( Xl, ... , Xn ) of n real variables, and n intervals Xi = ~,Xi], compute the range 

A typical application of this problem is: from the measurements, we know 
the approximate values Xi ofphysical quantities Xi, and we know the guaranteed 
accuracy ~i of each measurement. As a result, we know that Xi belongs to the 
interval Xi = [Xi - ~i, Xi + ~i]. We also know the algorithm f(Xl, ... , xn ) that 
transforms the values Xi into the value of the desired quantity y. We want to 
know the set of possible values of y. For a continuous function f(Xl, ... , xn ), 

this set is an interval (we will denote it by y = [y, y]). So, the question is: can 
we compute the endpoints J!.. and y of this intervil y in reasonable time? 

1 
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2 CHAPTER 1 

1.1. Data processing: what is it and why we 
need it 

In many real-life situations, we are interested in the value of a physical quantity 
y that is difficult (or even impossible) to measure directly. 

For example, it is difficult to directly measure the amount of oil in a weH, 
the distance to a quasar, or the mass of an elementary particle. 

Since we cannot measure these quantities directly, we have to measure them 
indirectly; in other words, instead of directly measuring y, we do the foHowing: 

• First, we measure some other (easier-to-measure) quantities Xl, ... , Xn that 
are related with y by a known relation y = f(X1, ... , Xn). 

• Then, we use the results Xl, ... , Xn of measuring Xi and the known function 
f(X1,"" Xn) to compute the estimate y = f(X1,"" Xn) of the desired 
quantity y. 

For example, to estimate the amount of oil in a weH, we perform 
several measurements of density, conductivity, and sound velocity, 
and use the results of these measurements to reconstruct y. 

The two-stage procedure that we have just described is caHed indirect measure
ment (see, e.g., Rabinovich [333]): 

• The first stage ofthis procedure, on which we actually measure Xi, is called 
direct measurements. The results Xi of these direct measurements will be 
used for computations and are therefore called data. 

• The second stage, on which we use the measurement data Xl, ... ,Xn to 
compute the desired estimate y, is called data processing. 

1.2. Error estimation for indirect measure
ments: an important practical problem 

Measurements are never absolutely accurate; as a result, the actual value Xi of 
the measured quantity may differ from the measured value Xi. The resulting 

rohn@cs.cas.cz



Introduction: Data Processing and Interval Computations 3 

measurement errors ßXi = Xi - xi cause our estimate y = I(Zl, ... , Zn) to 
differ from the actual value y = l(x1, ... , Xn) of the desired quantity. 

In many cases, it is extremely important to know how different the actual value 
y can be from our estimate. For example, if our estimate for the amount of oil 
in a weIl is 100 million ton, then our actions will be depend on how accurate 
this estimate is: 

• If the estimate is reasonably accurate, e.g., if the actual value is 100±10 
million ton, then we should probably start commercially exploiting this 
weIl. 

• On the other hand, ifthe estimate is not accurate, and the error ßy = y-y 
can be as large as ±100, then, in spite of the optimistic estimate y, it is 
quite possible that the actual amount of oil y is elose to 0, i.e., that there 
is no commercial amount of oil at all. This me ans that the measurements 
that we have performed so far do not give us enough information to decide 
on what to do, and so, we must perform further measurements. 

Hence, it is not sufficient to have the estimate y; we also need to know the 
accuracy of this estimate, i.e., in other words, we need to know what values of 
the error ßy = Y - y are possible. 

1.3. Interval computations: what they are and 
why we need them 

The problem of error estimation of the results of indirect measurements and 
data processing occurs in many different areas of science and engineering. Tra
ditional engineering methods of solving this problem are based on the assump
tion that we know the probabilities of different possible values of measurement 
errors ßXi = Xi - Xi. 

These probabilities can be determined, e.g., by a calibration of the correspond
ing measuring instrument, in which: 

• First, we measure, in a laboratory, several different quantities 
x(1), ... ,x(K) by two measuring instruments: 
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4 CHAPTER 1 

- the instrument that we want to calibrate, and 

- a more precise instrument (e.g., an instrument using a regional or 
national standard for the corresponding unit). 

Since the second measuring instrument is much more accurate than the first 
instrument (which we are calibrating), we can neglect the measurement 
errors of this second instrument, and take the results of measuring the 
values x(k) by this instrument as the actualvalues ofthe measured quantity. 
In this case, for each "double" measurement, the difference .:lx(k) = x(k)_ 

x(k) between the two measurement results becomes a good estimate for 
the measurement error of the calibrated instrument. 

• As a result of several tests, we get a sampie of values .:lx(1), ... , .:lx(K). We 
can now use the standard methods of mathematical statistics to reconstruct 
the prob ability distribution for the errors .:lx. 

First probability-based error estimation methods were proposed by Causs in the 
very beginning of the 19th century. During the following two centuries, many 
probability-based algorithms have been designed, perfected, and thoroughly 
analyzed (see, e.g., Wadsworth [422], Rabinovich [333]). Of course, there still 
are open problems, but in most practical cases in which we know the probabilities 
of measurement errors, the existing methods work reasonably weIl. 

The problem is that in many practical situations, we do not know the probabil
ities. This happens for two different reasons: 

• In fundamental physics and in other types of cutting-edge research, the 
measurements that we are dealing with are the most accurate that we can 
get. There is simply no more accurate measuring instrument that we could 
use for calibration, and therefore, we cannot determine the probabilities. 

• In many manufacturing situations, calibration is, in principle, possible, 
but the cost of calibrating every sensor makes it economically unrealis
tic. Most manufacturing processes use mass-produced and therefore (rel
atively) cheap sensors, and individual calibration would prohibitively sky
rocket their cost. 

In both types of situations, we do not know the probabilities of different values 
of the measurement error .:lxi. At best, we know the upper bound .:li on 
the possible values of measurement error (i.e., we know that l.:lxil ::; .:li). 
This guaranteed upper bound is usually supplied by the manufacturer of the 
measuring instrument. 
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Introduction: Data Processing and Interval Computations 5 

If no bound is known for the error, this means that the actual value Xi 

of the measured quantity can be arbitrarily different from the measure
ment result Xi, and therefore, even after this "measurement", arbitrarily 
large and arbitrarily small values of Xi are possible. In other words, such 
"measurements" give us no information about Xi and are, therefore, of no 
use. 

In such non-probabilistic situations, after we have measured the quantity Xi and 
obtained the measured result Xi, the only information that we get ab out the 
actual (unknown) value Xi of the measured quantity is that this value belongs 
to the interval Xi = [Xi - Ai, Xi + Ai]. (Strictly speaking, we have a closed 
non-empty bounded interval. In this book, when we say "interval" , we will 
always mean an interval of this type.) 

In this setting, the problem of estimating errors of data processing takes the 
following form: 

• From the measurements, we know the approximate values Xi of the physical 
quantities Xi. 

• We also know the guaranteed accuracy Ai of each measurement. 

As a result, we know that the actual value of Xi belongs to the interval 
Xi = [Xi - Ai, Xi + Ai]. 

• We know the algorithm /(X1' ... , xn ) that transforms the values Xi into 
the value of the desired quantity y. 

We want to know the set of possible values of y. 

This range of possible values of y = /(X1, ... , xn ) is equal to 

For continuous functions /(X1' ... ,xn ), this range is also an interval. Because 
of this, we must compute an interval y based on the intervals Xi. Computing 
intervals based on interval data is usually called interval computations; so, the 
above range estimation problem is one of the problems of interval computations. 
(Due to the practical importance of this problem, it is considered one of basic 
problems of interval computations.) 
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6 CHAPTER 1 

1.4. Interval computations: approximate meth
ods, traditional optimization techniques, naive 
interval computations, and more sophisticated 
interval methods (in brief) 

Approximate methods. In many engineering applications, we do not neces
sarily need to know the exact endpoints y and y of the interval y = [y, y]. It 
is quite sufficient to get approximate values for these endpoints. One -way to 
get such approximate estimates is to linearize the function !(XI, ... , xn), i.e., 
represent x; as X; = X; - ßX;, expand the resulting expression 

in Taylor series in ßX;, and neglect quadratic and higher order terms in this 
expansion. As a result, we get an approximate formula 

where ao = !(XI, ... , xn ) = Y and 

8!(_ _) 
a; = --;:;- XI, ••• ,Xn . 

uX; 

For the resulting (approximate ) linear function, the desired range y = t~b 17] 
(over all possible values ßx; for which Ißx;1 :::; ßi) is easy to compute: 

J!. = Y - lall· ßI - ... - lan I . ß n; 

y = Y + lall· ßI + ... + lanl' ß n. 
Numerous engineering and physical situations, in which this linearization tech
niques have been successfully used, are described, e.g., in Rabinovich [333]. 

In many practical situations, approximate methods do not work: we 
need guaranteed estimates. The linearization method works well if two 
conditions are met: 

1) first, quadratic and higher order terms that we neglected are really small; 
and, 

2) second, no big harm is done if we slightly overestimate or underestimate 
the values J!. and y. 
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Introduction: Data Processing and Interval Computations 7 

The first eondition, i.e., the possibility to negleet the terms 

{)21 
--- ·~Zi ·~Zj, 
{)Zi{)Zj 

means, in its turn, that: 

1a) first, the measurement errors ~Zi are (relatively) smallj 

1b) seeond, that the funetion l(zl, ... , zn) is smooth enough so that the seeond 
(and higher order) derivatives are not too largej 

1e) third, that there are not too many quadratie (and higher order) terms (i.e., 
not too many variables), beeause otherwise, while eaeh of these terms is 
small and quite negligible, their sum may add up to a large and non
negligible value. 

Alas, in many praetieal problems, these eonditions are not always met: 

1a) Measurement errors are sometimes relatively large, so that their squares 
eannot be safely negleeted. 

In applieations to fundamental physics, this low aeeuraey may be the 
best we ean achieve, while in manulacturing applieations, the low 
aeeuraey may be the best we ean atford. 

Ib) The function l(zl, ... , zn), that deseribes the relation between the direetly 
measured quantities Zi and the desired quantity y, may be non-smooth. 

For example, many deteetors of elementary particles (bubble ea.meras, 
ete.) use phase transitions to amplüy (and thus, deteet) smallsignals. 
The very fact that phase transition proeesses drastieally amplify small 
differenees means exactly that the derivatives of the eorresponding 
data proeessing function l(zl, ... , Zn) are huge and therefore, even 
for small measurement errors ~Zi, the resulting quadratic terms may 
not be negligible. 

1e) Many data proeessing algoritbms proeess lots of values, e.g., when they 
proeess the values measured at different moments of time. 

For example, to determine the parameters of a quasar, we must ana
lyze the radio signal eoming from this quasar. On a typieal eentimeter 
wavelength, the signal frequeney is in Giga Hertz (billions of eyeles per 
seeond), and so, even a short (e.g., seeond-Iong) observation means 
that we get billions of values to proeess. 
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8 CHAPTER 1 

For n ~ 109 , there are so many quadratic terms that their sum is no longet 
negligible. 

2) Finally, there are many problems in which we need a guaranteed estimate, 
because mis-estimation can be disastrous. 

For example, when we plan a mission to another planet, it is not 
enough to prove that we will approximately get into this planet: we 
must guarantee that we get there and not miss it. When we control 
a nuclear power plant, it is not sufficient to say that, according to 
approximate computations, we seem to be in the safe zone: we must 
guarantee that we are safe and that the reactor will not explode. 

In all such situations, approximate methods are not sufficient, we must have 
guaranteed estimates for the range y. 

Traditional optimization techniques and why they are not always 
applicable. From the mathematical viewpoint, the problem of finding the 
endpoints for the range is a typical optimization problem: the lower endpoint 
'!!. is the solution of the minimization problem 

/(z}, ... , zn) --+ min 

under the conditions 
~5Zi5zi, 15i5n 

(where!!Zi = Zi - Lli and Zi = Zi + Lli), and the upper endpoint is the solution 
to the maximization problem 

under the conditions 

For a smooth function /(Z1, ... , zn), these are simple optimization problems 
of the type solved in the first calculus courses. Let us recall the corresponding 
method and explain why it is not always practically useful. (We urge the reader 
to read through this explanation, because we do not simply repeat weH known 
things from calculus, but we repeat them in such a way that leads us straight 
into the computational complexity aspects of data processing problems.) 

Let us start with the simplest case of one input (n = 1). In this case, the 
maximum (or minimum) of a function of one variable /(zI) on an interval 
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Introduction: Data Processing and Interval Computations 9 

Xl = ~1' xd is attained either at one of the endpoints ~1 and Xl, or inside this 
interval. If the maximum is attained at some point Xl inside the interval, then 
the derivative dl/ dX1 must be equal to 0 at this point. Therefore, to find the 
maximum, it is sufficient: 

• to find the point at which the derivative is equal to 0 (or all such points if 
there are several such points on the interval xt), 

• to compute the value l(x1) for all such "candidate" points and for all the 
endpoints, and 

• to find the largest of the values of I(xt) for all these points; this largest 
value is the desired maximum (correspondingly, the smallest of these values 
I(xt) is the desired minimum). 

Of course, if the function I( Xl) is very complicated, then the equation dl/ dX1 = 
o is also very complicated and therefore, difficult to solve, but for reasonably 
simple functions I(xt), this method is very efficient. So, whether this method 
is useful for our problems, depends on what functions I(xt} we are interested 
lll. 

The main reason why we started looking for new methods is that linearization, 
that is based on approximating an arbitrary function by linear terms from 
its Taylor series, does not always work. If a linear approximation does not 
work, then the next approximation is quadratic. For quadratic functions, the 
derivative is linear and therefore, the equation dl/ dX1 = 0 is easy to solve. So, 
at least for quadratic functions I(xt}, this method (borrowed from calculus 
textbooks) works pretty weIl. 

A similar textbook method can be used to find a maximum of a func
tion l(x1, ... , xn) of several variables Xl, ... , Xn on a box (parallelepiped) 
Xl x ... X Xn . This method is based on the following idea: When the func-
t · I( ) t··· . - opt (Opt opt) IOn Xl, ... , Xn at a1ns üs max1mum at some pOlnt X = Xl , ... , Xn , 
this means that if we change the values of sorne (or all) of the variables, we 
get a sm aller (or equal) value of l(x1, ... , xn). In particular, if we change the 
value of only one variable Xi, we get a sm aller (or equal) value of l(x1, ... , Xn). 
Th h fth f t · !,.( -) - I( opt opt - opt opt) tt . us, eac 0 e unc IOns , X, - Xl , ... , Xi_1, X" Xi+1' ... , Xn a alns 
its maximum at Xi = x~Pt. Therefore, either this maximum is attained at one 
of the endpoints ~ or Xi of the interval Xi = ~, Xi], or it is attained at the in
ternal point, in which case, the corresponding partial derivative much be equal 
to 0: al / aXi = O. Therefore, at each optimum point i opt, each of n variables 
Xi falls into one of the three groups: 
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• variables for which x?t =~; 
• variables for which x~pt = Xi; 

• variables for which 81/8xi = o. 

Hence, we can find the maximum of a function f(X1, ... , xn) on a given box as 
follows: 

• We consider an possible partitions P of the set {1, ... , n} into three subsets 
{I, .. . ,n} = LURU[. 

• For each partition P = (L, R, I), we: 

- take xr = ~ for all i E L, 

- take xr = Xi for all i E R, and 

- solve the system of equations 

{)8f (Xl, ••• ,Xn ) = 0, for all i E I 
Xi 

(with the selected values Xi = xr for i rf. I) to find the remaining 
values xr; 

and then compute /P = f(xf, ... , x::). 

• Finally, we find the largest of the values of f'P and produce this largest 
value as the desired maximum (correspondingly, the smallest of these val
ues f'P is the desired minimum). 

For quadratic functions f( Xl, ..• , X n ), each partial derivative is a linear expres
sion and therefore, the corresponding system of linear equations is easy to solve. 
Thus, for small n, it is a reasonable and efficient method. 

We said ''for small n", because we have to analyze all possible partitions, and 
the number ofpartitions (3n ) grows very fast with n. Of course, we cannot use 
this method for n = 109 , but even for a reasonable number of inputs n ~ 300, 
the resulting computations require at least 3300 computational steps. How large 
is this number? Even if assume that each step takes as short a time as possible, 
i.e., each step takes the time that is necessary for light to pass through the 
smallest elementary particle, the resulting computation time will exceed the 
Iifetime of the Uni verse. This is clearly not computationally feasible. 
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Of course, the above method is just the simplest possible, there exist numer
ous faster optimization methods (see, e.g., Pardalos [324], Horst et al. [157], 
Kearfott [175]), but still, all the methods that guarantee the result, require (in 
some cases) exponential time. 

Naive interval computations: why and what. Traditional optimization 
techniques work very well for small n, and only for large n, these methods 
become non-feasible. Before the computer age, when data were processed by 
hand, it was extremely difficult even to process large amounts of data; es
timating errors was an unrealistic dream. For example, practically no error 
estimation was done for extensive computations used in the design of the first 
atomic bombs. With the advent of (reasonably) fast computers in the 1950s, 
it became possible not only to process huge amounts of data, but also to try to 
estimate errors of the resulting data processing. At first, mainly linearized er
ror estimation methods were used, but at the end of the 50s, there appeared an 
important dass of real-life computation-intense problems for which linearized 
methods were not applicable: the problems of space exploration. Indeed, for 
these problems, not just one of the conditions (for applicability of linearization) 
is not met, but all of them: 

1a) First of all , since we are sending a mission into the unknown, we have 
only very crude estimates of the values of many relevant quantities. For 
example, when planning a mission to the Moon, we had to rely on Earth
based (and therefore, inaccurate) measurements of the Moon terrain. Since 
measurement errors are large, quadratic terms cannot be safely neglected. 

1 b) Second, many processes that we try to control are highly unstable. A 
minor change in an angle with which the spaceship enters the atmosphere 
can mean a difference between a safe return and a disaster . Thus, the data 
processing algorithms f(X1, ... , xn) are very sensitive to the errors in the 
input data. 

1c) The success of aspace flight depends on lots offactors, and many of these 
factors are dynamic (i.e., rapidly changing); in terms of computations, this 
means that we have to process huge amount of measurements (mainly, sent 
by telemetry). 

2) Finally, the consequences of an error can be truly disastrous, so, we need 
guaranteed estimates. 

For these problems, there was a dear need for new error estimation methods, 
and these methods were invented in 1959 by Ramon E. Moore and published 

rohn@cs.cas.cz



12 CHAPTER 1 

in two technical reports [288, 289] of Lockheed Missiles and Space Co. (Moore 
also coined the very terms "interval analysis", "interval computations" , etc.) 

Moore's innovative idea was very natural: since it is difficult to design an algo
rithm that solves the error estimation problem for all functions /(X1, ... , xn), 
let us use an incremental approach: first solve this problem for simple functions 
f( Xl, ... , Xn), and then modify the resulting algorithm so that it will be applica
ble to more and more complicated functions /(X1, ... , xn). The very possibility 
to use an incremental approach comes from the fact that inside a computer, 
every algorithm is performed as a sequence of elementary operations (usually, 
hardware supported) such as arithmetic operations addition Xl +X2, subtraction 
X1-X2, multiplicationX1·X2, and division x1/x2, and (sometimes) applications 
of elementary functions such as exp(x), log(x), sin(x), cos(x), tan(x), cot(x), 
arcsin(x), etc. So, it is reasonable to start with computing the range for these 
simple functions, and then extend the resulting error estimation methods to 
arbitrarily complex algorithms (consisting of multiple elementary operations). 

For the simplest case when /(X1, X2) coincides with one of the arithmetic oper
ations, Moore immediately obtained explicit formulas for the resulting interval 
y = [1t, Y1 = /(X1, X2) = /([~1' X1],~, X2]): 

~1' Xl] - ~, X2] = ~1 - X2, Xl - ~]; 

~1 , Xl] . ~2' X2] = 

1/~l,xd = [I/Xl, Ihd if 0 tt ~1,X1]; 
~1' X1]/~, X2] = ~1' Xl] . (I/~, X2]). 

These interval computation formulas for arithmetic operations are called for
mulas of interval arithmetic. Similar formulas exist for elementary functions as 
weH: e.g., since exp(x) and log(x) are monotonically increasing functions, we 
have 

exp(~, x]) = [exp(~), exp(x)]; 

log(~, x]) = ~og(~), log(x)]. 

Sometimes the square function x 2 is also hardware supported. For such cases, 
we can compute the range /(x) of the function /(x) = x2 on an interval x = 
~, x] as follows: 
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• rz z]2 = rz 2 z2] ifO < z· l,!!!., I.!!!. , --, 

• rz Z]2 = [Z2 Z2] if z < O· and ~, ,- -, 

• 

These (and similar) formulas can be combined to compute the range of an ar
bitrarily complex algorithmic function l(zl, . .. , zn): Indeed, e.g., the formula 
for the sum means that if Zl E Xl = ~1' Zl] and Z2 E X2 = ~2' Z2], then 
Zl + Z2 E Xl + X2 = ~1 + ~2' Z2 + Z2]. Therefore, if we, e.g., apply multipli
cation to this result (i.e., take l(zl,·z2,zs) = (Zl + Z2) . zs), then from the 
fact that Zs E Xs = ~,zs] and Zl + Z2 E Xl + X2, we can conclude that 
(Zl + Z2) . Zs E (Xl + X2) . Xs. 

In general, ifwe have an.arbitrary data processing algorithm l(zl, ... , zn), and 
we want to find a range y = l(x1, ... , xn) for given intervals Xl, ... , Xn , then 
we can do the following: 

• represent the algorithm l(zl, ... , zn) as a sequence of elementary stepSj 

This representation is automatically produced by a compiler from any 
"high-level" programming language, i.e., programming language that 
allows arithmetic expressions. 

• replace each numerical operation by an interval one, and 

• apply this new interval algorithm to the inputs Xl, ... , Xn. 

As a result, we get an interval Y that is guaranteed to contain the desired 
value y, i.e., an interval that is guaranteed to contain ("enclose") the range 
l(x1, ... , xn) of the function l(zl, ... , zn). Such an interval is called an enclo
sure. This enclosure Y contains the interval y, but does not necessarily coincide 
with y. 

For example, suppose that we are interested in the range y = I(xt} of the 
function I(zt} = Zl - z~ on the interval Xl = [0,1]. In the computer, a 
function I( Zl) = Zl - z~ is computed as folIows: 

• first, we compute the intermediate result r1 = Zl . Zl j 

• then, we compute y = Zl - r1. 
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If we replace each arithmetic operation with numbers by a corresponding op
eration with intervals, we get the following: 

• first, we compute the interval 

r1 = Xl . Xl = [0,1] . [0,1] = 
[min(O . 0, 0· 1,1·0,1.1), max(O ·0, 0·1,1 ·0,1·1)] = [0,1] 

that is guaranteed to contain r1; 

• then, we compute the interval 

Y = Xl - r1 = [0,1] - [0, 1] = [0 - 1,1- 0] = [-1,1] 

that is guaranteed to contain y. 

Using the textbook calculus method, we can easily find out that the actual 
range y is equal to [0,0.25]. Thus, the enclosure Y = [-1,1] indeed encloses 
the range y, but it does not coincide with the range. 

More sophisticated interval methods. The main problem of naive interval 
computations is that this method often drastically overestimates. To get better 
estimates, we need more sophisticated interval techniques. 

One possibility to improve the results of naive interval computations comes 
from the fact that for one and the same function, there are usually several 
different algorithms for computing it. So, instead of simply applying naive 
interval computations to an algorithm, we may try to: 

• first , find a better algorithm for computing the same function (better in 
the sense that it leads to narrower interval estimates), and then 

• apply naive interval computations to this better algorithm. 

Let us give asimple example. The function !(X1, X2) = x~-x~ can be computed 
in two different waYB: 
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• A standard compiler will translate this expression into a natural sequence 
of computations: first, we first compute Tl = ,xl .,xl, then T2 = ,x2 . ,x2, and 
finally, y = Tl - T2. 

• On the other hand, an optimizing compiler may try to rearrange the func
tion in the form y = (Xl - X2) • (Xl + X2). In this case, we first compute 
Tl = Xl - X2, then T2 = Xl + ,x2, and finally, y = Tl . T2. 

In a computer, the first computation requires two multiplications and one sub
tractions, while the second one requires one subtraction, one addition, and 
one multiplication. Both algorithms require the same total number of arith
metic operations (three), with the only difference that where the first algorithm 
contained an extra multiplication, the second algorithm contains an addition. 
Since addition is much faster than multiplication (actually, multiplication of 
binary numbers is performed as a sequence of additions), an optimizing com
piler would definitely prefer the second algorithm. However, from the interval 
viewpoint, the first algorithm is often better; for example, for Xl = X2 = [0,1], 
we get the following: 

• If we use the first algorithm, we get Y = Xl . Xl - X2 . X2 = [0,1] . [0,1] -
[0,1] . [0,1] = [0,1] - [0,1] = [-1,1]; this enclosure happens to coincide 
with the exact range. 

• If we use the second algorithm, we get Y = (Xl - X2) . (Xl + X2) = 
([0,1] - [0,1]). [0,1] + [0,1]) = [-1,1]· [0,2] = [-2,2]. This enclosure is a 
drastic overestimation of range y = [-1, 1]. 

Many other ideas of improving interval computations have been proposed, such 
as a centered fOTm that leads to asymptotically optimal enclosures Ratschek et 
al. [336]. Some of these more sophisticated methods were described already in 
Moore's 1966 pioneer monograph [290], other methods are described, e.g., in 
Moore [291], Alefeld et al. [10], Hammer [140], and Kearfott [175]. 

Interval computations have many successful applications. Sophisti
cated interval methods have been applied to various areas ranging from man
ufacturing to control to robotics to geophysics to economics etc.; see, e.g., 
Kearfott et al. [209, 176]. 
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1.5. Computational complexity and feasibility 
of interval computations: the problem and first 
results 

Problems. In spite of all the success stories, there were still problems with 
interval computations, the main problem being that the existing methods often 
return an enclosure Y that overestimates the desired range y: y ~ Y and 
y::f; Y. Why is overestimation a serious problem? 

For example, suppose that in oll exploration, the estimate is y = 100 mln. 
ton, and the actual range y of the corresponding data processing function is 
y = [90,110]. 

• If we knew the exact range, we would be able to make a reasonable decision: 
to start exploiting the wen. 

• However, in reality, instead of the actual range, we get an enclosure Y ::) y. 
It is not un-typical for the enclosure to be ten times wider than the range 
itself, so we can have an enclosure Y = [0,200]. Based on this enclosure, 
we are not even sure whether there is any commercially viable amount of 
oll at all. Thus, based on this enclosure, we would recommend that further 
measurements are done. 

These very costly and time-consuming measurements could have been avoided 
if we had a better enclosure in the first place. 

This example illustrates a typical drawback of an overestimation: it leads to a 
waste 0/ resources on further measurements. These measurements are usually 
very costly and time-consuming (if they were cheap and fast, we would have 
done them in the first place). Thus, if we can spend a little more time and 
money and compute a better enclosure, we would be able to save a lot 0/ time 
and money by not performing unnecessary further measurements. 

In view of this desirability, researchers have been trying to develop algorithms 
that lead to the smallest possible overestimation, ideally, to the optimal enclo
sure, i.e., to the enclosure that coincides with the desired range. 

The original optimism soon turned into a doubt. Originally, some re
searchers believed that it will be possible to develop algorithms that produce 
optimal enclosures in reasonable computation time. This optimism was justi-
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fied by the fact that algorithms did become faster and faster and the resulting 
encl08ures did become better and better. However, even for the simplest (poly
nomial) functions !(X1' ... , x n ), all algorithms that have been prop08ed were: 

• either computing a non-optimal encl08ure, 

• or computing the optimal enclosure, but (sometimes) in un-realistic expo
nential time (like the above textbook algorithm). 

So the natural question appeared: can we have an "ideal" (fast and optimal) 
algorithm at all? 

First negative result: in general, computing the exact range is com
putationally intractable. The question of whether an "ideal" algorithm is 
possible was formulated, among others, by Yuri Matiyasevich, known for his 
(negative) solution of Hilbert's 10th Problem [276] (see also Matiyasevich [277] 
and Davis et al. [86]). 

• Matiyasevich's solution of Hilbert's problem (one of the 23 problems that 
the 19th century mathematics presented as achalienge to the 20th century, 
Hilbert [152]) was that no algorithm can check whether a given polynomial 
!(X1, ... , xn ) with integer coefficients has integer roots, i.e., check whether 
o belongs to the range !(Z, ... , Z) of the polynomial !(Xl, ... , x n ) on 
integer inputs Xi (i.e., inputs from the set Z of all integers). 

• Matiyasevich, therefore, conjectured that, similarly, no feasible algorithm 
can find the range of a polynomial on interval inputs. 

This conjecture was confirmed by Matiyasevich's student A. A. Gaganov who 
proved, in 1981, that the problem of computing the range of a given polynomial 
on given intervals is indeed computationally intractable in some precise sense 
(called NP-hard) [115, 116]. 

Follow-up research. Crudely speaking, Gaganov's result means that no fea
sible algorithm can solve all instances of this problem. On the other hand, 
there exist feasible algorithms that compute the optimal enclosures for some 
problems. A natural question is: How general can these feasihle algorithms her 

This question is very important for algorithm designers, because an answer to 
this question enables them to avoid useless attempts of trying to find a general 
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solution for a dass for which no general algorithmis possible, and to concentrate 
on dasses of problems for which such an algorithm has been proven to exist. 

Lots of effort went into answering this question, and the answers did not come 
easily: e.g., for quadratic polynomials, NP-hardness was proven ten years after 
the original Gaganov's result (in 1991), and NP-hardness of the problem of 
solving a system of interval linear equations was proven even later: only in 
1993. 

State-of-the-art and the main goal of this book. As of now (1997), 
although some open problems still remain, these open problems are more of 
a technical than fundamental type. The big picture is now dear: we have a 
pretty good understanding which dasses of problems are /easible and which 
are intractable. There are a few surveys (see, e.g., Rohn et al. [352, 353, 209, 
224, 358]), but these surveys are short, somewhat sketchy, and far from being 
comprehensive. It is therefore time to present the big picture to the interested 
readers. This is what this book intends to do. 

1.6. The structure of the book 

The main goal of this book is to present the results ab out feasibility and in
tractability of different problems of interval computations. To be able to prove 
results ab out feasibility and intractability, we must use the formal definitions 
of these notions. Since not all potential readers of this books are weH familiar 
with these definitions, we start our book with a short tutorial in which these 
definitions are given and explained. This tutorial forms Chapter 2. 

Chapter 3 starts with the basic problem: given a function /(X1' ... , xn ) of n real 
variables, and n intervals Xi, compute the range 

Usually, these intervals Xi have rational endpoints. The question is: Is this 
basic problem 0/ interval, computations /easible or intractable? 

If the function /(X1, ... , xn ) is itself difficult to compute, then the answer to 
this question is easy: it is difficult to compute the endpoints of the interval y 
even for degenerate input intervals Xi = [Xi, Xi]. To avoid this trivial situation, 
in this book we will mainly restrict ourselves to the simplest possible functions: 
functions that can be obtained by finitely many applications of the basic arith-

rohn@cs.cas.cz



Introduction: Data Processing and Interval Computations 19 

metic operations (addition +, subtraction -, multiplication ., and division I), 
i.e., to rational nmctions with rational coefficients. 

Let us describe this restrietion in more precise terms. We have mentioned 
that in a computer, for every set of inputs, every algorithm is implemented 
as a sequence of arithmetic operations and applications of elementary func
tions. 

- Most of the problems that we will analyze turn out to be NP-hard 
already for rational functions (even for polynomials). For such prob
lems, there is no need to analyze the computational consequences of 
adding other elementary functions (or if-then statements): the result
ing more general problem will, of course, still be intractable. 

- In a few cases in which the computation~ problem for rational func
tions turns out to be feasible, we analyze what will happen if we allow 
elementary functions in addition to arithmetic operations. 

Chapter 3 contains Gaganov's 1981 result, that the main problem is computa
tionally intractable even for polynomials f(xl, ... , xn ). 

Gaganov's result means that if we allow polynomials with arbitrarily many vari
ables, of arbitrary degree, with arbitrary rational numbers for coefficients, and 
arbitrary intervals Xi, then the problem is computationally intractable. A nat
ural question is: what if we restriet some or all of these "arbitrary" parameters? 
E.g., what will happen if we only consider polynomials with bounded number 
of variables? of bounded degree? with bounded coefficients? with bounded 
(or even fixed) data intervals? These restrietions are explicitly described and 
analyzed, one-by-one, in Chapters 4-9. 

Of all analyzed dasses of polynomials, only for linear functions the basic prob
lem has a simple and feasible algorithm. Since we cannot extend this result 
to more general polynomials, it. is natural to extend it for different functions. 
For fractionally linear functions, the problem is still feasible (Chapter 10); for 
a more general dass of ftmctions described by systems of linear equations, the 
problem is again NP-hard (Chapters 11-12). This NP-hardness can be traced 
on practically meaningful problems of prediction in physics and signal process
ing (Chapters 13-14). 

At first glance, it seems that all the above NP-hardness results paint a gloomy 
picture of computational intractability of data processing. The reality is, hope
fully, not so gloomy: in Chapter 15, we show that these results can actually 
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help to apply interval heuristics to other hard problems (see also Appendix F), 
and in Chapter 16, we show that in spite of the worst-case complexity, some 
good heuristic algorithms are feasible in almost all cases. 

In addition to the above-mentioned problems in which input is known with in
terval uncertainty, interval computations are also used to get guaranteed inter
val estimates for problems with purely numerical inputs, such as optimization, 
solving systems of equations, approximation, etc. The computational complex
ity and feasibility of such problems is overviewed in Chapters 17-20. 

In Chapters 3-20, we analyze the complexity of the problems in which the main 
goal is to compute a number (or an interval). In many practical situations, 
however, we are not interested in the exact value of this number; all we need to 
know is whether a certain property is true or not: e.g., whether a given control 
is stable, etc. The computational complexity and feasibility of such checking 
problems is analyzed in Chapters 21-22. 

Finally, in Chapters 23-26, we analyze the computational complexity and feasi
bility of the problems with non-interval uncertainty (as described by ellipsoids, 
multi-intervals, probabilities, etc.). 

Several related computational complexity and feasibility results are presented 
as Appendices. In Appendix A, we describe the computational complexity ofthe 
problem of finding the simplest representative of an interval. In Appendix B, we 
consider the case when the function f(X1, ... , xn) is known only approximately. 
In this case, the error estimation problem becomes exponentially hard even for 
linear functions f(X1, ... , xn). In Appendix C, we consider another natural 
generalization of interval computations: to modal mathematics. 

One of the main objectives of theoretical computational complexity is to ex
plain the empirically observed difference in computer time required for solving 
different problems. If one of the problems is feasible and the other is NP-hard, 
then, in general, solving the first problem will require less time than solving the 
second one. But what if both compared problems are NP-hard? In Appendix 
D, we consider such an example when we have to go beyond NP-hardness, and 
show that in some cases, we can successfully rank different NP-hard problems 
by their complexity. In the process of ranking these problems, we get a philo
sophical by-product: foundations for optimism. 

This optimism may be even more justified if some new physical device would 
enable us to solve intractable (NP-hard) problems in reasonable time. Such 
possibilities are briefly mentioned in Appendix E. 
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We conclude the book with a special Appendix G in which we challenge the 
reader to explain why the feasibility results for data processing are often 
counter-intuitive. 

Proofs. For reader's convenience, in each chapter, all the proofs are concen
trated in the special (last) Proofs section, so that areader who is only interested 
in the results will be able to easily skip the corresponding proofs. 

We tried to present as many proofs as possible, and we present proofs for all 
major results. However, we also wanted this book to be as comprehensive 
as possible. There are many computational complexity and feasibility results 
about interval computations and related data processing problems, and if we 
included the proofs of all these results, we would not fit into a single book. 
Therefore, for some auxiliary results whose proofs are published in easily ac
cessible journals, we had to restrict ourselves to presenting references to the 
proofs and not the proofs themselves. 

Notations: boldface letters, possibly with indices, like a, bi, will indicate inter
valsj their endpoints will be denoted by underline and overline: e.g., f! and a 
are endpoints of the interval aj !!.. and b; are endpoints of the interval b;, etc. 
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2 
THE NOTIONS OF FEASIBILITY 

AND NP-HARDNESS: BRIEF 
INTRODUCTION 

The main goal of this book is to analyze computational complexity and feasibil
ity of data processing and interval computations. In Chapter I, we defined the 
basic problems of data processing and interval computations. In this chapter, 
we give abrief introduction to the notions related to feasibility and computa
tional complexity. 

2.1. When is an Algorithm Feasible? 

2.1.1. What Does "Feasible" Mean? The Main Idea 

SOlDe algorithlDs are not feasible. In theory of computa.tion, it is weH 
known that not all algorithms are feasible (see, e.g., Garey et al. [121], Lewis 
et al. [251], Martin [274]): whether an algorithm is feasible or not depends on 
how many computational steps it needs. 

For example, if for some input :c of length len(:c) = n, an algorithm requires 
2R computational steps, then for an input of a reasonable length n R$ 300, we 
would need 2300 computational steps. Even if we use a hypothetical computer 
for which each step takes the smallest physically possible time (the time dur
ing which light passes through the smallest known elementary particle), we 
would still need more computational steps than can be performed during the 
(approximately 20 billion years) lifetime of our Universe. 

A similar estimate can be obtained for an arbitrary algorithm whose· running 
time t(n) on inputs of length n grows at least as an exponential function, i.e., 
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for which, for some c > 0, t(n) ~ exp(c·n) for all n. As a result, such algorithms 
(called exponential-time) are usually considered not feasible. 

Comment. The fact that an algorithm is not feasible, does not mean that it 
can never be applied: it simply means that there are cases when its running 
time will be too large for this algorithm to be practical; for other inputs, this 
algorithm can be quite useful. 

Some algorithms are feasible. On the other hand, if the running time grows 
only as a polynomial of n (i.e., if an algorithm is polynomial-time), then the 
algorithm is usually quite feasible. 

Existing definition of feasibility: the main idea. As a result of the above 
two examples, we arrive at the following idea: An algorithm U is called feasible 
if and only if it is polynomial-time, i.e., if and only if there exists a polynomial 
P(n) such that for every input x oflength len(x), the computational time tu(x) 
ofthe algorithmU on the input xis bounded by P(1en(x)): tu(x) ~ P(1en(x)). 

In most cases, this idea works. In most practical cases, this idea adequately 
describes our intuitive notion of feasibility: polynomial-time algorithms are 
usually feasible, and non-polynomial-time algorithms are usually not feasible. 

This idea is not perfeet, but it is the best we can do. Although in most 
cases, the above idea adequately describes the intuitive notion of feasibility, the 
reader should be warned that this idea is not per/ect: in some (very rare) cases, 
it does not work (see, e.g., Garey et al. [121], Lewis et al. [251], Martin [274]): 

• Some algorithms are polynomial-time but not feasible: e.g., if the running 
time of an algorithm is 10300 • n, this algorithm is polynomial-time, but, 
clearly, not feasible. (Other examples of such algorithms, examples that 
are directly related to data processing and interval computations, will be 
given in Chapter 4.) 

• Vice versa, there exist algorithms whose computation time grows, say, as 
exp(O.OOO ... 01.len(x)). Legally speaking, such algorithms are exponential 
time and thus, not feasible, but for all practical purposes, they are quite 
feasible. 

It is therefore desirable to look for a better formalization of feasibility, but as 
of now, "polynomial-time" is the best known description of feasibility. 
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In view of this, in the following text, we will use the terms "feasible" and 
"polynomial-time" interchangingly, and we will specifically mention the rare 
cases when these two notions differ. 

2.1.2. How Can We Formalize the Main Idea? 

How can we formalize the main idea? The above idea ofpolynomial-time 
algorithms is based on the following two fundamental notions: the length of 
the input and the computation time. So, to formalize the notion of feasible 
algorithms, we must formalize the notions of input length and computation 
time. 

First try: computer-specific measures of input length and computa
tion time. At first glance, these seems to be no problem with formalizing the 
notions of input length and computation time: if we fix a computer and if we 
fix a programming language, then we can define the length ofthe input, e.g., as 
the number of symbols on it, and the computation time as the actual (physical) 
time from the start of the program to the moment when it produces the results. 

To make computer-independent conclusions about feasibility of al
gorithms, we need computer-independent measures of input length 
and computation time. The above-described "computer-specific" approach 
to defining input length and computation time is not perfect: 

• Different languages use different symbols to describe the same data; as 
a result, the length of the input may drastically change if we change the 
language. 

• Similarly, different computers require different times to perform different 
operations. Even on one and the same computer, the computation time 
for one and the same operation may change from time to time, depending, 
e.g., on whether the registers are currently available, whether any periodic 
automatie maintenance operations are currently being performed, etc. 

As a result, the dependence of the computation time on the input length 
may drastically change from one computer to another. Hence, if we use the 
computer-specific measures of input length and computation time, we will be 
able to show that some algorithms are polynomial-time, but it will be very 
difficult to prove that some problems are not polynomial-time: Indeed, we can 
only show that the algorithm is not polynomial-time on a given computer, but 
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it is very difficult to argue that it will not become polynomial-time on some 
other computer. 

Ifwe want computer-independent results, we must, therefore, be able to describe 
computer-independent measures of input length and time complexity. 

2.1.3. First Step Towards Formalization 0/ Feasibil
ity: Computer-Independent Notion 0/ the Input Length 
(Number 0/ Bits) 

General idea. It is easy to come up with a computer-independent notion of 
the input length. Indeed, although computers use different hardware, most of 
them use the same way of representing all their data: each element of data is 
represented by a sequence of O's and 1 'so Thus, we can always measure the 
length of each input by the number of binary units (also called bits), i.e., by 
the number of O's or 1's, that are needed to represent it. 

Integers. In particular, inside the computer, integers are usually represented 
in their binary form. Therefore, the input length of an integer can be naturally 
defined as the number of bits in its binary expansion: e.g., the number 810 :;:: 
10002 requires 4 bits, while 2610 :;:: 110102 requires 5 bits. 

Binary-rational nUDlbers. Similarly, binary-rational numbers, i.e., num
bers of the type p/29, are usually represented in their fixed-point binary form: 
e.g., 3/810 :;:: 0.0112 takes 4 bits, while 19/1610 :;:: 1.00112 requires 5 bits. 
So, e.g., if we say that "there is a polynomial-time algorithm that, for every 
binary-rational number g, computes ... ", we mean, in particular, that for the 
values gn = 0.0 ... 012 = 2-n of length n, the running time of this algorithm is 
bounded by a polynomial of n. 

General rational numbers. A general rational number m/n, where m and 
n are integers, can be naturally represented as a pair of integers m and n; 
therefore, we take the totallength of the binary representations of m and n as 
the input length: e.g., 5/710 = 101/1112 requires 6 bits to describe. 

Fixed-point and floating point nUDlbers: a comment. In most comput
ers, there is no special rational data type, there is a type real which actually 
describes binary rational numbers. In most computers, there are two different 
representations of these ''real'' numbers: in addition to the above-described 
fixed-point real numbers, there are also floating-point real numbers, in which a 
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binary rational number is represented as m . 28 , where m is a fixed-point real 
number (usually, with only zero before the binary point) and e is an integer. 

In this book, we describe the input length in terms of the fixed point representa
tion. Most of our results about computational complexity and feasibility of data 
processing and interval computations, both positive (that some problems can 
be solved by feasible algorithms) and negative (that for some other problems 
no feasible algorithm is possible) are true for floating point numbers as weH: 
e.g., since every fixed point number is at the same time a floating point num
ber (with e = 0), negative results about fixed point inputs are automatically 
transformed into negative results about the floating point inputs. 

However, to avoid potential confusion, we decided, in this book, not to mention 
the floating point representation versions of our results at all. The reason why 
such a confusion can occur is that with floating point representation, there are 
some negative results that are caused not by a complexity of the problem, but 
by a pecu/iarity of this representation. Let U8 give a simple example of this 
peculiarity: 

• For fixed-point binary-rational numbers z and y, exactly computing their 
sum z + y is easy: the standard bit-alter-bit addition requires linear time. 

• However, for floating point binary-rational numbers, this same addition 
problem requires exponential time: e.g., if we take z = 1 and y = 1.28 

with e = _2n = -10 ... 02 (n zeros), with the totallength ~ n, then the 
exact description of z + y = 1.0 ... 01 (2n zeros) requires exponentially 
many bits, so generating these bits would require exponentially long time. 

This example does not mean that floating point representation is in any way 
inferior and bad: it is known to be very useful, and the above difficulty with 
addition can be easily overcome if we require that the result be known with 
a given accuracy. However, this example clearly shows that floating-point for
mulations require extra accuracy and complexity that appears even for such 
simple operations as addition. In other words, floating-point formulations con
tain extra complexity that is unrelated to the complexity of data processing 
and interval computations; thus, if we try to reformulate our results in terms 
of floating point numbers, the resulting combination of two complexities would 
make the corresponding results very un-intuitive. 
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2.1.4. Second Step Towards Formalization 0/ Feasi
bility: Computer-Independent Notion 0/ Computation 
Time 

General idea. On each computer, every algorithm, every program consists 
of a sequence of elementary steps, i.e., hardware-supported simple operations 
such as operations with bits, or addition, etc. We can estimate the computation 
time by simply counting the number of these elementary steps, and multiplying 
this number by the average time of each step. (We may also want to take into 
consideration that different elementary steps take different times. ) Then, if we 
have a similar computer, with similar (but faster) elementary steps, we can 
estimate the running time on a new computer if we already know the number 
of steps needed to run the algorithm. 

This is the general idea behind different computer-independent estimates. 

The situation is not so easy as it may seem. The actual estimates are 
somewhat more difticult to get because different computers may have different 
elementary steps. Let us give two examples: 

• First computers only had hardware-supported fixed-point operations, so 
a floating-point operation had to be implemented as several fixed-point 
ones, and thus, was counted as several steps. In most modern computers, 
floating-point operations are also directly hardware supported and thus, 
each such operation can be counted as one step. 

• In many modern computers, computing the element-wise sum Ci +- ai + bi 

of two vectors (ab ... , an) and (bl , ... , bn ) means n additions, i.e., n eIe
mentary steps. On the other hand, in computers with a math co-processor, 
the entire addition is directly hardware supported and therefore, can be 
counted as a single elementary step. 

To get a computer-independent definition, we have to consider different types 
of computers and corresponding definitions. 

Turing machines, and a standard complexity measure. Most textbooks 
on complexity theory and theory of computation start with the simplest possible 
"computer", that was designed by Turing long before the actual computers. 
This toy computer (called Thring machine) consists of a potentially infinite 
tape divided into sequentially located cells, and a head that moves along this 
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tape, from one cell to another (the reader can see that Turing machine probably 
resembles a tape recorder more than it resembles a modern computer). 

To specify a Turing machine, we must describe three things: 

• The first thing we must describe is the (finite) set of all possible symbols 
that it can place in each cello This set (called alphabet) can simply consist 
of two possible symbols 0 and 1, in which case, each cell can be in one 
of the three states: nothing is written in this cell, 0 is written, and 1 is 
written. We can also consider Turing machines with a larger alphabet: e.g., 
cells can simulate bytes (i.e., 8-bit sequences), in which case, the alphabet 
consists of 28 = 256 possible symbols: 0000 0000, 0000 0001, ... , 
11111111. 

• Second, we must describe the possible state of the head. In more precise 
terms, we must describe another finite set, whose elements will be called 
states (or states 0/ the head). There must be two special states: starting 
state (in which we start computations) and the halting state, on reaching 
which the computer stops. 

• Finally, we must describe the action of the computer. Namely, for every 
state s of the head and for every symbol u in the cell to which the head 
is currently pointing, we must describe what this computer will do. It can 
do one of the three things: 

- It can overwrite the symbol u with some other symbol u' that, in 
general, depends on sand u (u' = u'(s, u)), and at the same time 
change its state into the some other state s' = s'(s, u); 

- It can, instead, lIlove one step to the right. 

- It can also move one step to the left. 

We start in the starting state, with the input written on this tape, and then 
apply the computer's action again and again until we reach the halting state. 
When this happens, the tape should contain the result of the computations. 

Let us give a very simple example of a Turing machine, that adds 1 to a binary 
number. Since we are dealing with binary numbers, we only need the alphabet 
{O, I}. The machine starts at the end of the input binary number, and proceeds 
as follows: 
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• If it is in the starting state 80, and it sees 0, it changes it to 1 and gets 
into the halting state h (and stops). 

• If it is in the starting state 80, and it sees 1, it changes it to 0 and gets 
into the state 81 ("ready to move, carrying a carry"). 

• If it is in the state 81, then, no matter what it sees, it moves one step to 
the left and gets into the state 82 ("I have a carry"). 

• If it is in the state 82, and it sees 0, then it changes 0 to 1 and halts. 

• If it is in the state 82 and it sees 1, it changes 1 to 0 and goes into the 
state 81. 

• Finally, if it is in the state 82 and sees an empty cell, it changes the contents 
of this cell to 1 and halts. 

For Turing machines, we have clearly defined steps, so we can define com
putational complexity tu(x) of an algorithm U on an input x as the number 
of the corresponding steps. This is the standard definition of computational 
complexity in theory of computing. 

Turing machine is a very primitive computer, on which a simple operation 
that is hardware supported on a normal computer can take a very long time. 
So, the Turing machine-based complexity is a rather poor estimate for the 
actual computation time of an algorithm on a real computer. If we use more 
sophisticated computer models, we can get much better estimates. 

What makes Turing machine-based complexity standard and widely used is 
the fact that although the actual computation time changes from one type 
of computer to another, but whether the algorithm is polynomial-time or not 
does not depend on our choice of the computer. Thus, whatever reasonable 
class of computers we consider, a problem can be solved in polynomial-time on 
computers of this class if and only if we can solve it in polynomial time on a 
Turing machine (for details, see, e.g., Emde Boas [100]). Thus, if all we are 
interested in is whether an algorithm is feasible or not, Turing machines are 
quite sufficient. 

Since we are also interested in more realistic estimates of computation time, we 
will use more realistic computer models. 
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RAM and bit complexity. In Turing machines, if we are currently facing 
cell 1, and we want to use the contents of cell n, we actually have to move 
step-by-step, and spend n computation steps just to reach this new cello This is 
definitely not realistic. In real computers, if we know the number ofthe cell, we 
immediately go there. In other words, we can go to an arbitrarily ("randomly") 
chosen cell in a single step. If we add this ability to the Turing machine, we get 
the so-called RAM (Random Access Memory) computers. For the particular 
case when cells can only contain 0 and 1, the number of computational steps 
on RAM is sometimes called bit complexity. 

Algebraic complexity. RAM is slightly more realistic than a Turing ma
chine, but it is still not very realistic. In real-life computers, in addition to 
operations with bits, we have a hardware support for elementary arithmetic 
operations such as addition and multiplication of two integers. It is therefore 
reasonable, given an input of length n, to assume that we can perform addition 
and multiplication of integers of length C· n (for some reasonable C) in a single 
step. The number of computational steps on such machine is called algebraic 
complexity. 

Algebraic complexity is the closest to the actual computation time and there
fore, we will use this complexity measure in the book. To be more precise: 

• When we claim that something is polynomial-time, this claim (as we have 
already mentioned) will be independent on the choice of complexity mea
sure. But: 

• If we claim something more specific, like linear time (i.e., tu(n) ~ C . n) 
or quadratic time (i.e., tu(n) ~ C . n 2 ), we will mean exactly linear time 
(correspondingly, quadratic time) in the sense of algebraic complexity. 

Comment. The relation between algebraic and bit complexity is analyzed, e.g., 
in Pan [322]. 

Aremark ab out BSS complexity. To go from bit complexity to algebraic 
complexity, we counted each arithmetic operation with numbers of fixed length 
as a single computation step. We can go further and count each operation 
with binary-rational numbers of arbitrary length (or even with arbitrary real 
numbers, not necessarily rational) as a single computation step. This definition 
was, in effect, proposed by Blum, Shub, and Smale [50] and is called BSS 
complexity (see also Smale [398], Cucker et al. [82, 81], Meer [281], Grädel et 
al. [133], Liekteig et al. [255]). 
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For our problems, BSS complexity is very useful in proving negative results: 
If a problem is difficult according to this BSS complexity, then it will be even 
more difficult if we only allow a narrower dass of operations, i.e., it will be 
difficult according to algebraic complexity as weIl. 

On the other hand, if a problem is easy in the sense of BSS complexity, it 
often means that this problem is actually easy, but sometimes, it can become 
difficult if we only allow operations with bounded numbers; examples of such 
difference between BSS and algebraic complexity are given, e.g., in Meer [280, 
282]. Because of this difference, in this book, we will not use BSS complexity. 

2.1.5. Formal Definition 0/ Feasibility 

Now, we are ready for the precise definition: 

Definition 2.1. An algorithm U is called feasible if there exists a polynomial 
P(n) such that for every input z, the running timetu(z) ofthis algorithm does 
not exceed P(len(z», where by len(z), we denoted the length of the input z 
(i.e., the number of bits that form this input). 

2.2. When is a Problem Tractable? 

2.2.1. Ideal Solution is not yet Possible 

What would be an ideal solution. At first glance, now, that we have a 
definition of a feasible algorithm, we can describe which problems are tractable 
and which problems are intractable: If there exists a polynomial-time algorithm 
that solves all instances of a problem, this problem is tractable, otherwise, it is 
intractable. 

Sometimes, this ideal solution is possible. In some cases, this ideal solu
tion is possible, and we either have an explicit polynomial-time algorithm, or 
we have a proof that no polynomial-time algorithm is possible. 

AIss, for many problems, we do not know. Unfortunately, in many cases, 
we do not know whether a polynomial-time algorithm exists or not. This does 
not mean, however, that the situation is hopeless: instead of the missing ideal 
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information ab out intractability, we have another information that is almost as 
good: 

What we have instead of the ideal solution. N amely, for some cases, 
we do not know whether the problem can be solved in polynomial time or 
not, but we do know that this problem is as hard as practical problems can 
get: if we can solve this problem easily, then we would have an algorithm that 
solves all problems easily, and the existence of such universal solves-everything
fast algorithm is very doubtful. We can, therefore, call such "hard" problems 
intractable. 

In order to formulate this notion in precise terms, we must describe what we 
mean by a problem, and what we mean by the ability to reduce other problems 
to this one. 

2.2.2. How Can We Define a General Practical Prob
lem? 

What is a practical problem: informal idea. What is a practical problem? 
When we say that there is a practical problem, we usually mean that: 

• we have some information (we will denote its computer representation by 
x), and 

• we know the relationship R(x, y) between the known information x and 
the desired object y. 

In the computer, everything is represented by a binary sequence (i.e., sequence 
of O's and l's), so we will assume that x and y are binary sequences. 

Two examples ofproblems. In this section, we will trace all the ideas on two 
examples, one taken from mathematics and one taken from physics. Readers 
who do not feel comfortable with one ofthe example (say, with a physical one) 
are free to simply skip it. 

• (Example from mathematics) We are given a mathematical statement x. 
The desired object y is either a proof of x, or a "disproof" of x (i.e., a 
proof of "not x"). Here, R(x, y) means that y is a proof either of x, or of 
"not x". 

rohn@cs.cas.cz



34 CHAPTER 2 

• (Example from physics) xis the results of the experiments, and the desired 
y is the formula that fits all these data. Imagine that we have aseries 
of measurements of voltage and current: e.g., x consists of the following 
pairs (xik), x~k), 1 ~ k ~ 10: (1.0,2.0), (2.0, 4.0), ... , (10.0,20.0); we want 
to find a formula that is consistent with these experiments (e.g., y is the 
formula X2 = 2 . xt). 

Solution must be checkable. For a problem to be practically meaningful, 
we must have a way to check whether the proposed solution is correct. In 
other words, we must assume that there exists a feasible algorithm that checks 
R(x, y) (given x and y). If no such feasible algorithm exists, then there is no 
criterion to decide whether we achieved a solution or not. 

Solution must not be too long. Another requirement for a real-life problem 
is that in such problems, we usually know an upper bound for the length len(y) 
of the description of y. In the above examples: 

• In the mathematical problem, a proof must be not too huge, else it is 
impossible to check whether it is a proof or not. 

• In the physical problem, it makes no sense to have a formula X2 = 
!(X1, Cl,"" C40) with, say, 40 parameters to describe the results 
( (1) (1) (10) (10) f 1 . l" Xl ,x2 , ... , Xl 'X2 0 0 experIments, lor two reasons: 

• First, one of the goals of physics is to discover the laws of nature. If 
the number of parameters exceeds the numher of experimental data, 
then no matter what dependency !(X1, Cl,"') we choose, in order 
to determine Ci, we have, say, 10 equations with 40 unknoWlls. Such 
under-determined system usually has a solution, so the fact that, say, 
a linear formula with many parameters fits all the experimental data 
does not mean that the dependency is proven to be linear: a quadratic 
or cubic formula with as many parameters will fit the same data as 
weIl . 

• Second, another goal of physics (definitely related to the first one) is 
to find a way to compress the data, so that we will not need to store 
all billions of experimental results in order to make predictions. A 
dependency y that requires more storage space than the original data 
x is clearly not satisfying this goal. 

In all cases, it is necessary for a user to be ahle to read the desired solution 
symbol-after-symbol, and the time required for that reading must be feasible. 
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In the previous section, we have formalized ''feasible time" as a time that is 
bounded by some polynomial of len( x). The reading time is proportional to 
the length len(y) of the answer y. Therefore, the fact the reading time is 
bounded by a polynomial of len( x) means that the length of the output y is 
also bounded by some polynomial of len(x), i.e., that len(y) ~ PL(len(x)) for 
some polynomial PL. 

So, we arrive at the following formulation of a problem: 

Definition 2.2. Bya general practical problem (or simply a problem, for shorty, 
we mean a pair (R, PL), where R(x, y) is a feasible algorithm that transforms 
two binary sequences into a Boolean value ("true" or "false"), and PL is a 
polynomial. 

Definition 2.3. Byan instance of a (general) problem (R, PL), we mean the 
following problem: 

GNEN: a binary sequence x. 

GENERATE 

• either y such that R(x, y) is true and len(y) ~ h(1en(x», 

• or, if such a y does not exist, a message saying that there are no 
solutions. 

For example, for the general mathematical problem described above, an in
stance would be: given a statement, find its proof or disproof. 

Comments. What we called "general practical problems" is usually described 
as "problems from the dass NP" (to separate them from more complicated 
problems in which the solution may not be easily verifiable). Problems for 
which there is a feasible algorithm that solves all instances are called tractable, 
easily solvable, or "problems from the dass P" (P from Polynomial). It is widely 
believed that not all (general practical) problems are easily solvable (i.e., that 
NP#P), but it has never been proved. 

One way to solve an NP problem is to check R(x, y) for all binary sequences y 
with len(y) ~ PL{len(x)). This algorithm (called British Museum algorithm) 
requires 2PL (len(",» checks. This algorithm takes exponential time and is there
fore, not feasible. 
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2.2.3. Reducing a Problem to Another One 

Example. Let us start with an example. Suppose that we can have an algo
rithm that checks whether a given system of linear inequalities 

with known aij and bi, has a solution. A problem of checking whether a given 
system ofinequalities and equalities Cu 'Xl + .. . +Ckm 'Xm = dk is consistent can 
be reduced to the problem of checking inequalities if we replace each equality by 
twoinequalities: CU·Xl+ ... +Ckm·Xm ~ dk and(-ckt}'Xl+",+(-Ckm)'Xm ~ 
-dj (the latter being equivalent to Ckl . Xl + ... + Ckm . X m ~ d k ). 

General definition. In general, we can say that a problem P = (R, PL) can 
be reduced to a problem P' = (R', PIJ if there exist three feasible algorithms 
Ul , U2, and U3 with the following properties: 

• The (feasible) algorithm Ul transforms each input X of the first problem 
into an input of the second problem. 

• The (feasible) algorithm U2 transforms each solution Y ofthe first problem 
into the solution of the corresponding case of the second problem: i.e., if 
R(x, y) is true, then R'(Ul(X), U2(Y» is also true. 

• The (feasible) algorithm U3 transforms each solution 11 of the correspond
ing instance of the second problem into the solution of the first problem: 
i.e., if R'(Ul(X), y') is true, then R(x, U3 (y'» is also true. 

(In the above example, Ul transforms each equality into two inequalities, and 
U2 and U3 simply do not change the values Xi at all.) 

If there exists a reduction, then an instance X of the first problem is solvable if 
and only if the corresponding instance Ul (x) of the second problem is solvable. 
Moreover, ifwe can actually solve the second instance (and find a solution y'), 
we will then be able to find a solution to the original instance x of the first 
problem (as U3(y'». Thus, ifwe have a feasible algorithm for solving the second 
problem, we would thus design a feasible algorithm for solving the first problem 
as weH. 

Comment. We only described the simplest way of reducing one problem to 
another one: when a single instance of the first problem is reduced to a single 
instance of the second problem. In some cases, we cannot re du ce to a single 
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case, but we can reduce to several cases, solving which helps us solve the original 
instance of the first problem. 

2.2.4. When is a Problem Tractable, and When 'ts It 
Intractable? 

Definition 2.4. 

• A problem (not necessarily from the dass NP) is called NP-hard if every 
problem from the dass NP can be reduced to it. 

• If a problem from the dass NP is NP-hard, it is called NP-complete. 

If a problem P is NP-hard, then every feasible algorithm for solving this problem 
P would lead to feasible algorithms for solving all problems from the dass NP, 
and this is generally believed to be hardly possible. 

• For example, mathematicians believe that not only there is no algorithm for 
checking whether a give statement is provable or not (the famous Gödel's 
theorem has proven that), but also they believe that there is no feasible 
way to find a proof of a given statement even if we restrict the lengths of 
possible proofs. (In other words, mathematicians believe that computers 
cannot completely replace them.) 

• Similarly, physicists believe that what they are doing cannot be completely 
replaced by computers. 

In view of this belief, NP-hard problems are also called intractable. 

Comment. It should be noted that although most scientists believe that in
tractable problems are not feasible, we still cannot prove (or disprove) this fact. 
If a NP-hard problem can be solved by a feasible algorithm, then (by definition 
of NP-hardness) all problems from the dass NP will be solvable by feasible algo
rithms and thus, P=NP. Vi ce versa, if P=NP, then all problems from the dass 
NP (induding all NP-complete problems) can be solved by polynomial-time 
(feasible) algorithms. 

So, if P:;t:NP (which is a common belief), then the fact that the problem is NP
hard means that no matter what algorithm we use, there will always be some 
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cases for which the running time grows faster than any polynomial. Therefore, 
for these cases, the problem is truly intractable. 

2.3. Three Examples of NP-Hard Problems 

Examples are needed. In this book, we will prove that some problems of data 
processing and interval computations are NP-hard. A typical way of proving 
that a certain problem pi is NP-hard is to reduce some problem P, that is 
already known to be NP-hard, to Pi. 

Why the existence of such a reduction proves NP-hardness of pi is easy to 
explain: Since we already know that P is NP-hard, this means that any 
NP problem pli can be reduced to P. Since P, in its turn, is reducible to 
pi, thus, pli can be reduced to pi as weil. Thus, every problem from NP 
can be reduced to pi and hence, by definition, pi is NP-hard. 

In view of this, it is very important to have examples of problems tha.t are 
already known to be NP-hard, problems that we will use in our proofs. Many 
examples ofsuch problems can be found in Garey et al. [121]. In this book, we 
will mainly use the following three NP-complete problems: 

First example: Satisfiability. Historically the NP-complete problem proved 
to be NP-complete was the so-called proposition al satisjiability (3-SAT) problem 
for 3-CNF formulas. 

This problem consists of the following: Suppose that an integer v is fixed, and 
a formula F of the type F1 &F2& ... &F,. is given, where each of the expressions 
Fj has the form a Vb or a V b V c, and a, b, c are either the variables Zl, ... ,Zv, 

or their negations ""Zl, ... , ""Zv (these a, b, c, ... are called literals). 

For example, we can take a formula (Zl V ""Z2)&(""Zl V Z2 V""Z3). 

Ifwe assign arbitrary Boolean values ("true" or "false") to v variables Zl, ... , Zv, 

then, applying the standard logical rules, we get the truth value of F. We say 
that a formula F is satisfiable if there exist truth values Zl, ... , Zv for which 
the truth value of the expression F is "true". The problem is: given F, check 
whether it is satisfiable. 
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Second example: Partition. In the PARTITION problem, given n integers 
S1, ••• , Sn, we must check whether there exist values Z1, ... , Zn E {-I, I} for 
which S1 • Z1 + ... + Sn • Zn = o. 

Third example: Max-cut problem. (MAX-CU'I) For every graph (V, E) 
with vertices (no des) V and edges E, and for every subset S of the set of all 
vertices, the cut c(S) is defined as the number of edges from E that connect 
vertices from the set S with vertices that are outside the set S. The problem 
is: given a graph (V, E) and a positive integer L, check whether there exists a 
set S ~ V with the cut c(S) ~ L. 
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3 
IN THE GENERAL CASE, 

THE BASIC PROBLEM OF 
INTER VAL COMPUTATIONS 

IS INTRACTABLE 

In this chapter, we describe the first negative result: that even for polynomials 
f(XI, ... , xn), the basic problem of interval computations - the problem of 
computing the range f(XI, ... , xn ) for given intervals Xi - is computationally 
intractable (NP-hard). 

3.1. Is Dur Problem Feasible? 

There are many reasonable algorithms that compute an enclosure Y for the 
range y = [y,y] = f(XI, ... ,xn ) of a given continuoUB function f(XI, ..• , xn) 
on given intervals Xl, ..• ,Xn . Ideally, we would like to always compute the 
exact range (i.e., its endpoints) in feasible time. Alas, known algorithm are not 
yet ideal: 

• Some algorithms are always feasible (i.e., polynomial-time), but they some
times overestimate, i.e., result in a non-optimal enclosure Y :::> y, Y =1= y. 

• Other algorithms always compute the exact range, hut these algorithms 
require, in some cases, exponential time. 

A natural question is: 1s it possible to have an algorithm that always computes 
the exact range (i.e., its endpoints) in feasible time? 

To describe this problem in precise terms, first, we must explain what we mean 
by "computing the endpoints" : 

41 
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• If the endpoints are rational numbers, then we may want to compute the 
explicit values for these points. 

• In general, we may be interested, e.g., in computing rational approxima
tions to the desired endpoints with a given accuracy E: > O. 

Second, we must fix the class 0/ functions /. If the function / itself is difficult 
to compute, then it is difficult to compute the endpoints of the interval y even 
for degenerate input intervals Xi = [Xi, Xi]. To avoid this situation, in this 
book, we will restrict ourselves to the simplest possible functions: functions 
that can be obtained by finitely many applications of arithmetic operations +, 
-, *, and /, i.e., to rationalfunctions with rational coefficients. 

Comment. For rational functions, the problem of computing the range is, in 
principle, algorithmicallll solvable: namely, we can apply the so-called Tarski's 
algorithm (for details, see the Proofs section)[408]. However, this algorithm 
takes too long [85]: it sometimes takes time ~ 22" for an input of size n. As 
a result, even for small n, it may take billions of years. This is not a practical 
solution. 

3.2. Definitions and the Main Result 

In 1981, Gaganov proved that even for polynomialfunctions /, the basic prob
lem is computationally intractable (NP-hard); Le. (unless P=NP), no feasible 
algorithm can solve all instances of this problem [115]). This result was first 
published in 1985 [116]. Let us describe the result in precise terms. 

Definition 3.1. By the basic problem 0/ interval computations, we mean the 
following problem: 

GIVEN: 

• n rational intervalB Xi (i.e., intervals with rational endpoints), and 

• a computable continuous function / that transforms n real numbers 
Xl, ... , Xn into areal number y = /(X1,"" Xn). 

COMPUTE: the interval of possible values of Y: 

y = [1l,1i] = /(X1,""Xn ) = 

{yly = /(X1, ... , xn) for some Xl E Xl. •.• , Xn E xn }. 
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Comments. 

• By a comp'lltable lunction I(xl, ... , xn), we mean an algorithm that, for 
arbitrary rational numbers Xl, •.. , Xn, and 8 > 0, computes a rational 
number that is 8-close to I(xl, ... , xn). 

• Since we only consider continuous functions, the set of all possible values 
of y is indeed an interval. 

• By computing the interval y = [Y,17]' we mean computing its endpoints 
Y and 17. If these endpoints are ""i.ot rational numbers, then computing 
these endpoints means being able to compute them with any given rational 
accuracy c > 0, i.e., computing the rational numbers ~ and W for which 

\~ -1L\ ~ c and \W - 17\ ~ c. Thus, we arrive at the following definition: 

Definition 3.2. By the c-approximate basic problem 01 interval computations, 
we mean the following problem: 

GIVEN: 

• n rational intervals Xi, and 

• a computable continuous function I that transforms n real numbers 
Xl, ... , xn into areal number y = I(xl, ... , Xn); 

• a rational number c > 0. 

COMPUTE: rational numbers Hand y that are c-close to the range's end
points, i.e., for which I~ -1L1 ~ c and Iy - 171 ~ c, where: 

{y\y = I(xl, ... , Xn) for some Xl E Xl, ... , Xn E Xn } 

Theorem 3.1. (Gaganov [115, 116]) For every c > 0, the c-approximate 
basic problem 01 interval computations is NP-hard even lor polynomial lunctions 
I(xl, ... , xn) with rational coefficients. 

Technical comment. We will see from the proof that the problem is NP-hard 
even when we only consider such inputs for which the output interval y has 
rational endpoints. 
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3.3. The Basic Problem of Interval Computa
tions is NP-Hard for Narrow Input Intervals 

Motivation. In the previous section, we allowed input intervals Xi = ~,Zi] to 
be arbitrarily wide. These input intervals usually come from measurement, so 
that Xi = ~,Zi] = [Xi - ßi, Xi + ßi]. In terms of measurements, wide intervals 
correspond to low accuracy. 

If we have perfect accuracy ßi = 0, then all the input intervals are degenerate 
Xi = [Xi, Xi], and the desired range y consists of a single easily computable 
point f(X1, ... , Xn). It is therefore natural to expect that for the high accuracy, 
when the values ßi are dose to 0, and the corresponding input intervals are 
narrow, the basic interval computation problem is easier than in the general 
case. Alas, we will see that for narrow intervals, the problem remains NP-hard. 

To describe this result, we must recall that in measurement theory (see, e.g., 
Rabinovich [333]), there are two definitions of accuracy: absolute accuracy ßi 
and relative accuracy ß;j Xi. We will show that interval computations remain 
NP-hard even if we restrict ourselves to input intervals that are narrow both 
in the sense of absolute and relative accuracy. 

Definition 3.3. Let X = ~, z] be an interval. The value X = (~+ z)/2 is 
called the center of the interval x, and the value ß = (z - ~)/2 is called the 
radius of the interval x. 

Comment. One can easily see that for thus defined center and radius, X = 
[x - ß,x+ ß]. 

Definition 3.4. Let 6 > 0 be a rational number. 

• We say that an interval X = [x - ß, X + ß] is absolutely 6-narrow if ß ~ 6. 

• Wesay that an intervalx = [x-ß, x+ß] is relatively 6-narrowif ß ~ cHxl. 

Theorem 3.2. (Kahl [167]) For every c > 0 and 6 > 0, the c-approximate 
basic problem of interval computations for polynomial functions f(XI, ... , xn) 
with rational coefficients and for intervals Xi that are both absolutely and rela
tively 6-narrow is NP-hard. 
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3.4. What Do These Results Mean? 

The situation is not as gloomy as it may seem: the problem is in
tractable only in some cases, but still feasible "on average". The fact 
that the problem is NP-hard means that (unless P=NP) every algorithm that 
computes the exact enelosure requires, in some cases, exponential time. This 
does not mean that the problem is inherently hard: we will see in the follow
ing chapters that, in spite of this worst-case complexity, on average, the range 
computation problem is feasible. In other words, every feasible algorithm has 
cases when it does not return the exact ("optimal") enelosure y, but for good 
algorithms, such cases are exceptionally rare. 

One more reason why situation is not so gloomy: NP-hardness simply 
means that progress in data processing will never stop. The fact that 
the problem is NP-hard means that we cannot design an algorithm that solves 
all the problems and then rest: no matter how good our current algorithm 
is, there will always be problems to which this algorithm is not applicable, 
problems that require creative thinking (this idea is described convincingly, e.g., 
in Ratschek et al. [338], p. 796). When formulated in these terms, NP-hardness 
becomes not so much a pessimistic result, but rather a formal description of 
a typical situation in numerical mathematics and data processing. Crudely 
speaking, NP-hardness is a guarantee that new challenges will never stop and 
the progress in numerical methods and data processing will never end. 

What ifwe are in a (rare) bad case: Necessity and possibility ofinter
ruptible algorithms. Since we cannot solve all"the instances of our problem 
in polynomial time, for every algorithm that computes the exact enelosures, 
there are instances for which this algorithm requires unrealistically long time. 
If we have run into such an.instance, then we have no other choice but to inter
TUpt this algorithm. It is therefore desirable to design algorithms in such a way 
that after interrupting them, we still get a reasonable enelosure. The desirabil
ity of such interruptible algorithms was first considered in Artificial Intelligence 
(under the name of anytime algorithms; see, e.g., Pittarelli [326] and references 
therein), and it was explicitly formulated for interval computations and data 
processing in Shary [391, 392] (see also Shokin [396]). In Beltran et al. [30], it 
is shown that it's possible to make every algorithm interruptible: namely, it is 
proven that an arbitrary algorithm can be reformulated in interruptible form 
without a big increase in asymptotic computation time. 
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A search for feasible subclasses. The fact that a problem is NP-hard 
means, crudely speaking, that no feasible algorithm can solve all instances of 
this problem, i.e., that can solve this problem for polynomials of arbitrarily 
large number of variables, of arbitrarily large degree, with arbitrarily large 
coefficients, and with arbitrary intervals. A natural question is: what will 
happen if we limit the polynomials and/or intervals? Will the problem still be 
NP-hard, or will it become tractable (i.e., solvable by a feasible algorithm)? 
This question will be analyzed in the following few chapters. N amely, we will 
consider the following naturallimitations: 

• In Chapter 4, we consider polynomials of fixed number of variables. 

• In Chapter 5, we consider polynomials of bounded degree. 

• In Chapter 6, we consider polynomials with bounded coefficients. 

• In Chapter 7, we show that the problem remains NP-hard even ifwe fix a 
sequence of polynomials fn(Zl, ... , zn) and allow arbitrary (narrow) inter
vals. 

• Finally, in Chapter 8, we will show that the main problem remains NP-hard 
even if we fix Bome narrow intervals and allow arbitrary polynomials. 

Proofs 

Proof of the Comment in Seetion 3.1. The algorithm proposed by Tarski 
(and later modified by Seidenberg and others; see Chapter 4 for more details) 
takes as input an arbitrary formula F that can be obtained from the polyno
mial equalities fi(Zl, ... , zn) = 0 and inequalities f; (Zl> ... , zn) = 0 (in which 
Ii(Zb ... , zn) and f;(Zl> ... , zn) are polynomials with integer or rational co
efficients) by adding logical connectives ("and", "or", "not", "implies"), and 
quantifiers Vz and 3z that run over all real numbers. In particular, the up
per endpoint y of the range f(Xl, ... , xn) of a polynomial f(Zl, ... , zn) over 
intervals ~,Zi] with rational endpoints can be described by a formula 

VZl ... Vzn «(~l ~ Zl ~ zt}& ... &(~ ~ Zn ~ Zn» -+ f(Zl' ... , zn) ~ y) & 

3zl ... 3zn «~l ~ Zl ~ Zl)& ... (~ ~ Zn ~ Zn)&f(Zl, ... , zn) = y). 

If the resulting formula F contains no free variables (i.e., if each of its variables 
is bound by some quantifier), then this formula is either true or false, and 
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Tarski's algorithm determines, after a finite number of computational steps, 
whether this formula is true or false. 

If the input formula F contains free variables, then this algorithm returns a 
quantifier-free formula F' that is equivalent to F, i.e., a finite sequence of 
equations and inequalities that is equivalent to the original formula F. 

In particular, if the formula F has exactly one free variable, i.e., if it has the 
form F(z) for a real-valued variable z, and ifthere exists a unique real number 
Zo for which this formula is true, then Tarski-Seidenberg's algorithm returns a 
non-zero polynomial P(z) with integer coefficients for which P(zo) = 0, plus 
finitely many polynomial inequalities that uniquely determine Zo out of all 
possible roots of the polynomial P(z). 

There exists algorithms that, given a polynomial P( z) with integer coefficients 
and an arbitrary rational number c > 0, compute rational numbers that are 
c-close to the roots of P(z), and these algorithms can be easily modified to take 
inequalities into consideration too. So, as a result, for every given c > 0, we 
get an algorithm that computes an c-approximation to the desired real number 
zoo In particular, this means that we can compute the upper endpoint of the 
polynomial's range (and similarly, we can compute the range's lower endpoint). 

Similarly, Tarski's algorithm can be used to compute the range of an arbitrary 
rational function with rational coefficients. 

Proof of Theorem 3.1. Instead of the original Gaganov's proof, we will use 
a simpler proof (inspired by Vavasis [418]). First, we will show that the exact 
basic problem of interval computations is NP-hard. 

To prove this result, we will show that if we are able to compute the desired 
interval y for quadratic polynomials f( Zl, ... , zn), then we will be able to solve 
propositional satisfiability problem for 3-CNF formulas. Since satisfiability 
problem is known to be NP-hard, we will thus prove that our problem is also 
NP-hard. 

Indeed, let F = F1&'" &F" be a 3-CNF formula with the (Boolean) vari
ables Zl, ••• , Zt/ • (In the computer, usually, "true" is represented as 1, and 
''false'' as 0.) The corresponding quadratic problem will have v + k variables 
Zl, ..• , Zt/, P1, ... ,p". The construction of f is as folIows: 
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• To each propositional variable Zi, we put into correspondence a real
number variable /[Zi] = Xi. 

• To each negative litera! ""Zi, we put into correspondence a linear expression 
/[""Zi] = 1 - Xi. 

• To each expression Fj of the type a V 6, we put into correspondence the 
expression /[Fj] = (f[a] + /[6] + Pj - 2)2. Since /[a] and /[6] are linear in 
the variables Xi, the resulting expression is quadratic in Xi and Pj. 

• To each expression Fj of the type a V 6 V c, we put into correspondence the 
expression /[Fj] = (f[a] + /[6] + /[c] + 2pj - 3)2. The resulting expression 
is quadratic in Xi and Pj. 

• To the formula F, we put into correspondence the quadratic function 

1.1 ~ 

/(Xl, .. . ,XtI,Pt. ... ,p~) = L Xi(l- Xi) + L/[Fj]. 
i=l j=l 

We will choose Xi = Pj = [0,1], and try to compute the lower bound y of the 
interval -

/(X1, ... , XtI ,P1, ... , p~). 

Example. Let us take F = (Z1 V Z2 V Z3)&(Zl&""Z2). For this formula, v = 2, 
k = 2, so, we need v + k = 4 real-number variables Xl, X2, Pt. and P2. Here: 

• /[""Z2] = 1 - X2. 

• /[F1] = (Xl + x2 + X3 + 2P1 - 3)2. 

• /[F2] = (Xl + (1- X2) + P2 - 2)2. 

• /(X1,2 ,p1,p2) = x1(1- Xl) + x2(1 - X2) + /[Ft] + /[F2]. 

Before we start estimating J!., let us notice that /[Fj] is defined as a square, and 
therefore, /[Fj] ~ O. Also, if Xi E [0,1], then xi(1 - Xi) ~ O. Therefore, the 
function / is a sum of non-nega.tive numbers and is, therefore, non-negative. 
Hence, J!. ~ o. 

Let us show that J!. = 0 if and only if the formula F is satisfiable. 
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• If the formula F is satisfiable, i.e., it is true for some propositional vector 
Zl, ... , ZII, then we take Xi = Zi (i.e., Xi = 1 if Zi = "true" and Xi = 0 if 
Zi = "false"). The values of Pi are chosen as folIows: 

• If Fj = a V b, and both a and bare true for Zi, then we take Pi = O. 

• If Fj = a V b, and only one of the literals a and b is true for a given 
choice of Zi, then we take Pj = 1. 

• If Fj = a V b V c, and all three literals are true, then Pj = O. 

• If Fj = a V b V c, and two out of three literals are true, then Pj = 0.5. 

• If Fj = a V b V c, and only one of the three literals is true, then Pj = 1. 

In all five cases, f[ Fj] = 0 for all j. Therefore, for these Xi and Pi, 
f(X1,"" Xn ,P1, ... ,PI:) = 0; therefore, y = minf ~ O. Since we know 
that '!l. ~ 0, we conclude that '!l. = o. -

• Vice versa, let us assurne that y = minf = O. The minimum of a contin
uous function of a compact [0,1]11+21: is always attained; therefore, there 
exist values Xi and Pj, for which f = O. We have mentioned that f is a 
sum of several non-negative expressions. The sum of non-negative expres
sions is equal to 0 if and only if all these expressions are equal to 0, i.e., 
xi(l - Xi) = f[Fj] = 0 for all i and j. From xi(l- Xi) = 0, we conclude 
that Xi = 0 or Xi = 1. Let us show that the values Zi = Xi (i.e., Zi ="true" 
if Xi = 1 and Zi ="false" when Xi = 0) make+ the formula F true. For 
that, we need to prove that each expression Fi is true. 

• For Fj = a V b, from f(Fj ] = 0, it follows that f[a] + f[b] + Pj = 2. 
Since Pj ~ 1, we conclude that fra] + f[b] ~ 1. Both values f[a] and 
f[b] are equal either to 0 or to 1. Since their sum is ~ 1, they cannot 
be both equal to 0, so, one of them is equal to 1. Due to our choice of 
Zi, the corresponding literal a is then true, and therefore, Fj is true. 

• For Fj = a V b V c, from f[Fj] = 0, we conclude that f[a] + f(b] + 
f[c] + 2pj = 3, and therefore, since Pj ~ 1, that f[a] + f[b] + f[c] ~ 1. 
Hence, one of these values is = 1. For this value, the corresponding 
literal is true, and therefore, Fj is true. 

The result is proven. 

Let us prove that for the function f constructed in the previous proof, if the 
formula F is not satisfiable, then '!l. ~ 0.09. 

We will prove this statement by reduction to a contradiction: we will assurne 
that '!l. < 0.09, and conclude that Fis satisfiable. As in the previous proof, from 
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the fact that y = mini < 0.09, it follows that there exist values Zi and P; for 
which l(z1.':-:' Zu,P1, ... ,Pk) = y < 0.09. Since I is the sum of non-negative 
terms, from this inequality, it follows that each term is < 0.09. 

In particular, it follows that zi(l-zi) < 0.09. The function z(l-z) is increasing 
for z < 0.5 and decreasing afterwards. So, from zi(l- Zi) < 0.09 and from the 
fact that 0.1(1 - 0.1) = 0.9(1- 0.9) = 0.09, it follows that Zi < 0.1 or Zi > 0.9 
for all i. Let us take Zi ="true" if Zi > 0.9, and Zi =''false'' if Zi < 0.1, and 
let us show that these propositional values make the formula F true (i.e., they 
make all the expressions F; true). Indeed: 

• If F; = a Vb, then from I[F;] = (f[a] + I[b] + P; - 2)2 < 0.09, it follows 
that I[a] + I[b] + P; - 2> -0.3, and I[a] + I[b] > 1.7 - Pi' Since P; ~ 1, 
we condude that I[a] + I[b] > 0.7. Therefore, the values I[a] and I[b] 
cannot be both < 0.1. Therefore, one of these two values is > 0.9. The 
corresponding literal is equal to "true", and hence, F; is true. 

• If F; = a V b V c, then from I[F;] = (f[a] + I[b] + I[c] + 2p; - 3)2< 0.09, 
it follows that I[a] + I[b] + I[c] + 2p; - 3 > -0.3, and I[a] + I[b] + I[c] > 
2.7 -2p;. Since P; ~ 1, we condude that I[a] + I[b] + I[c] > 0.7. Therefore, 
the values I[a], I[b], and I[c] cannot be all < 0.1. Therefore, one ofthese 
three values is > 0.9. The corresponding literal is equal to "true", and 
hence, F; is true. 

So, F is satisfiable. The statement is proven. 

The value y is thus either = 0 (if the formula Fis satisfiable), or ~ 0.09 (if the 
formula Fis not satisfiable). Therefore, if we had a polynomial-time algorithm 
that computes the desired interval with an accuracy 0.04, we would thus be 
able to distinguish between the two cases, and thus, tell whether a formula 
is satisfiable or not. So, for ~ = 0.04, ~-accurate estimation of the interval 
I(X1, ... ) is NP-hard. 

To prove NP-hardness for arbitrary ~, we must take into consideration that if 
we estimate, for an arbitrary quadratic function I, the interval for a function 
g(Zl,"") = (~/0.04)/(Zl,"') with an accuracy ~, and divide this estimate by 
~/0.04, then we have an 0.04-accurate estimate for the original function I. SO, 
since computing a 0.04-accurate estimate is NP-hard, computing ~-accurate 
estimates is also NP-hard. The theorem is proven. 
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Proof of Theorem 3.2. Let us show that if we can solve the basic problem 
of interval computations for intervals that are both absolutely and relatively 6-
narrow, then we will be able to solve it for arbitrary intervals Xi. Indeed, assume 
that we can solve this problem for narrow intervals. How can we then compute 
the range of a polynomial l(zl, ... , zn) over arbitrary rational intervals Xi = 
~,Xi]? 

First of all, if one of the intervals Xi is degenerate (i.e., !!Zo = xi and Xi = 
{~}), then we can simply substitute this value ~ instead of the interval Xi 

into the polynomial l(zl, ... , Zn) and reduce our original problem to a range 
estimation problem for a polynomial with one fewer variable. We can thus 
easily "eliminate" all degenerate interval inputs. 

Therefore, without losing generality, we can assume that all input intervals are 
non-degenerate: Xi = Xi - Ai, Xi + Ai] with Ai > O. Let us introduce new 
variables Yi = ai . Zi + bi in such a way that when Zi goes from ~ = Xi - Ai 
to Xi = Xi + Ai, the new variable Yi goes from y. = 1 - 6 to fh = 1 + {). The 

""' corresponding equations ai . (Xi - Ai) + bi = 1 - 6 and ai . (Xi + Ai) + bi = 1 + 6 
lead to ai = {) / Ai and bi = 1 - {) . xd Ai. In terms of these new variables, 
Zi = (Yi - bi)/ai, l(zl,"" Zn) = F(Y1,"" Yn), where 

and the desired range l(x1, ... , xn) coincides with the range F(yl, ... , Yn) of 
the new polynomial F(Y1, ... , Yn) over the intervals Yi = [1 - 6, 1 + 6], each of 
which is both absolutely and relatively 6-narrow. 

Thus, the basic problem of interval computations for arbitrary intervals (the 
problem that is already known to be NP-hard) is reduced to the basic problem 
for narrow intervals. Hence, the basic problem for narrow intervals is also 
NP-hard. The theorem is proven. 

rohn@cs.cas.cz



4 
BASIC PROBLEM OF INTERVAL 

COMPUTATIONS FOR 
POLYNOMIALS OF A FIXED 

NUMBER OF VARIABLES 

In the previous chapter, we proved that the problem of computing the range 
f(XI, ... ,xn ) ofagivenpolynomialf(xl, ... , xn ) over given intervalsxl, ... ,xn 

is, in general, computationally intractable (NP-hard). Since this general prob
lem is intractable, it is desirable to look for cases in which it is feasible. In this 
chapter, we analyze wh at happens when we restrict the number of variables 
n. Good news is that in this case, a polynomial-time algorithm is possible. 
Bad news is that the existing polynomial-time algorithms require too much 
computation time to be practical. 

4.1. Good News 

Theorem 4.1. For every n, there exists a polynomial-time algorithm 
that, for any c > 0, for any polynomial f(XI, ... , xn ), and for any n 
intervals ~,Xi], computes c-approximations to the endpoints of the range 
f([~l' XI], ... ,~' Xn ]). 

The following table compares this result with the NP-hardness result from the 
previous chapter: 

Polynomials Polynomials ... Polynomials . .. Polynomials 
of 1 variable of 2 variables of n variables of arbitrary 

(n fixed) number of 
variables 

Polynomial Polynomial ... Polynomial . .. NP-hard 
time time time 

53 
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Comment This result follows from an algorithm proposed by Grigor'ev et al. 
[134] (for checking whether a given system of polynomial inequalities has a 
solution). 

A similar result is true not only for polynomials, but also for algebraic func
tions, i.e., functions y = f(X1, . .. , xn ) that are uniquely determined by a sys
tem of polynomial equations P1c(X1, ... , Xn , y) = 0 and polynomial inequalities 
QIe(X1, ... , Xn , y) ~ 0, where Pie and QIe are polynomials with integer coeffi
cients (e.g., f(x) = vx2 + 1 is a solution of a system consisting ofthe equation 
y2 _ (x2 + 1) = 0 and of the inequality y ~ 0). 

In contrast to a polynomial which is always continuous (and therefore, always 
bounded on abox), a general algebraic function is not necessarily bounded (e.g., 
the function f(x) = I/x defined by the equation x . y - 1 = 0 is not bounded 
on the interval [0,1]). Therefore, to get a meaningful result, we will only 
consider bounded algebraic functions f(X1, ... , xn ), with a known bound A on 
If(x1, ... , xn)l. For such functions, the following result is true: 

Theorem 4.2. For every n, there exists a polynomial-time algorithm that, 
for any c > 0, for any bounded algebraic function f(X1, ... , xn ), and for any 
n intervals ~,Xi], computes c-approximations to the endpoints of the range 
f([~l' Xl], ... , ~,Xn]). 

4.2. Not So Good News, and Hope 

Not so good news: the existing algorithms are not yet practical. The 
algorithm described in Grigor'ev et al [134] requires time M . (k . d)n 2

, where 
2M is the upper bound for the values of the coefficients, k is the total number of 
inequalities, and dis the number of binary digits. For fixed n, this algorithm is 
polynomial, i.e., its computation time is bounded by a polynomial Pn(L) ofthe 
bit length L of the input data, but the degrees of the polynomials Pn rapidly 
increase (as n2 ) as n increases. 

Heintz et al. [148] have shown that the algorithm of Grigor'ev et al. is an 
example of an algorithm that is polynomial-time but that is not yet practical: 
for polynomials of only four variables, it can take, for some instances, millions 
of years to compute, even on the fastest computers. 
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There is hope. Although the existing algorithms are not always practical, 
the fact that a theoretieally feasible (i.e., polynomial-time) algorithm exists 
makes us hope that a praetieally feasible algorithm will appear. This hope 
is encouraged by the increasing amount of practical applications of similar 
algorithmsj see, e.g., Hong et al. [155, 156], Loos et al. [259] Abdallah et al. 
[1], Dolzmann et al. [93,94], Weispfenning et al. [425,426,427]. In particular, 
there exist applications to transportation problems Loos et al. [259], to eontrol 
system design Abdallah et al. [1], to geometrie reasoning Dolzmann et al. [94], 
to stability analysis 0/ partial differential equations Hong et al. [156], and to 
optimization Weispfenning [425]. 

4.3. Can We Generalize This Feasibility Result? 

We have just mentioned that the theoretical feasibility of range computations 
for polynomial (or algebraic functions) with fixed number of variables leads to 
the hope that some day, a practically feasible algorithm will appear. In view 
of this possibility, it is important to know whether theoretical feasibility can 
be proven for more general dasses of interval computations problems. In this 
section, we consider three possible generalizations: 

• First, a dass that, strictly speaking, does not generalize the dass of poly
nomials: In our results, we defined a polynomial as a sum of monomials. 
Some polynomials can be re-written in a more compact way: e.g., a bino
mial x3 + 3x2 . Y + 3x . y2 + yB can be re-written as (x + y)3. A natural 
question is: if we allow such compact descriptions, will we still be able 
to have a feasible algorithm, i.e., an algorithm whose computation time is 
bounded by a polynomial of the length of the compaet input? 

• A natural true generalization of polynomial functions is the dass of pieee
wise polynomial functions (splinesj see, e.g., Schumaker [385] and Eubank 
[103]). Is a polynomial-time algorithm possible for splines? 

• Splines can be viewed as a very natural generalization of polynomials: 
N amely, polynomials can be defined as functions obtained from variables 
by using three arithmetic operations; if we add min and max to these 
operations, we get piece-wise polynomial functions, i.e., splines. What if 
we add other operations, such as sin, cos, exp? 

We will show that all three generalizations make the problem intractable. 
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Polynomials with compact description 

We will show that even allowing the iterated squaring makes the basic problem 
of interval computation intractable, even for polynomials of one variable: 

Definition 4.1. By a compact polynomial in variables Z1, ..• ,Zn, we mean an 
expression that is obtained !rom variables Zi by applying addition +, multipli
cation " and square operation Z2. 

As examplesofcompact polynomials, we can take (Z1 +Z2)2' Z3 or Z1'Z1'(Z~?, 

Theorem 4.3. (n = 1) For every e > 0, every algorithm that e-accurately 
computes the range I(~, z]) 0/ an arbitrary compact polynomial I(z) over an 
arbitrary interval ~,z], requires, in some instances, exponential time. 

Polynomials Compact polynomials 
I(Z1,"" zn) I(Z1," "zn) 

n=l Polynomial time Exponential time 
(or worse) 

n=2 Polynomial time Exponential time 
(or worse) 

fixed n Polynomial time Exponential time 
(or worse) 

arbitrary n NP-hard Exponential time 
(or worse) 

Splines 

For splines, we also get intractability even for functions of one variable and 
even for piece-wise linear functions (i.e., for linear splines): 

A continuous function /(z) defined on an interval ~,z] is called a piece-wise 
linear function, or a linear spline if the interval can be divided into finitely 
many subintervals on each of which I( z) is linear. A spline function is /easible 
if there exists a polynomial-time algorithm that, given rational numbers Z and 
e > 0, computes an e-approximation to I(z). 

Theorem 4.4. (n = 1) For every e > 0, the problem o/e-accurately computing 
the range I(~, z]) 0/ a given /easible linear spline I( z) on a given interval ~, z] 
is NP-harn. 
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Historical comment. This result was first announced (in a slightly different 
formulation) in Kreinovich [190, 194]; see also Chee [63, 64]. 

Linear 
Quadratic 
Cubic and higher order 

11 
Polynomials 
I(z) 

Linear time 
Polynomial time 
Polynomial time 

1 
Splines 
I(z) 

NP-hard 
NP-hard 
NP-hard 

Adding Non-Algebraic Functions to Polynomials 

Definition 4.2. Let g(z) be a function. By a g-polynomial of n variables 
Zb.'" Zn, we mean an arbitraryexpression that can be obtained from the 
variables Z1, ... ,Zn and rational constants by applying arithmetic operations 
+, -, " and a function g. 

For g-polynomials, the range computation problem becomes intractable: 

Theorem 4.5. (For g(z) = exp(z); n = 1) For every g > 0, every algorithm 
that g-accurately computes the range I(~, z]) 0/ an arbitrary exp-polynomial 
I( z) 0/ one variable over an arbitrary interval x = ~,z], requires, in some 
instances, exponential time. 

Comments. 

• This result was first announced (in a slightly different formulation) in 
Kreinovich [190, 194]. 

• This result remains true even if we restriet ourselves to sub-intervals x of 
a fixed interval 8. 

Theorem 4.6. (For g(z) = sin(z); n = 1) For every € > 0, the problem 0/ 
€-accurately computing the range I(~,z]) 0/ an arbitrary sin-polynomial I(z) 
over an arbitrary interval x = ~,z] is NP-hard. 
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Polynomials exp-polynomials sin-polynomials 
l(z1, ... ,zn) l(z1, ... ,zn) l(z1, ... , zn) 

n=l Polynomial time Exponential time NP-hard 
(or worse) 

n~2 Polynomial time Exponential time NP-hard 
(or worse) 

Adding Non-Algebraic Functions to Rational Functions 

If, in addition to +, -, ., and g(z), we allow division, we get g-rationalfunctions 
for whieh eomputing the range is harder than for g-polynomials: 

Definition 4.3. Let g( z) be a function. By ag-rational function of n variables 
Z1, ... , Zn, we mean an arbitraryexpression that can be obtained {rom the vari
ables Z1, ... , Zn and computable constants by applying arithmetic operations 
+, -, ., /, and a function g. 

Theorem 4.7. (n = 1) Suppose that g( z) is a twice differentiable function 
lor which g'(zo) = 0 and g"(zo) =1= 0 for some zoo Then, for every c > 0, 
every algorithm that c-accurately computes the range I(~, x]) of an arbitrary 
g-rational function I(z) of one variable over an arbitrary interval x = ~,x], 
requires, in some instances, exponential time. 

Comments. 

• The dass of sueh functions g(z) indudes sin(z) (with Zo = 7r/2) and cos(z) 
(with Zo = 0). 

• A similar result is true for every k ~ 2 times differentiable function for 
which g(zo) = g'(zo) = ... = g(1:-1)(zo) = 0 and g(k)(zo) =1= 0 for some zoo 

• Due to the previous remark, this exponential-time result is true for every 
eomputable analytieal non-monotonie function g(x) (for preeise definition 
of eomputable functions, see, e.g., Bishop et al. [48, 49]). Indeed, sinee 
the function is not monotonie, it must have a loeal extremum, Le., a point 
Xo in whieh g'(xo} = 0, and sinee it is analytieal, at least one ofthe higher 
derivatives must be different from 0 at this point Xo. Computability of 
sueh values Xo was proven in Orevkov [318]. 
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g-polynomials g-rational functions 
I(x) I(x) 

no g(x) Polynomial Polynomial 
time time 

g(x) = exp(x) Exponential time Exponential time 
(or worse) (or worse) 

g(x) = sin(x) NP-hard Exponential time 
(or worse) 

non-monotonie ? Exponential time 
analytieal g( x) (or worse) 

The problem also beeomes intractable if we allow complex numbers. 

Definition 4.4. By a complex-rationallunction of n variables Xl, ... , xn , we 
mean an arbitraryexpression that can be obtained from the variables Xl, ••• , X n 

and constants 0,1, and i, by applying arithmetic operations +, -, " j, and 
operations Re and Im. We say that a complex-rational function l(xl, ... , xn ) 

is real-valued iffor all real values Xl, ••• , X n , the value l(x1, ... , xn) is also real. 

Theorem 4.8. (n = 1) For every c > 0, every algorithm that c-accurately 
computes the range I(~, xl) 01 an arbitrary real-valued complex-rationallunc
tion I( x) olone variable over an arbitrary interval x = ~,xl, requires, in 'some 
instances, exponential time. 

Rational Complex-rational 
functions I( Xl, ... , Xn) functions I(xl, ... , Xn ) 

n=l Polynomial time Exponential time 
(or worse) 

n~2 Polynomial time Exponential time 
(or worse) 

Are the Corresponding Range Estimation Problems AI
gorithmically Decidable At All? 

The above results show that even for the simplest non-algebraie functions g(x), 
erudely speaking, no feasible algorithm ean estimate the range of the eorre
sponding g-polynomials and g-rational funetions. A natural next question is: 
Is there any algorithm at aB, even non-feasible? 
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Even for the first non-algebraic function exp(z) that we considered, it is still 
not known whether the range-computation problem is algorithmically decid
able. Macintyre et al. [265] (see also Marker [272] and Wilkie [428]) proved 
that a certain believed-to-be-true hypothesis ab out algebraic relations (due to 
Schanuel) implies the decidability of the first order theory of real numbers 
with arithmetic operations and exponentiation. So, if Schanuel's hypothesis is 
true, then for every rational number A, we can check, for every exp-polynomial 
f(Zl, ... , Zn), whether the first order formula 

"Iz1 ... "Izn((~l :5 Zl :5 X1)& ... &(~n :5 Zn :5 xn) -+ f(Zl, ... , Zn) :5 A), 

is true, and thus, check whether fj :5 A; then, by using binary search, we will 
be able to compute fj with an arbitrary accuracy e (y can be computed in a 
similar mann er). -

Similarly, Schanuel's hypothesis would imply that the range problem is decid
able not only for exp-polynomials and exp-rational functions, but also for exp
algebraic functions, i.e., for the functions y = f( Zl, ... , zn) that are uniquely 
determined by a system of exp-polynomial equations Pk(Zl, ... , Zn, y) = 0 
and polynomialinequalities Qk(Zl, ... ,Zn,y) ~ 0, where Pk and Qk are exp
polynomials. In particular, since the function y = log( z) is a unique solution 
of the exp-polynomial equation exp(y) - Z = 0, this function is exp-algebraic, 
and thus, Schanuel's hypothesis implies that the range computing problem is 
also algorithmically solvable for log-polynomials and log-rational functions. 

The following table represents these results; in this table, "decidable*" means 
decidable if Schanuel's conjecture is true: 

g-polynomials g-rational g-algebraic 
f(Zl, ... ,Zn) functions functions 

f(Z1, .. . ,Zn) f(Zl, ... ,Zn) 

no 9 Algorithmically Algori thmically Algorithmically 
decidable decidable decidable 

g(z) = exp(z) Algorithmically Algorithmically Algorithmically 
decidable* decidable* decidable* 

g(z) = log(z) Algorithmically Algorithmically Algorithmically 
decidable* decidable* decidable* 

Comment. Various other algorithms and negative results related to exp
polynomials and exp-rational functions can be also found in Gurevic r135, 136, 
137, 138, 139]. 
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Proofs 

Proof of Theorem 4.1. Let us first describe the algorithm that finds the 
desired estimate. Since we are interested in approximate values of endpoints, 
it is suflicient to describe an algorithm that takes input intervals with binary
rational endpoints; the endpoints of a polynomial with arbitrary rational co
eflicients can be estimated, if we apply this algorithm to sufliciently accurate 
binary-rational approximations of the given rational values. Similarly, it is suf
ficient to consider polynomials whose coeflicients are binary-rational numbers. 

The algorithm restricted to binary-rational endpoints thus takes the following 
input: 

• an integer n (describing the number 01 direct measurements); 

• an integer d (describing the computer precision, or the number 01 binary 
digits); 

• nd-digit real numbers Xi, i.e., numbers of the type d/c ... do.d_ 1 • •• d-d 
(with d digits after the binary point); these numbers correspond to results 
01 direct measurements; 

• nd-digit non-negative real numbers ~i > 0 (these numbers describe the 
accuracies 01 direct measurements); 

• a d-digit polynomial I(xlt ... , x n ), i.e., a sum of monomials 
h(Xl, ... , xn) + ... + Im(xlt···, xn), where ~ach monomial li(xlt ... , x n) 
is an expression ofthe type ail .. .inX~l .••.. x~n, and each coeflicient ai1 ... i n 

is a d-digit real number; (this polynomial f(Xl, ... , x n ) describes a data 
processing algorithm); . 

• a rational number g > 0 (that describes precision with which we want the 
result.) 

Our objective is to compute the g-approximations 11 and y to the endpoints 
y and y of the interval y [y, y] = I(xl, ... , xn), where Xi = ~,Xi] = 
[Xi - ~i, Xi + ~i]. -

To compute these approximations, first, we use naive interval computations to 
compute the initial enclosures of the intervals LE, F] and [Q., G] that contain 1!.. 
and y: 
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• For each variable Zi, 1 $ i $ n, we compute the upper bound Xi on its 
absolute values IZil as Xi = max(I~I, IZil). 

• For each monomial /j(Zl"'" Zn) = ail ... i .. Z~l ..... Z~", we compute the 
upper bounds Fj on its the absolute values 1/j(Zl,"" zn)1 of as Fj = 
lai1 ... i .. l· Xfl ..... X~'" 

• We compute the upper bound F for the absolute value I/(Z1,"" zn)1 of 
the polynomial I(Z1,"" zn) as F = F1 + ... + Fm. 

Finally, we take the smallest integer k for which F $ 21:, and take F = G = _21: 
and F = G = 21:. (Since -F $ 1 $ F, and F $ 21:, we have 1l. E [E,F] and 
y E [Q,G].) 

Then, we apply the following iterative bisection procedure for computing y 
(computing 1l. is similar): 

• At the beginning of each iteration, we have an interval [Q,O] that is known 
to contain y. First, compute its midpointG = (1/2)· (G + G). 

• Check whether y $ G, by applying Grigor'ev's algorithm to check the 
existence of a real solution of the following sequence of polynomial in
equalities with integer coefficients: 2D . I(Z1,' .. , zn) - 2D . G ~ 0, 
2D (Zi -~) ~ 0,1 :S i :S n, and 2D (Zi - Zi) ~ 0 for an appropriate 
D. 

• If this set of inequalities has a solution, this means that the upper bound y 
for 1 is ~ G, so we take [G,O] as the new interval [Q, 0]; else, take [Q, G]. 

• If G - G $ c, then return G as the desired estimate y; else, continue the 
iterations. 

That this algorithm finds the desired estimate is clear. The only thing that 
needs to be proven is that it is feasible. Indeed: 
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• The initial step (computing F) is feasible. 

• On each step of the bisection process, we are using the polynomial-time 
algorithm from Grigor'ev et al. [134]. How many times do we need to 
apply this algorithm? The initial size of the interval [Q.,O] = [_21:,21:] 
is 21:+1. On each iteration step, we halve the size of the interval [Q.,O]. 
Therefore, after B steps, we get the interval of the size 21:+1- •. To get a 
size 2-N ~ c, we need N + k + 1 iterations. This number is polynomial in 
the length of the input data, and therefore, the total run-time for all these 
iterations is also polynomial. 

So, both steps are polynomial, and therefore, the algorithm is feasible. The 
theorem isproven. 

Proof of Theorem 4.2. One can easily verify that the following algorithm 
solves the problem: 

The input to this algorithm consists of the same values n, d, Zi, ~i, and 
N as in Theorem 4.1; the only difference is that instead of a single polyno
mial l(zl, ... , zn), we must now describe a finite sequence of (similarly de-
fined) polynomials I1(Zl, ... , Zn, y), ... , 11: (Zl, ... , Zn, y) such that the given 
algebraic function y = l(zl, ... , zn) is defined as a unique solution of the sys-
tem I1(Zl, ... , Zn, y) = 0, 12(zl' ... ' Zn, y) ~ 0, ... , II:(zl' ... , Zn, y) ~ 0. We 
must also input the (known) upper bound ~ on I/(zl, ... , zn)l. Our goal is to 
compute the c-approximations 11 and y to the endpoints y and Y of the range 
Y=[!t,Y]=/(xl, ... ,:xn). - -

Similarly to the proof of Theorem 4.1, we start with computing the initial value 
of the intervals [E, F] and [Q.,O] (that contain y and y). For that, we simply 
take the smallest integer k for which ~ ~ 21:, ~nd take F = G = -21: and 
F=G=21:. 

Then, we apply the following iterative bisection procedure for computing Y 
(computing!t is similar): 
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• At the beginning of each iteration, we have an interval [Q, G) that is known 
to contain y. First, compute its midpoint G = (1/2)· (G + G). 

• Then, we check whether y ~ G, by applying Grigor'ev's algorithm to check 
the existence of a real solution of the following sequence of polynomial 
equalities and inequalities with integer coefficients: 2d • h(Z1, ... , Zn, y) = 
0, 2d ·12(z1, ... ,Zn,y) ~ 0, ... , 2d ·1,,(Z1, ... ,z",y) ~ 0, 2D (y - G) ~ 0, 
2D (Zi -~) ~ 0,1 $ i $ n, and 2D (Zi - Zi) ~ ° for an appropriate D. 

• If this set of inequalities has a solution, this means that the upper bound y 
for I is ~ G, so we take [G, G] as the new interval [Q, G]j else, take [Q, G). 

• Now, we can check whether we have achieved the desired solution, Le., 
whether G - G ~ cj if this is the case, then we simply return G as the 
desired estimate Yj else, continue the iterations. 

The proof that this algorithm is polynomial-time is similar to the proof of 
Theorem 4.1. The theorem is proven. 

Proof of Theorem 4.3. Let us describe a sequence of compact polynomials for 
which the required time grows exponentially with the length ofthe polynomial's 
description: lo(z) = Z and IH1(Z) = (f,,(z»2, Le., h(z) = z2, l2(z) = (z2)2 
(= z4), /a(z) = «z2)2)2 (= z8), etc. We will take x = [0,2]. 

The length of the description of 10 (z) is 2: the symbol z itself and 2 indicating 
the squaring. To get IH1(Z) from I,,(z), one must add three symbols to the 
description of I,,: "(", ")", and "2". So, the length L" of the description of 
I,,(z) is 3k + 2. 

One can easily prove by induction that I,,(z) = z2". Hence, for I,,(z), the 
desired interval y i8 equal to [0,221']. For a fixed c, for sufficiently large k, 

we will have W ~ Y - c ~ 22"-1. Hence, to represent W in the computer, we 
will need at least 2" - 1 binary digits. Generating one digit takes at least one 
computational step, so we need ~ 2" - 1 computational steps. The theorem is 
proven. 

Proof of Theorem 4.4. Let us assurne that for some c > 0, we can solve the 
c-approximate basic problem o(interval computations for feasible piece-wise 
linear functions I(z) of one variable in polynomial time. Let us show that we 
will then be able to solve the propositional satisfiability problem in polynomial 
time and thus, our problem (c-approximate basic problem of interval compu
tations for feasible piece-wise linear functions of one variable) is NP-hard. 
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Indeed, suppose that we have a propositional formula F with v Boolean vari
ables Zl, ... , Zv. In the following proof, we will design a feasible piece-wise 
linear function f : [0,1] -+ [0, 3c] that satisfies the following two properties: 

• If Fis not satisfiable, then f(x) is identically 0, so y = [0,0]. 

• If Fis satisfiable, then y = [0, 3c]. 

If we have such a function f(x), then, if we are able to estimate y in polynomial 
time with a given accuracy c, we will be able to distinguish between these 
two cases, and thus, decide in polynomial time whether a given formula F is 
satisfiable or not. 

To achieve this goal, we want to use a piece-wise linear function f(x) that is 
defined as follows: 

• For binary-rational numbers x = O.Zl .. . Zv, as a value of f(x) we take 3c 
times the truth value of a formula F for Boolean variables Zl, ... ,Zv (in 
computers, usually, "true" is represented as 1, and "false" is 0). 

• We take f(-O.O .. . 01) = f(O.O .. . 0) and f(1.0 .. . 0) = f(O.l ... 1). 

• In between these binary-rational numbers, the function f(x) is linear. 

This function f(x) is piece-wise linear, and it satisfies the desired property. So, 
to complete our proof, we only need to prove that f(x) is feasible, i.e., that 
there exists a polynomial-time algorithm that enables us to compute f(x) for 
a given rational number x. This algorithm is easy to design: 

• First, we ask for a 2-v -approximation to x. As a result, we get a binary
rational number x = O.Zl ... Zv such that Ix - xl ::; 2-V • This inequality 
is equivalent to ~ ::; x ::; x, where ~ = x - 2-v and x = x + 2-v are also 
v-digit rational numbers. 

• For each of the three v-digit numbers ~, x, and x, we compute the values 
of f( x) by checking whether the formula F is satisfied by the propositional 
variables taken from the number's binary expansion, and multiplying the 
corresponding truth values by 3c. As a result, we get the three values f(~), 
f(x), and f(x). The application of F requires the time that is linear in 
the length of F. 
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• On the interval ~,z] that contains z, our piece-wise linear function I(z) 
consists of two linear parts: 

• For z E ~,Z), we have 

I(z) = I(~) + l(z2 - I(~) . (z - ~). 
z-~ 

• For z E [z, z], we have 

I(z) = I(z) + I(z) - ~(z) . (z - z). 
z-z 

• To complete the computation of I(z), we must consider two possible cases: 

• if I(z) ~ (1/2)·(f(~)+ I(z))) , then on the interval ~,z], the function 
I(z) is convex, and therefore, we can compute I(z) as 

I(z) = max {/(~) + l(z2 - I(z) . (z - ~), I(z) + l(z2 - ~(z) . (z - Z)} . 
z-~ z-z 

• if I(z) ~ (1/2)(f(~) + I(z))) , then on the interval ~,z], the function 
I is concave, and therefore, we can compute I( z) as 

I(z) = min {f(~) + /(z2 - I(z) . (z - ~), f(i) + I(z) - {(z) . (z - z)} . 
z-~ z-z 

This algorithm takes polynomial time; hence, I(z) is feasible. This completes 
the proof of the theorem. 

Proof of Theorem 4.5. This proof is similar to the proof of Theorem 4.3. 
Namely, we will give an example of a sequence of exp-polynomial functions 
for which the required time grows at least exponentially with the length of 
the function's description: we take lo(z) = z and "':+l(Z) = exp(",:(z» (Le., 
",:(z) = exp( ... exp(z) ... ) (I: times), and Xl = [0,2]. 

The length of the description of 11c(z) grows linearly with 1:. The value y = 
11c(2), however, grows with I: faster than 22•• Hence, to represent W in the 
computer, we will need at least 21c binary digits. Generating one digit takes at 
least one computational step, so we need ~ 21c - 1 computational steps. The 
theorem is proven. 
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Comment. If we do not restrict ourselves to a single interval x, but allow arbi
trary intervals, then we do not even bother to consider a sequence of functions 
!k(X): we can simply take a function exp(x) for x = [n, n]. Binary represen
tation of the input requires L ~ log2( n) bits. Since exp( n) > 2n , the binary 
representation of the result requires at least n ~ 2L bits. To generate each 
bit, we need at least one computationalstep. So, the number of computational 
steps does grow exponentially. 

Proof of Theorem 4.6. Before we prove the NP-hardness of computing the 
range of sin-polynomials of one variable, let us first prove NP-hardness of sin
polynomials of two variables. To prove NP-hardness of the range estimation 
problem, we will reduce yet another known NP-hard problem to our problem: 
namely, the problem of solving quadratic Diophantine equations. This problem 
was first considered by Manders et al. [269] (see also Garey et al. [121], p. 250); 
it is formulated as follows: given positive integers a, b, and c, check whether 
there exist positive integers Xl and X2 for which a . x~ + b . X2 = c. 

For each instance (a, b, c) of the above problem, we can construct a sin
polynomial !(Xl, X2) whose minimum y on Xl = X2 = [1, c] is equal to 
o if and only if the given instance has a solution: namely, we will take 
!(Xl, X2) = sin2('Ir . Xl) + sin2('Ir . X2) + (a . x~ + b . X2 - C)2. This function 
!(Xl,X2) is always non-negative (as a sum ofnon-negative squares), and it is 
equal to 0 if and only if all the squares, from which it is constructed, are equal 
to O. From sin('Ir . Xl) = 0, we conclude that Xl is an integer; since Xl E [1, C], 
we conclude that it is a positive integer. Similarly, from sin( 'Ir . X2) = 0 and 
x2 E [1, C], we conelude that X2 is a positive integer; finally, from the equality 
between the third term and 0 we conelude that a . X~ + b . X2 = c; therefore, 
Xl and X2 form a solution to the original instance. Vice versa, if (Xl, X2) is a 
solution to the original instance, we have !(Xl, X2) = 0, and therefore, J!.. = O. 

Thus, the problem of exactly computing the range of sin-polynomials is NP
hard. One can also show (similarly to the proofs from Chapter 3) that not 
only the original instance has a solution if y = 0, but also that this instance 
has a solution if y ~ co for some small co: Indeed, in this case, Xl is elose to a 
positive integer x-;-, X2 is elose to a positive integer X2, and from the eloseness of 
a . xI + b· x2 - c to 0 we conelude that the value a . x~ + b· X2 - c is also elose to 0; 
since this value is an integer, it has to be exactly equal to O. (The corresponding 
value co may actually depend on a, b, and c.) Thus, either y = 0 and the original 
instance has a solution, or y > co, and the original instance does not have a 
solution. Therefore, ifwe cau compute y with an accuracy co/2, we will be able 
to tell whether the original instance has a solution or not. Hence, for a given 
c > 0, we can consider a modified sin-polynomial 1(xl, X2) = (2c/co)· !(X1, X2). 
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Computing the lower bound y for this new function with the accuracy c is 
equivalent to computing the lower bound for the original function with the 
accuracy co/2, and is, thus, equivalent to solvability of the original instance. 

Strictly speaking, there is one minor point left in our proof: legally, the above 
function I(xl' X2) is not a sin-polynomial because it uses an irrational constant 
1r. So, instead of this function, we must consider a elose function Ir(xl, X2) = 
sin2 ( 'll"r .xl)+sin2( 'll"r ·X2)+( a.x~+b.X2-C)2, where 'll"r is a rational approximation 
to '11" (the accuracy of this approximation may depend on a, b, and c). If 
'll"r is elose enough to '11", then for solvable instances, the minimum Yr of the 
function Ir(xl,x2) will be elose to 0, while for non-solvable instances, it will 
be greater than or equal to some positive number that is elose to co. Thus, 
if we compute Yr with an accuracy cr/2 elose to co/2, we will then be able 
to distin~ish between solvable and non-solvable instances. Therefore, for a 
function Ir(xl, X2) = (2c/cr) . I(xl, X2), computing the lower endpoint Y of its 
range with accuracy c is NP-hard. -

To complete the proof, we must show that for sin-polynomials of one variable, 
range computation is also NP-hard. To prove this result, we will "combine" 
both values Xl and X2 into a single real-valued variable x. Namely, we will 
consider X = Xl + a . X2, where a > 0 is some sufficiently small rational 
number. If we know that both Xl and X2 are integers, and if ais small enough 
(a ~ l/c), then all c2 real numbers that correspond to different Xl = 1, ... , c 
and X2 = 1, ... , c are different, so, in principle, it is possible to reconstruct 
both integers Xl and X2 from this combination x. 

Let us show that we can use sin-polynomials for this reconstruction. Indeed, 
since Xl is an integer and a is small, we have sin( '11". x) = sin( '11". Xl + '11". a· X2) = 
±sin('II"· a· X2) R:I ±'II". a· X2. Therefore, X2 R:I ±X3 = (1/('11". a)). sin('II"· x). So, 
we can represent the requirement that X2 is an integer (i.e., that sin( '11". X2) = 0) 
in terms of x, as sin('II"· X3) = o. 

The above argument prompts us to consider the following sin-polynomial: 
I(x) = sin2 ('II". x) + sin2 ('II" . X3) + (a . x2 + b· X3 - c)2, where we denoted 
X3 = (1/('11"· a))· sin('II"· x). 

If the original instance of the quadratic Diophantine problem has a solution 
x, y, then for X = Xl + a· X2, we have sin2 ('II". X) R:I '11"2. a 2 . X~ $ '11"2 • a 2 . c2; the 
second term is approximately 0, and the third terms is approximately equal to 
2a2 . a . Xl . X2 $ 2a2 . a . c2. Thus, if a is small enough so that both bounds 
'11"2. a2 . c2 and 2a2 . a· c2 are much smaller than co, we conclude that for our 
sin-polynomial, '!!.. ~ co. 
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Viee versa, if for this polynomial, y <t:: co, this means that for some x, aH three 
squares in the sum that defines thls polynomial /(x) must be smaH. From the 
eondition that sin2 (7I" x) is smaH, i.e., that sin(7I" x) ~ 0, we eondude that x 
is dose to some integer. We will denote this integer (dosest to x) by Xl. Sinee 
x is dose to an integer, i.e., x ~ Xl, we eondude that sin(7I" x) ~ 71" (x - xd, 
and therefore, x3 = (1/(71" a)). sin(7I" x)) ~ (x - xd/a. Thus, x ~ Xl + a· x3. 

From the condition that sin2 ( 71" X3) is small, we eondude that X3 ~ (x - x1)/a 
is dose to some integer X2. From X3 ~ X2 and from the above approximate 
expression x ~ Xl + a . X3, we eondude that x ~ Xl + a· X2. 

Finally, from the eondition that (a . x2 + b . x3 - C)2 is small, we eonclude 
that a . x2 + b . X3 - C ~ 0, and therefore (sinee x ~ Xl and x3 ~ X2), that 
a . x~ + b· X2 - C ~ 0. Sinee a, b, c, Xl, and x2 are integers, for suffieiently smaH 
a, we will be able to eonclude that a . x~ + b . X2 - C = 0, and therefore, that 
Xl and X2 form a solution to the original instanee of the quadratie Diophantine 
problem. 

Thus, if this instanee has a solution, we have y <t:: co, and if this instanee does 
not have a solution, then we ean similarly eonclude that this lower bound y 
eannot be that smaH. So, if we are able to compute the lower bound y with a 
suffieiently good aeeuraey Cl, then we wiH be able to solve the eorresponding 
instanee of the quadratie Diophantine problem. 

Similarly to the ease of two variables, to prove NP-hardness of range estimation 
for an arbitrary c > 0, we eonsider a modified sih-polynomial!<x) = (c/c!) . 
/(x). 

To finalize the proof, we m~st replace the irrational number 71' by a elose rational 
number 71' r. The theorem is proven. 

Proof of Theorem 4.7. Since the function g( x) is twice differentiable, we 
have g(xo+h) = g(xo)+g'(xo)·h+(1/2).g"(xo)·h2+o(h2). Sinee g'(xo) = ° and 
g"(xo) =f 0, we ean eonelude that g(xo + h) - g(xo) = (1/2)· g"(xo)' h2 + o(h2 ), 

and therefore, that h2 = (2/g"(xo))·(g(xo+h)-g(xo))+o(h2). So, ifwe define 

2 
gl(h) = ---,;--( ). (g(xo + h) - 9(Xo)), 

9 Xo 

then for h --+ 0, we get lim(91(h)/h2) = 1. 

Length-wise, for every expression H, to get the expression for 91(H), we must 
add eonstantly many symbols to the deseription of H. So, if we define a se-
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quence 92(h) = 91(91(h)), ... , 9H1(h) = 91(91:(h)), ... , then each 9-rational 
function in this sequence is obtained by adding constantly many symbols to 
the previoUB one, and therefore, the length of the description of the function 
91:(h) grows linearly with k. 

Asymptotically, 91(h) "" h2, so 92(h) = 91(91(h)) "" (h2)2 
91(92(h)) "" (h4 )2 = hS , and in general, 91:(h) "" h2/c. 

We can now define 11:(:r:) = 1/91:(1/:r:), and choose x = [X, 2X] for same X> o. 
Then, as :r: -+ 00, we get 11:(:r:) "" :r: 2/c, so for sufficiently large X, we get 
y = sup 11: (:r:) ~ (2X)2/c. Bence, to represent y in the computer, we wiH need 
at least 21: binary digits. Generating one digit takes at least one computational 
step, so we need ~ 21: - 1 computational steps. This number is exponential 
in k, and (since the length of the description of /I:(:r:) grows linearly with k), 
thiB number is exponential in the length of the input as weH. The theorem is 
proven. 

Proof of Theorem 4.8. To prove this theorem, we will consider the foHowing 
real-valued complex-rational function 

91 (h) = 1 -Re (1 : ih) . 

Since 
1 1- ih 

1 + ih - 1 + h2' 

we have 91(h) = 1 - 1/(1 + h2) "" h2 as h -+ O. For every expression H, 
the expression for 91(H) is obtained by adding constantly many symbols to 
the description of H. So, we can construct the sequence 91:(h) as 9H1(h) = 
91(91:(h)) and conelude the proof as in Theorem 4.7. The theorem is proven. 
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5 
BASIC PROBLEM OF INTER VAL 

COMPUTATIONS FOR 
POLYNOMIALS OF FIXED ORDER 

In Chapter 3, we sbowed that the basic problem ofinterval computations is NP
hard for polynomials I( Z1, ... , zn). In this cbapter, we describe what happens 
if we restrict the order of these polynomials. 

5.1. Results 

M ain result: intractable for quadratic functions 

When the order is 1, we get linear functions. For linear functions 
l(z1,' .. , zn) = ao + E ai . Zi, the problem is feasible: the desired range 
y = f([~h, Zl], ... , ~,zn]) can be computed by naive interval computations, 
and it is equal to y = [Y-.6., y+.6.], where y = l(i1,"" in) and.6. = E lail·.6.i. 

The next step is quadratic functions. Alas, as the proof of Theorem 3.1 shows, 
for quadratic functions, the problem is already NP-hard: 

Theorem 5.1. For every c > 0, the problem of computing the endpoints 
y and y of the range 1([~1' Z1], ... , ~,zn]) for a given quadratic polynomial 
f( Z1, ... , zn) = ao + E ai . Zi + E aij . Zi . Z j and for given intervals ~,Zi] 
with accuracy c is NP-harn. 

Comment. Quadratic polynomials are a particular case of cubic, quartic, etc., 
therefore, for cubic, etc. polynomials, the basic problem of interval computa
tions is also NP-hard: 

71 
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Linear 
f(Zl, ... ,Zn) 

Linear time 

Quadratic 
f(Zl, ... ,Zn) 

I NP-hard 

CHAPTER 5 

Cubic (and higher order) 
f(Zl, ... ,Zn) 

I NP-hard 

Simple case: feasible for diagonal matrices and for lin
ear functions 

We cannot have a feasible algorithm for all quadratic polynomials, but maybe, 
we can have an algorithm for some of them? There are two trivial (or almost 
trivial) cases when this problem is feasible for quadratic functions f(Zl, ... , zn): 
one case is when f(Zl, ... , zn) is actually linear, and another is when the matrix 
aij is diagonal: 

Theorem 5.2. There exists a linear-time algorithm that computes the end
points y and y of the range f([~l' Zl], ... , ~, zn]) for a given quadratic poly
nomial-f(zl, ... , zn) = ao + I: ai· Zi + I: aii· zl and for given intervals ~, Zi]. 

Are there other feasible cases~ 

Both cases are very specific, but maybe, if we take dose cases, we will still get 
a dass for which feasible algorithms are possible? Unfortunately, the answer 
is negative: for aH non-trivial generalizations of the above degenerate classes 
that we tried, the resulting problem is NP-hard: 

First try: band matrices 

A diagonal matrix is a matrix aij for which aij = 0 for i :I j, i.e., for li - j I ~ 1. 
The first natural generalization of a diagonal matrix is a w- band matrix, for 
which aij = 0 for li - jl ~ w for some w ~ 1 (diagonal matrices correspond to 
w = 1): 

Theorem 5.3. For w ~ 3, and for every c > 0, the problem of c-accurately 
computing the endpoints y and y of the range f([El' zd, ... , ~, zn]) for a given 
quadratic polynomial f(z-;', ... , zn) = ao+ I: ai ·Zi+ I: aij ·Zi ·Zj with a w-band 
matrix aij and for given intervafs ~, Zi] is NP-hard. 
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Comments. 

• w-band matriees naturally appear in many real-life problems (see, e.g., 
Sehendei [377). For example, they appear when we estimate the value of 
a functional ofthe type I = J (ao . (x(t»2 + al . (X(t»2) dt, where x(t) de
notes time derivative. This funetional is important in signal processing and 
in image processing, where it eharaeterizes the smoothness of a signal (see, 
e.g., Tikhonov et al. [410], Inverse Problems [160, 161, 162], Glasko [127], 
Lavrentiev et al. [248]), and in control, where it eharaeterizes the smooth
ness of a resulting trajeetory (for a general justifieation of this funetional, 
see, e.g., [231]). Usually, we are only given the values X(ti) of the signal 
for ti = to + i . h. From these data, we ean estimate the integral defining 
the funetional by its integral sum L [ao· (X(ti»2 + al . (X(ti»2] . h, and 
the derivative X(ti) as (x(tö+d - x(ti»jh. As a result, we get a quadratic 
form in whieh the elements aij are different from 0 only for li - il ~ 1, i.e., 
we get a 2-band matrix. If we take seeond derivative into eonsideration, 
we get a 3-band matrix, ete. 

• For I-band (i.e., diagonal) matriees, we have a feasible (even linear-time) 
algorithm. We do not know whether a feasible algorithm is possible for 
2-band matriees: 

Diagonal (I-band) 
matriees 

Linear time ? 

Second try: almost scalar matrices 

NP-hard 

Another possibility is to generalize one partieular ease of a diagonal matrix: 
a scalar matrix, for whieh aii = eonst. These matriees ean be eharaeterized 
by the eondition that all their eigenvalues Ai are equal: Al = ... = An = A 
for some number A. A natural generalization is the not ion of an alm ost scalar 
matrix, i.e., a matrix for whieh all but one eigenvalues coineide. 

Theorem 5.4. For every c > 0, the problem of c-accurately computing the 
endpoints y and fi of the range I([~l' xt], ... , ~,xn)) for a given quadratic 
polynomiall(xl' ... ' xn) = ao + Lai· Xi + L aij . Xi· Xj with an almost scalar 
matrix aij and lor given intervals ~,Xi] is NP-hard. 

rohn@cs.cas.cz



74 CHAPTER 5 

Third try: bilinear functions 

The third generalization is a generalization of linear functions. A natural gen
eralization is the notion of abilinear function, i.e., a quadratic function of the 
type E aij . Xi . Yj . 

Theorem 5.5. For every c > 0, the problem of c-accurately computing the 
endpoints '!!.. and Y of the range f([~l' Zl], ... , ~, zn], ['!!..1 ' Y1], ... ,[Y ,Yn]) for 
a given bilinear function f( Xl, ... , Xn, Y1, ... , Yn) = E aij . Xi . Yj and for given 
intervals ~,Xi] and [y., Yi] is NP-hard. = 

These three NP-hardness results are also true for nar
row input intervals 

Comment. In Chapter 3, we have shown that for every 6 > 0, the basic problem 
of interval computations is NP-hard even if we allow only input intervals that 
are both absolutely and relatively 6-narrow. In the above three NP-hardness 
results, we can make the same restrietion, and the restricted problems will still 
be NP-hard. 

Proofs 

Proof of Theorem 5.2. For diagonal matrices, the quadratic function 
f(X1, ... ' xn ) takes the form Eawx~+ Eai ·Xi+aO = ao+ E(awx~+ai ·Xi). 
The restrietions on the values of Xi are independent on each other (Xi E Xi); 
therefore, the function f(X1, ... , Xn ) attains its smallest value Y (or, its largest 
value Y) if and only if each of the terms aii . X~ + ai . Xi att;ins its smallest 
(correspondingly, its largest) value. In other words, '!!.. = ao + '!!..1 + ... + '!!..n 
and Y = ao + Y1 + ... + Yn, where by y. and Yi' we denoted the minimum 

"-I 

(correspondingly, the maximum) of the expression fi (Xi) = ajj . X~ + ai . Xi. 

The values y. and Yi can be easily computed if we consider two possible cases: 
=-t 

• 
• 

If ajj = 0, then fi(Xi) = ai . Xi, and hence, ['!!..ä' Yi] = ai . Xi· 

If ajj :f. 0, then 

( a) ( 1 a )
2 1 a~ 

2 i i I 
fi(Xi) = aii· Xi + -X = ajj· Xi + -2 . - - - . -

ajj aii 4 ajj· 
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For Xi E ~, Xi], we can easily compute the exact bounds for this expres
SIOn: 

• the bounds for Zi = Xi + (1/2)· (a;jaii) are ~ = ~ + (1/2) . (a;jaii) 
and Zi = Xi + (1/2)· (a;jaii); 

• the bounds for Ui = zr are: [(~)2, (z;)2] when 0 ~ ~ ~ Zi; 
[(Zi)2, (~)2] when ~ ~ Zi ~ 0; and [0, max{(~)2, (Zi)2}] when 
~ ~ 0 ~ Zi; 

• the bounds for li(xi) are [1l., il;] = aii 'lli., Ui] - (1/4) . (aUai;). 

In both cases, for each i from 1 to n, we need jinitely many computation steps 
to compute y. and 11;, so, the total computation of y and 11 can be completed 

~ -
in a time that is linear in n. The theorem is proven. 

Proof of Theorem 5.3. Let us first prove that the exact computation of the 
range is NP-hard for 3-band matrices. To prove this result, we will use another 
known NP-hard problem PARTITION: given integers SI, ... , Sn, check whether 
there exist values Xi E {-1, 1} for which 2: Si . Xi = O. We will reduce this 
problem to the problem of computing the range. 

For each instance of PARTITION, we will consider the problem of com
puting the range of the following quadratic polynomial of 2n + 1 variables 
Xl, ... , Xn, to, tl, ... , tn: 

n n 

~)1 - x~) + t~ + l)ti - Xi . Si - ti_1)2 + t~ 
i=1 i=l 

on the intervals Xi = [-1,1] and ti = [-8,8], where we denoted 8 = 2: ISil. 
If we order the variables in the order to, Xl, tl, Z2, t2, ... , Xn, tn, then, as one 
can easily see, the only cross-terms are between the variables that are either 
immediate neighbors (ti and Xi or Xi and ti-I) or neighbors to immediate 
neighbors (ti and ti-I). Hence, the corresponding matrix is indeed 3-band. 

Let us show that the lower endpoint y of the desired range is equal to 0 if and 
only ifthe given instance of PARTITIONhas a solution. Indeed, ifthis instance 
has a solution Xi, then we take these Xi, to = 0, and ti = SI . Xl + ... + Si . Xi. 
Vice versa, let y = O. Since Xi E [-1,1], each term 1 - x~ is non-negative. 
Since every other term is a square, the entire function l(x1, ... , Zn, to, ... , tn) 
is non-negative, and hence, the lower endpoint J!.. of its range is non-negative 
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too. If this minimum is 0, this means that f(x1,"" Xn , to, ... , tn) = 0 for 
some values Xi and ti. The sum ofnon-negative terms can be equal to 0 if and 
only if every term in this sum is equal to O. Thus, for every i, x1 = 1 (i.e., 
Xi E {-1, 1}), to = 0, ti = ti-1 + si' Xi, and tn = O. From these equations, 
we conclude, by induction, that ti = SI . Xl + ... + Si . Xi, and therefore, the 
equation t n = 0 means that SI . Xl + ... + Sn . Xn = 0, i.e., that Xi 's are indeed 
the solution to the given instance to the PARTITION problem. 

This reduction proves that the problem of computing the range exactly is NP
hard. Let us now show that the problem of computing this range approximately 
is also NP-hard. For that, let us first show that for appropriate positive 6 < 1, 
if, for the above range estimation problem, y ~ 62 , then the given instance 
of PARTITION has a solution. Indeed, let Y-= f(xl, ... , Xn, to, ... , tn ) ~ 62 • 

Since fex}, ... , Xn , to, ... , tn) is the sum ofnon-negative terms, we can conclude 
that each of these terms is ~ 62 • 

In particular, we have 1 - x1 ~ 62 , hence, x1 ~ z = 1 - 62 , and since Vz ~ z 
for z ~ 1, we have lXi I ~ Vz ~ z = 1 - 62 • Since we assumed that Xi E 
Xi = [-1,1], we conclude that lXii ~ 1. Thus, if we define the sign of Xi by 
Xi = sign(Xi) = ±1, we conclude that lXi - Xii ~ 62 • We will show that the 
values Xi form a solution to the PARTITION problem, i.e., that the (integer
valued) sum S = E Si' Xi is equal to O. 

Indeed, for other terms q2 from f(xl, ... , Xn , to, ... ,tn), from q2 ~ 62 , we 
conclude that Iql ~ 6. In particular, Itol ~ 6, Iti - Xi . Si - ti-tl :S 0, and 
Itnl ~ 6. We can represent the sum SI' Xl + ... + Sn' Xn as folIows: 

n n 

E Si . Xi = to + E(ti - Xi . Si - ti-I) - tn· 
i=1 i=l 

Therefore, 
n n 

LSi' Xi ~ Itol + L Iti - Xi' Si - ti-tl + Itnl· 
i=l i=l 

Each of the terms in the right-hand side is bounded by C, so I ESi . xii ~ 
(n + 2) . C. Similarly, from 

we conclude that 
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Replacing I I: Si . Zi I and lXi - Zi I by their known upper bounds, we conclude 
that 

ISI ::; (n + 2) . 6 + ~)Si I . 62 = (n + 2) . 6 + 8 . 62 • 

Thus, if we take 6 for which (n + 2) ·6 + 8 . 62 < 1, we will be able to conclude 
that Isl < 1, and, since S in an integer, to conclude that S = o. 

It is easy to choose such 6: e.g., we can choose 6 for which n + 2) . 6 ~ 1/3 
(i.e., 6 ~ 1/(3. (n + 2))) and 8.62 ::; 1/3, i.e., 6 ~ 1/(38). To satisfy 
both inequalities, we can take, e.g., the smallest of the required upper bounds: 
6 = min{1/(3· (n + 2)), J1/(38)}. 

For this 6, we have proven that if y ~ 62 , then the corresponding instance 
of PARTITION problem has a solution. We already know that in this case, 
y = O. So, if the original instance of the PARTITION problem has a solution, 
then y = 0; otherwise, y > 62 • Hence, if we can compute y with an accuracy 
co = 0.5.62 , we will be ~ble to tell whether the given insta;ce of PARTITION 
problem has a solution or not. Therefore, for this co, computing the bounds 
y and y with an accuracy co is an NP-hard problem. Then, for an arbitrary 
~ > 0, we can consider a function (c/co) . I(Zl, ... , Zn, to, ... , t n). Computing 
the lower endpoint for this function with accuracy c is equivalent to computing 
the lower endpoint for the original function I(Zl, ... , Zn, to, ... , tn) with an 
accuracy co and is, therefore, also NP-hard. The theorem is proven. 

Proof of Theorem 5.4. To prove this theorem, we will use reduction of the 
same PARTITION problem as in the proof of Theorem 5.3. For each instance 
Sl, ... ,Sn of PARTITION, we consider the following quadratic function of n 
variables: 

n 

I(Zl, ... ' zn) = ~)1 - zn + (Sl . Zl + ... + Sn . zn)2 
i=l 

for Zi E Xi = [-1,1]. One can easily see that the corresponding matrix is 
almost sealar. 

Similarly to the proof of Theorem 5.3, this function I(Zl' ... , zn) is the sum 
of non-negative terms and therefore, y ~ o. If Zl, .•. , Zn form a solution to 
the PARTITION problem, then for these Zi, I(Zl, ... ,Zn) = 0 and hence, 
y = O. Viee versa, if y = 0, then 1 = 0 for some values Zl, ... ,Zn, for which, 
therefore, Zi E {-I, 11 and I: Si . Zi = O. So, PARTITIONis indeed reducible 
to the problem of exactly computing the range of I(Zl, ... , zn). Similarly to 
the proof of the previous theorem, this reduction also works for approximate 
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computations. Thus, the problem of computing the range is indeed NP-hard 
for quadratic functions with almost scalar matrices. The theorem is proven. 

Proof of Theorem 5.5. This theorem easily follows from the general results 
ab out matrices that we will prove in Chapters 21 and 22. Namely, let us 
consider an arbitrary bilinear function and intervals Xi = Yi = [-1,1]. A 
bilinear function is, by definition, linear in each of the variables Vi. Thus, for 
fixed Z1. ... , Zn, the largest possible value ofEi; aWZi·V; = Ei vdE· aWz;) 
over Vi E [-1,1] is equal to Ei 1 E; ai; . Z; I. in algebraic terms, if ~ take a 
matrix A with elements ai;, this expression is the lI-norm IIAzih of the vector 
Az. Thus, the desired maximum of the bilinear form is equal to the largest 
possible value ofthis expression for all vectors z E [-1, l]n. In Chapter 21, we 
show that this largest possible value coincides with a matrix norm IIAlloo,l of 
the matrix A. Thus, the maximum of a bilinear function for Xi = Yi = [-1,1] 
is equal to the matrix norm. In Chapters 21 and 22, it is shown that computing 
this norm (even approximately) is NP-hard. The theorem is proven. 

Proof of the comment about narrow intervals. To prove Theorem 3.2, 
we reduced the variables Zi that take values from arbitrary intervals Xi to new 
variables Vi that take values from narrowintervals Yi (that are either degenerate 
or equal to [1-6,1+6]); the corresponding reduction was linear: Zi = Pi ·Vi+qi 
for some rational numbers Pi and qi. If we substitute these expressions for Zi 
into a quadratic function I(zl, ... , zn) = ao + E ai ·Zi + E ai; ·Zi ·Z;, we get a 
new quadratic function F(Vl, ... , Yn) = a~ + E a~ . Yi + E a~; . Vi· V;, with a~; = 
aij . Pi . p;. It is easy to see that if the original matrix aij is 3-band or bilinear, 
then the resulting matrix a~; is also 3-band, or, correspondingly, bilinear. Thus, 
for narrow input intervals, the basic problem of interval computations for 3-
band (correspondingly, for bilinear) matrices are NP-hard. 

To prove a similar result about almost scalar matrices, we will take into con
sideration that in our proof of Theorem 5.4, all the variables Zi take the values 
from the same interval [-1,1]. Therefore, for all i, we have the same linear 
transformation: PI = ... = Pn = p. The resulting new matrix a~; is, therefore, 
equal to p2 • ai;. Hence, whenever the original matrix was almost scalar, the 
new matrix is almost scalar as well. Thus, the basic problems of interval com
putations for almost scalarmatrices and narrow input intervals is also NP-hard. 
The comment is proven. 
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6 
BASIC PROBLEM OF INTER VAL 

COMPUTATIONS FOR 
POLYNOMIALS WITH BOUNDED 

COEFFICIENTS 

In Chapter 3, we showed that the basic problem of interval computations is 
NP-hard for polynomials /(X1, ... , xn ). In the prooE, we did not restrict the 
values of the coeflicients. In this chapter, we show that the problem remains 
NP-hard ifwe only consider polynomials with coeflicients 0,1,2, and 3. 

The main result of this chapter was obtained in collaboration with 
G. Heindl. 

Theorem 6.1. 

• For quadratic polynomials, the basic problem 0/ interval computations re
mains NP-hard i/ we allow only polynomials with coefficients 0, 1,2, and 3. 

• For cubic polynomials, the basic problem 0/ interval computations remains 
NP-hard i/ we allow only polynomials with coefficients ° and 1. 

Comment. We do not know whether for quadratic polynomials, we can üse 
only 0 and 1 (or at least 0, 1, and 2) and still get NP-hardness. 

Proof of Theorem 6.1. For cubic polynomials, the result is easy to prove: 
for every m, we can take the cubic polynomial 

ao + a1 . Zl + ... + a m . Zm + an . Zl . Zl + a12 • Zl . Z2 + ... + a mm . Zm • Zm 

with n = m + 1 + m + m2 (= m2 + 2m + 1) variables Xl, ••. , X n : 
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All the coefficients of this polynomial are equal to ° or to 1. When ai and aij 

are numbers, i.e., degenerate intervals, then the basic problem for the function 
f(Xl, ... , x n ) reduces to the basic problems for a generic quadratic polynomial, 
which is known to be NP-hard. The result about cubic polynomials is thus 
proven. 

Let us prove the result about quadratic polynomials. Similarly to the proof 
of Theorem 3.1, we can show that a 3-CNF formula F = F l & ... &FIe with 
v Boolean variables Zl, ... ,Zf} (where each Fj is a disjunction of two or three 
literals), is satisfiable if and only if y = 0, where y is the lower endpoint of the 
polynomial --

f} Ie 

f(Xl, ... , Xf},pl, ... ,Pie, ql,···, qle) = ~ Xi· (1 - Xi) + ~ f[Fj]2, 
i=l j=l 

for the intervals Xi = Pj = 'li = [0,1], where: 

• for Fj = a V b, f[Fj] = fra] + f[b] + Pj - 2; 

• for Fj = a V b V c, f(Fj ] = fra] + f[b] + f[c] + Pj + qj - 3, 

f[z;) = Xi, and f[-'Zi] = 1- Xi· 

Comment. The only difference between this polynomial and the polynomial 
described in the proof of Theorem 3.1 is that there, we had f[Fj] = fra] + 
f[b] + f[c] + 2pj - 3 for disjunction Fj of the type a V b V c. 

If we substitute the expressions for J[a] into f[Fj], we conclude that each term 
f[Fj] has either the form Pj + c(j, 1) . Xi(j,l) + c(j, 2) . Xi(j,2) + Cj or the form 
Pj + qj + c(j, 1) . Xi(j,l) + c(j, 2) . Xi(j,2) + c(j, 3) . Xi(j,3) + Cj for c(j, k) = ±1 and 
for some constant Cj. 

The coefficients of the above-described polynomial can be arbitrarily large: 
e.g., the constant coefficient is the sum of several terms. To decrease these 
coefficients to the desired values, we will change the names of v variables Xi to 
XiO, introduce new variables: 
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• for every j = 1, ... , k, a new variable kj whose interval value is k j = [Cj, Cj]; 

• for every i = 1, ... , v, and for every j = 1, ... , k, two new variables Zij 

and Yij, with Xij = [0,1] and Yij = [-1,0], 

and consider the following new polynomial: 

v v k v k k 

L ZiO . (1- ZiO) + L L(Zi,j-1 + Y,j)2 + L L(Yi,j + Zij)2 + L GJ, 
i=1 i=1 j=1 i=1 i=l i=l 

where, depending on the number of lierals in Fj , 

or 
Gj = Pj + qj + Ti(j,l),j + Ti(j,2),j + Ti(j,3),j + ki, 

and Tij denotes either Zij or Y,j depending on whether the corresponding term 
c: is equal to 1 or to -1. 

Let us first show that if we open all the parentheses, we will get a polynomial 
with coefficients 0, 1, 2, and 3. Indeed, this is a quadratic polynomial, and it 
has no constant terms; its only linear terms are ZiO (with coefficient 1), and all 
other terms are either products of two different variables, or squares. 

• Each product of different variables comes from some square. For every two 
different variables, there is at most one squared term with these two terms, 
so, the coefficient at this product is either 0 (if there is no such term at 
all) or 2 (if there is exactly one such term). 

• The square of each variable Pj, qj, and kj occurs only once; so, these 
squares come with coefficient 1. 

• Each square z~i comes from no more than 3 terms: (Yi,j + Zij)2, 

(Zi,j + Yi,j +1)2, and, possibly, G;' Thus, the coefficient at Z~ is equal to 
0, 1, 2, or 3. 

• Similarly, the coefficient at Y~j is equal to 0, 1, 2, or 3. 

Thus, G is the polynomial with the desired values of the coefficients. 
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Let U8 show that the lower endpoint Y of the range of this polynomial G is equal 
to 0 if and only the original formula-F is satisfiable. Indeed, since :l:iO E [0,1], 
this polynomial is always non-negative. Therefore, the lower endpoint Y of its 
range is always ~ o. It can be equal to 0 if and only if each ofthe non-negative 
terms that sum up to G are equal to 0, i.e., if: 

• :l:iO • (1 - :l:iO) = 0; 

- hence, :l:iO = 0 or :l:iO = 1; 

• Yij = -:l:i,j-1 and :l:ij = -Yij; 

- hence, :l:ij = -(-:l:i,j-1) = :l:i,j-1. and therefore, :l:ij = :l:iO and Yij = 
-:l:iO; 

• Gj = 0; 

- hence, due to the definitions of Gj and ![Fj], we can conclude that 
![Fj] = O. 

Similarly to the proof of Theorem 3.1, one can then prove that the formula F 
is satisfiable. 

Vice versa, if the formula F is satisfiable, we can take Pj and :l:j as in Theo
rem 3.1, and then take qj = Pj, k j = Cj, :l:ij = :l:iO = :l:i, and Yij = -:l:in. One 
can easily check that for these values, G = 0 and therefore, '!l = o. 

So, we have reduced the NP-hard prop08itional satisfiabilty problem to the 
problem of computing the range for quadratic polynomials with coefticients 0, 
1,2, and 3. Thus, this range computing problem is also NP-hard. The theorem 
is proven. 
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7 
FIXED DATA PROCESSING 

ALGORITHMS, VARYING DATA: 
STILL NP-HARD 

In Chapter 3, we showed that ifwe consider arbitrary polynomia.ls and arbitrary 
input interva.ls, then the corresponding interva.l computation problem is NP
hard. In this chapter, we show that this problem remain NP-hard if we fix a 
sequence ofpolynomiaJs In(Zl,"" zn) (one for each n) and consider arbitrary 
(narrow) input intervaJs. 

In terms of data processing, this means that we fix the data processing 
a.lgorithm and consider arbitrary input data. 

Motivations. In Chapter 3, we showed that if we consider arbitrary polynomi
als and arbitrary input intervals, then the corresponding interval computation 
problem is NP-hard. In data processing terms, polynomials correspond to data 
processing algorithms, and input intervals represent input data. In these terms, 
the result from Chapter 3 means that if we allow arbitrary data processing al
gorithms and arbitrary input data, then the corresponding problem is NP-hard. 

A natural question is: what if we fix a data processing algorithm and allow 
arbitrary input dataj will the problem still remain NP-hard? Of course, if we 
fix a sequence of linearfunctions In(Zl, ... , zn), then the corresponding interval 
computation problem is feasible (even linear time). So, the real quest ion is: Is 
it possible to choose a sequence In(Zl,"" Zn) in such a way that for this 
sequence, the interval computation problem remains NP-hard? Our answer is: 
Yes, it is possible. 

Theorem 7.1. There exists a sequence 01 cubic polynomials In(zl, ... , zn) 
with rational coefficients lor which the basic problem 01 interval computations 
is NP-hard. 

83 

rohn@cs.cas.cz



84 CHAPTER 7 

Comments. 

• In other words, the problem of computing the range fn(X1,"" xn ) for 
given intervals Xl, ... , Xn is NP-hard. 

• This problem remains NP-hard even if we only allow narrow intervals Xi 

and if we only want to compute the results approximately: 

Theorem 7.2. There exists a sequence of cubic polynomials fn(xl, ... , xn) 
with rational coejJicients such that for every c > 0 and for every b > 0, the 
c- approximate basic problem of interval compuüitions is NP-hard for poly
nomials fn(X1,' .. , xn) and for intervals Xi that are absolutely and relatively 
b-narrow. 

Arbitrary fn(Xl, ... , Xn), Fixed fn(X1, ... , Xn), 
arbitrary intervals Xi abritrary intervals Xi 

Linear Linear time Linear time 
fn(xl, ... , xn) 
Quadratic NP-hard ? 
fn(xl, ... , xn) 
Cubic NP-hard NP-hard 
fn(xl, ... , xn) 

Proof of Theorem 7.1. As a desired sequence of cubic functions 
fn(xl, ... , xn), we will take the functions 

aa + al . Zl + ... + am . Zm + an . Zl . Zl + a12 . Zl . Z2 + ... + amm . Zm . Zm 

with n = m + 1 + m + m2 (= m2 + 2m + 1) variables Xl, ... ,Xn: 

Xl = Zl,.··, Xm = Zm, Xm+1 = aa, Xm+2 = al,···, X2m+l = am, 

X2m+2 = an, X2m+3 = a12, ... , Xn = amm · 

When ai and aij are numbers, i.e., degenerate intervals, then the basic problem 
for the function fn(X1,.' .,xn) reduces to the basic problems for a generic 
quadratic polynomial, which is known to be NP-hard (Theorem 3.1). The 
theorem is proven. 

Proof of Theorem 7.2. This theorem similarly follows from Theorem 3.2, 
if we take into consideration that every degenerate interval is (automatically) 
absolutely and relatively b-narrow. 
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8 
FIXED DATA, VARYING DATA 

PROCESSING ALGORITHMS: 
STILL INTRACTABLE 

In Chapter 3, we showed- that if we consider arbitrary polynomials and arbitrary 
input intervals, then the corresponding interval computation problem is NP
hard. In the previous chapter, we showed that if we fix polynomials and allow 
arbitrary intervals, then the problem remains NP-hard. In this chapter, we 
show that if we instead fix intervals and allow arbitrary polynomials, then the 
problem also remains intractable. 

In terms of data processing, this means that if we fix the data and consider 
arbitrary data processing algorithms, the basic problem is NP-hard. 

Motivations. In Chapter 3, we showed that if we consider arbitrary polynomi
als and arbitrary input intervals, then the corresponding interval computation 
problem is NP-hard. In data processing terms, polynomials correspond to data 
processing algorithms, and input intervals represent input data. In these terms, 
the result from Chapter 3 means that if we aHow arbitrary data processing al
gorithms and arbitrary input data, then the corresponding problem is NP-hard. 

In the previous chapter, we have shown that this problem remains NP-hard if 
we fix a sequence of data processing algorithms and aHow arbitrary input data. 
In this chapter, we show that the problem remains intractable if, instead, we 
fix the input data (i.e., the intervals Xi) and allow arbitrary data processing 
algorithms. 

Theorem 8.1. There exists a sequence of intervals x~O), ... , x~O), ... with ratio
nal endpoints for which the basic problem of interval computations is NP-hard 
for quadratic polynomials f(xl,"" xn) with rational coefficients. 
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Comments. 

• In other words, for these intervals x~O), the problem of computing the 

range I (xlO), ... , x~O») of a given quadratic polynomial l(z1, ... , zn) is 

NP-hard. 

• This problem remains NP-hard even if we only allow narrow intervals x~O) , 
and if we only want to compute the results approximately: 

Theorem 8.2. For every 6 > 0, there exists a sequence of intervals 
xlO) , ... , x~O), ... with rational endpoints, each of which is absolutely and rela
tively 6-narrow and for which, for every e > 0, the e-approximate basic problem 
of interval computations for quadratic polynomials f(z1, . .. , zn) with rational 
coefficients is NP-hard. 

The results from this chapter and hom the previous Chapter 7 can be repre
sented by the following table: 

Arbitrary In, Fixed In, Arbitrary In, 
arbitrary Xi arbitrary Xi fixed x~O) 

I 

Linear Linear time Linear time Linear time 
In(ZI, ... ,Zn) 
Quadratic NP-hard ? NP-hard 
In(Z1' ... ' zn) 
Cubic NP-hard NP-hard NP-hard 
In{Zl, ... , zn) 

Proof of Theorems 8.1 and 8.2. We can take x~O) = [1 - 6, 1 + 6] for every 
ij for this choice, Theorems 8.1 and 8.2 follow from the proof of Theorem 3.2. 
The theorems are proven. 
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9 
WHAT IF WE ONLY ALLOW SOME 

ARITHMETIC OPERATIONS IN 
DATA PROCESSING? 

In the previous chapters, we analyzed the basic problem of interval computa
tions for polynomials !(Xl, ... , xn ). A polynomial can be defined as a function 
obtained from (rational) numerical constants and variables by using arithmetic 
operations +, -, and *. A natural question analyzed in this chapter is: What 
if we only allow some of these operations? 

9.1. Definitions and the Main Results 

For general polynomials !(Xl, ... , xn ), the basic problem of interval compu
tations is NP-hard. Polynomials can be defined as functions obtained from 
(rational) numbers and variables Xl, ... , X n by applying three arithmetic oper
ations: addition +, subtraction -, and multiplication *. It is therefore natural 
to ask: What if we only allow same of these operations? Will the problem 
remain intractable? In this chapter, we will answer this question. 

Definition 9.1. Let 0 ~ {+, -, *} be a non-empty set of arithmetic oper
ations. By an O-polynomial, we mean a function that can be obtained from 
rational constants and from the variables Xl, ... , X n by applying operations 
from the set O. 

In the set {+, -, *} of all possible arithmetic operations, there are seven non
empty subsets 0: {+}, {-}, {*}, {+,-}, {+,*}, {-,*}, and {+,-,*}. The 
following theorem describes the complexity of interval computations for the 
corresponding O-polynomials: 
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Theorem 9.1. 

• If the. set 0 contains multiplication and at least one more operation, then 
for O-polynomials, the basic problem of interval computations is NP-hard. 

• For every other set 0, there exists a polynomial-time algorithm that solves 
the basic problem of interval computations for all O-polynomials. 

If, instead of arbitrary rational constants, we only allow non-negative constants 
(and, correspondingly, positive intervals, i.e., intervals with non-negative end
points), the results are slightly different: 

Definition 9.2. Let 0 ~ {+, -, *} be a non-empty set of arithmetic oper.
tions. By a positive O-polynomial, we mean a function that can be obtained 
from non-negative rational numbers and from the variables Xl, ... ,Xn by ap
plying operations from O. 

Theorem 9.2. 

• For positive {-, * }-polynomials and positive intervals, the basic problem of 
interval computations is NP-hard. 

• For positive {+, -, * }-polynomials and positive intervals, the basic problem 
of interval computations is NP-hard. 

• For every other set 0, there exists a polynomial-time algorithm that solves 
the basic problem of interval computations for all positive O-polynomials 
and for all positive intervals. 

The corresponding results can be described by the following table: 
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Set 0 of Arbitrary Positive 
possible operations O-polynomials O-polynomials 

and arbitrary and positive 
intervals intervals 

{+} Linear time Linear time 
{-} Linear time Linear time 
{*} Polynomial time Polynomial time 
{+,-} Linear time Linear time 
{+,*} NP-hard Polynomial time 
{-,*} NP-hard NP-hard 
{+,-,*} NP-hard NP-hard 

Proofs 

Proof of Theorem 9.1. If we only allow + and -, then the resulting 0-
polynomials are linear functions, and for linear functions, the basic problem of 
interval computations can be solved in linear time. 

If we only allow multiplication, i.e., if 0 = {*}, then the general O-polynomial 
takes the form !(Xl,"" X,.) = r·x~l .... ·x~ .. for some non-negative integers ai. 
For each i, we can easily describe the set Xi of all possible values of Xi = X~i 
when Xi E ~, Xi]: 

• If ai is odd, or if ai is even and ~i ~ 0, then the function xGi is strictly 
increasing on the intervals Xi = ~,Xi], and therefore, Xi = [(~)Gi, (Xi)Gi). 

• If ai is even and Xi ~ 0, then the function xGi is strictly decreasing on the 
interval Xi, and therefore, Xi = [(Xi)Gi,(~)Gi]. 

• If ai is even and ~ ~ 0 ~ Xi, then Xi = [O,max{(~)Gi, (Xi)Gi}]. 

The desired interval y of possible values of y = r· Xl ..... X,. can be obtained 
if we apply naive interval computations: y = r . Xl ..... X,.. 

If we allow + and *, then we can get an arbitrary polynomial with rational 
coefficients, and for arbitrary polynomials, the basic problem of interval com
putations is NP-hard. (Therefore, the problem is also NP-hard if we allow -
in addition to + and *.) 
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If 0 = {-, *}, then we also get NP-hardness, because by using - and *, we can 
get + as a + b = a - (0 - b) and thus, every polynomial with rational coefticients 
can also be represented by using only - and *. The theorem is proven. 

Proof of Theorem 9.2. Since positive O-polynomials form a particular case of 
O-polynomials, polynomial-time algorithmsknown for arbitrary O-polynomials 
are applicable to positive ones as weH. Thus, from Theorem 9.1, we get the 
feasibilityfor 0 = {+}, 0 = {-}, 0 = {+,-}, and 0 = {*}. 

If we only allow + and *, then the resulting polynomials are monotonely non
decreasing in each variable; therefore, when Zi E ~,Zi], the smallest possible 
value of f(z1, ... , zn) is attained when Zi = !!I; for all i, and the largest possible 
value of Zi is attained when Zi = Zi for all i. Thus, the desired range is easy 
to compute: 

For 0 = {+, -, * }, we can get an arbitrary polynomial with rational coefti
dents, and for arbitrary polynomials and positive intervals, NP-hardness was 
proven in Theorem 3.2. If 0 = {-, *}, then we also get NP-hardness, because 
(as we have mentioned in the proof of Theorem 9.1) by using - and *, we can 
get + as a + b = a - (0 - b) and thus, every combination of +, -, and * can 
also be represented by using only - and *. The theorem is proven. 

Comment. In our proofs, we used monotonicity of the function f(z1, . .. , zn). 
Monotonidty has indeed been successfully used in interval computations: see, 
e.g., Collatz [70, 71], Lakshmikantham et al. [247], Walter [423], Harrison [141], 
Moore [291], Schröder [383], Rall [335], Mannshardt [270], Dimitrova et al. [91], 
Markov [273]. 
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FOR FRACTIONALLY-LINEAR 

FUNCTIONS, 
A FEASIBLE ALGORITHM SOLVES 

THE BASIC PROBLEM OF 
INTERVAL COMPUTATIONS 

In Chapter 3, we have shown that while the basic problem of interval computa
tions is feasible for linear functions f(2:l, ... , 2:n), for quadratic functions, this 
problem is already NP-hard. In this chapter, we show that for another natural 
generalization of linear functions, namely, for fractional-linear functions, the 
situation is much better: there exists a feasible algorithm that solves the basic 
problem of interval computations for such functions. 

We have already mentioned that the basic problem of computing an interval 
f(Xl, ... , x n ) is feasible for linear functions f(Xl, ... , xn). Can we generalize this 
result? There are two natural generalizations of linear functions: 

• quadratic functiollSj for them, as we have shown, the basic problem is 
NP-hard; 

• fractionally linear functions, i.e., functions of the type 

f( ) aO+alxl+ .. ·+anxn 
Y = Xl, ... , X n = ; 

bo + blXl + ... + bnxn 

these functions occur in many practical applications such as measuring 
instruments, intelligent control, etc. (see, e.g., Krotkov et al. [240, 241], 
Gerasimov et al. [123, 124], Mazin et al. [278, 279], Trejo et al. [415], 
Lea et al. [249]); let us show that for such functions, the basic problem is 
feasible. 
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Definition 10.1. By a basic interval computation problem for fractionally 
linear functions, we mean the following problem: 

GIVEN: 

• a positive integer n > 0; 

• n + 1 rational numbers ao, at, ... , an; 

• n + 1 rational numbers bo, bl , ... , bn ; 

• n intervals Xl, ... ,Xn with rational endpoints; 

COMPUTE: the range y = f(Xl, ... ,xn) ofthe function 

f( ) ao + alXl + ... + anxn 
Y = Xl, ... , X n = b b . 0+ lXl + ... + bnxn 

Definition 10.2. We say that an instance of the baßic interval computation 
problem for a fractionally linear function is non-degenerate if 

oft bo + bl . Xl + ... + bn . Xn · 

Comment. If an instance is not non-degenerate, then the interval of possible 
values of the denominator contains 0, and therefore, the set of all possible 
values of the fractions contains 00. So, the range is a (finite) interval only if 
the instance is non-degenerate. 

Definition 10.3. We say that an algorithm computes the optimal enclosure 
for a fractionally linear problem, if it computes the endpoints y and y of the 
range y = f(Xl, ... , x n). -

Theorem 10.1. (Lea et al. [249]) There exists an algorithm that computes the 
optimal enclosure for an arbitrary non-degenerate fractionally linear problem 
in quadratic time (i.e., in computation time ~ Cn2). 

Comment. So, the basic problem of interval computations is feasible for frac
tionally linear functions. In Lea et al. [249], this result is applied to intelligent 
control problems. 

This result can be represented aß a table: 
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Function f(XI, ... , x n ) Computational complexity 
of the corresponding basic problem of 
interval computations 

Linear f Linear time 
Quadratic f NP-hard 
Fractionally-linear f Quadratic time 

Let us first describe the algorithm. This algorithm consists of 6 steps, which 
we will number Steps 0 through 5. In this algorithm, we will assume that the 
expression alb has a meaning not only for b =I 0, but for b = 0 as weIl: for 
a < 0, a/O means -00; for a > 0, it means +00. 

ALGORITHM. 

O. Eliminating irrelevant variables. If 
we eliminate the variable Xi. 

number of variables again by n.) 

for some i, we have ai = bi = 0, 
(And we denote the resulting new 

1. Making adenominator positive. If bo + L: bi · ~ < 0, change the signs 
of all the coefficients, Le., set arew = -ai and brew = -bi 
for all i. 

2. Making the coefficients in the denominator non-negative. For all i = 
1, ... , n, if bi < 0, replace Xi with the new variable xrew = -Xi, 

change the signs of the coefficients a; and b; (areW = -ai and 
brew = -bi), and change X; = ~,x;] to xrew = [-Xi, -~] . 

3. Eliminating degenerate variables. If a;jb; = aj /bj for some i I
j, and Ib;1 ~ Ibj I, replace two variables X; and Xj with a single 
variable xrew , for which b; and a; stay the same as before 
(brew = b; and anew = a;), and for which xrew = X; + (aj / a;)xj . 
(And we denote the resulting new number of variables again by n.) 

4. Ordering the variables. Order the variables X; in the increasing 
order of the corresponding ratios ai/bi, so that: 
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5. Computing 1l and y. Compute y = max(Yo, Y1' ... , Yn)' where 

Compute 1l = min(llo' 1l1 ' ... , 1l,,), where 

Example. Let n = 2, Xl = X2 = [1,2], 

In this case, the interval 1 + [1,2] - 4[1,2] = [-6, -1] does not contain 0, so, 
the problem is non-degenerate. Let us apply the above algorithm: 

0. This function does not have any irrelevant variables, so we move directly 
to Step 1. 

1. Since bo + E bi . ~i = 1 + 1 - 4 = -2 < 0, we change the signs of all the 
coefficients. As a result, we arrive at the following problem: Xl = X2 = 
[1,2], 

-1- Xl - X2 
/(x) = . 

-1- Xl +4X2 

2. The coefficient bi is negative for i = 1, so for this i, we introduce the new 
variable, and correspondingly change the coefficients a1, b1 and the interval 
Xl. As a result, we get the following problem: Xl = [-2, -1], X2 = [1,2], 

/(X) = -1 + Xl - X2 . 

-1 + Xl + 4X2 

3. The values al/b1 = 1 and a2/b2 = -1/4 are different, so, we do nothing 
at this step. 

4. Since al/bi> a2/b2, we change the order of the variables. As a result, we 
get the following problem: Xl = ~1' Xl] = [1,2], X2 = ~,X2] = [-2, -1], 

/(x)= -1- X 1+ X2. 

-1 + 4X1 + X2 
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_ -1 - 2 + (-1) -4 2 
Yo = -1+8+(-1) =""'6 = -a' 
_ -1 - 1 + (-1) -3 3 
Yl = -1 + 4 + (-1) = 2"" = -2" 
_ -1-1+(-2) -4 
Y2= -1+4+(-2) = 1=-4. 

Henee, y = -(2/3). We also compute 1l. as 1l. = min(1l.o' 1l.1 ' 1l.a)' where: 

-1-1+(-2) -4 
1l.o = -1+4+(-2) = 1 = -4, 

-1-2+(-2) -5 
1l.1 = -1 + 8 + (-2) = "5 = -1, 

-1 - 2 + (-1) -4 2 
1l.2 = -1+8+(-1) =""'6 = -a· 

So, 1l. = -4, and y = [-4, -(2/3)]. 

Proof. Let us denote the numerator ofthe function !(Zl, ... ,Zn) by N, and 
its denominator by D. Let us first prove that Steps 1-4 do not change the 
problem: 

• Step 1. If we change the signs of aJl the coefficients ai and bi, then both 
numerator and denominator will change signs, and the ratio will remain 
unchanged. 

• Step 2. If we rename the variable Zi = -zrew , then the values ai and. bi, 
and the interval of possible values of zrew must be changed accordingly. 

• Step 3. If ai/bi = aj/bj, then aj/ai = bj/bi. Therefore, 

bi . Zi + bj . Zj = bi . (Zi + (bj /bi) . Zj) = bi . (Zi + (aj lai) . Zj), 

and ai . Zj + aj . Zj = bi· (Zj + (aj/aj). Zj). Therefore, we can replace the 
terms aj ·zj+aj ·Zj and bi .Zi+bj ·Zj that depend on Zi and Zj with ai ·zrew 

and bj • zrew , where the new variable zrew is equal to zrew = Zi + (aj / ai)z j. 
If Zj E Xj and Zj E Xj, then the set xrew of possible values of the new 
variable is equal to xrew = Xi + (aj / aj) . Xi. 
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• Step 4. Renaming the variables does not change the problem. 

In view of Steps 1-4, we can assurne that bi ~ 0, and that the ratio a;jbi is 
increasing as i increases. 

After Step 1, we can be sure that the value of the denominator D is positive at 
least for one combination of Xi EXi; since the problem is non-degenerate, the 
denominator cannot attain 0, and hence, it is always positive. 

The function I(xl, ... , xn) is a continuous function defined on a compact set 

Therefore, its maximum y is attained at some point (x~pt, ... , x~pt): 

- _ I( opt opt) _ Dopt 
Y - Xl , ... , xn - Nopt· 

The function f(xl, ... , xn ) is smooth; therefore, if for some i, the value x~Pt 
is inside the interval ~,Xi] (i.e., x?t E (~, Xi)), then i-th partial derivative 
must be equal to 0: 

81 -8 (Xl, ... , Xn)l ___ opt ___ opt = o. 
Xi """1-4<01 " •• ,"""n.-"', 

Applying the formula for the derivative of the fraction, we conclude that 

hence, a;jbi = Nopt j Dopt = y. In this case, if we replace Xi with~, then, the 
al IY - D( opt opt opt opt) fth d . t D ·11 new v ue - xl' ... ' Xi_l'~' Xi+l' ... ' X n 0 e enomlna or Wl 

be equal to 

D' = D(x?t, ... , x~~i, x?t, x~~i, ... , x~pt) + bi . (~ _ x?t) 

= Dopt + bi . (~ _ x~pt). 

S· ·1 1 th al N' - N( opt opt opt opt) f th Iml ar y, e new v ue - Xl' ... ' X;_l'~' X;+l' ... ' X n 0 e nu-
merator N will be equal to N' = Nopt + ai . (~ - x?t). Since Nopt = Dopt. y 
and a, = b, . y, we conclude that 

Hence, the value l(x~Pt, ... ,x?t,~,x~~~, ... ,x~Pt) = D'jN' is equal to the 
maximum y of the function I(xb ... , xn ). 
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Therefore, iffor some i, z~pt E (~, Xi), we can change this value z?t to ~ and 
still get a point at which the function l(zl, ... , Zn) attains its maximum. So, 
without losing generality, we can assurne that for every i, z?t is either equal 
to~, or to Xi. 

If z?t = ~, then, since the function I( Zl, ... , Zn) attains its maximum for z?t, 
an increase in Zi can either decrease the value of the function l(zl, ... , zn), 
or keep this value unchanged. So, at the optimal point (z~pt, ... , z~pt), the 
function l(zl, ... , zn) must have a non-negative i-th partial derivative 81/8zi . 
This partial derivative is equal to (ai' Dopt - bi . N opt)/(Dopt)2, so, the fact 
that this derivative is non-negative, means that ai . Dopt - bi . Nopt :::; 0, which 
is equivalent to ai . Dopt:::; bi . Nopt. Since Dopt> 0 and bi ~ 0, we can divide 
both sides of this inequality by bi . Dopt, resulting in ai/bi:::; Nopt / Dopt = y. 

Similarly, if z?t = Xi, a decrease in Zi can either decrease the value of the 
function l(zl,"" zn), or keep it unchanged. So, we will get 81/8zi ~ 0, and 
ai/bi ~ y. 

So, for every i, either z?t = ~ and ai/bi:::; Y, or z~Pt = Xi and ai/bi ~ y. 
Hence, if ai/bi< y, we have z~Pt = ~, and if ai/bi> y, we have z?t = Xi. If 
ai/bi = y, then, as above, we can switch from z~pt to !!;,i without changing the 
value of the function l(zl, ... , zn). 

Since after Step 4, the variables are ordered in the order of the ratio ai/bi, this 
means that for all variables Z1."" Zk up to some k-th one, we have z?t =~, 
and for the other variables Zk+1, ... , Zn, we have z~Pt = Xi. In other words, we 
conclude that y = Yk for some k. Hence, 

On the other hand, each value 1Ik is a possible value ofthe function l(zl, ... , zn) 
and is therefore, not exceeding the maximum 11 of the function l(zl, ... , zn). 
So, Yk :::; 11 for all k; hence, 

From these two inequalities, we conclude that Y = max(Yo,···, Yn)' 

The prooffor '!!.. is similar. 
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To complete the proof, we must now show that our algorithm requires quadratic 
time. Indeed, initial steps 1 and 2 require the number of operations that is linear 
in n. Sorting (Step 4) can be done in time nlog2(n) ~ n2 (see, e.g., Cormen et 
al. [76]), and the final step requires us to compute 2( n + 1) expressions '!b, and 
file' each of which requires 4n + 1 arithmetic operations: 2n multiplications, 
2n additions, and 1 division. Totally, we need ~ 2(n + 1)(4n + 1) = O(n2 ) 

arithmetic operations. The theorem is proven. 
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11 
SOLVING INTERVAL LINEAR 

SYSTEMS IS NP-HARD 

In the previous chapter, we showed how to compute the range oE a Eractionally 
linear Eunction f(Xl, ... , xn ) on given intervals Xl, ... , Xn in polynomial time. 
A Eractionally linear Eunction f( Xl, ... , X n ) can be described as a solution oE a 
linear equation (bo + L: biXi)' f = ao+ L: aiXi· The problem oEfinding the range 
oE f is thus equivalent to finding the set oE all possible solutions oE this equation 
when Xi take the values in their respective intervals. A natural generalization 
is, thereEore, the solution oE a system oE linear equations L: aij . !; = bi , where 
the coeflicients aij and bi are linear Eunctions oE the variables that are defined 
with interval uncertainty. 

In this chapter and in the next Chapter 12, we analyze the computational 
complexity and Eeasibility oE solving such intervallinear equations. In most Eor
mulations, this problem is NP-hard, but some particular cases oE this problem 
turn out to be Eeasible. 

11.1. Introduction 

In the previous chapters, we analyzed the computational complexity and fea
sibility of the problem of estimating the range y = f(Xl,"" xn ) of an ex
plicitly given function Y = f(Xl,""Xn) on given intervals Xl, ... ,Xn . In 
terms of data processing, the range estimation problem describes the situ
ation of indirect measurement of y, when we have measured the quantities 
Xi, and from the intervals Xi of possible values of Xi we find the interval 
y of possible values of Y = f(Xl,"" xn). If there are several quantities 
Yl = !1(Xl, ... ,Xn ),·.·,Ym = fm(Xl,""Xn) that we want to measure, then 
we have to estimate the range of each of these variables. 

99 
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In many real-life situations, we do not have the explicit formula that expresses 
each of these variables Yj in terms of Xi; instead, we have implicit formulas, 
i.e., a system of equations Fk(Xl, ... , Xn , Yl, ... , Ym) = 0 that relate Yj and Xi. 

What is the computational complexity and feasibility of the range estimation 
problem for such implicitly defined functions? This is the question that we 
will try to answer in this chapter. Namely, we will show that this problem is 
NP-hard even in the simplest case of systems of linear equations. 

A general system of linear equations with the unknowns Yl, ... , Ym has the form 
Lj aij . Yj = bi. The situation in which we only know the intervals Ilij and b i 

of the possible values of each of the coefficients is called a system 0/ interval 
linear equations and denoted by Lj Ilij . Yj = bio The matrix formed by the 
intervals Bij is called an interval matrix and denoted by A; the vector formed 
by coefficients bi is called an interval vector and denoted by b. In terms of A 
and b, a system of intervallinear equations can be rewritten as Ay = b, where 
we denoted Y = (Yl, ... ,Ym). 

If we only know the intervals of p08sible values of the coefficients, then a vector 
Y = (Yl, ... , Ym) is possible if and only if L aij . Yj = bi (i.e., Ay = b) for some 
aij E Bij and bi E bi. (In the following text, we will sometimes describe these 
component-wise inclusions in a shortened form, as A E A and bEb.) The set 
of all possible vectors is called a solution set of the system of interval linear 
equations. In the interval computations framework, we would like, for each j 
from 1 to m, to describe the interval that contains all possible values of Yj. The 
narrower this interval, the better. Ideally, therefore, we should compute the 
interval Y j = [y., 11J·], where y. is the smallest possible value of Yj for Y E Y, 

-J -J 
and 11j is the largest p08sible value of Yj. If we cannot compute this interval 
exactly, then we would like to compute an enclosure for this interval, i.e., an 
interval Yj = [Uj' Wj] 2 Yj· 

When all the coefficients are precisely known, then we get a problem of solving 
a system of linear equations which can be solved by known polynomial time 
algorithms; see, e.g., Schrijver [382], Cormen [76]. There also exist many good 
algorithms for solving systems of intervallinear equations; see, e.g., Alefeld et 
al. [10], Rump [369], Neumaier [303]. It turns out, however, that each algorithm 
that computes the exact ranges Yj sometimes takes an exponentially long time. 
This fact led to the suspicion that the general problem of computing the exact 
range is not feasible. This problem indeed turned out to be NP-hard. 

Moreover, it is even somewhat more difficult than the problem of computing 
the range for explicit functions; there are two reasons for that: 
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• First, for explicit functions, computing the exact range is difficult, but we 
can always use naive interval computations, and easily get an enc10suTe 
for the range. For intervallinear systems, even computing an enc10sure is 
a diflicult task. 

• Second, before we start finding the range, it is desirable to check whether 
the interval system is consistent at all: it could be that our model is wrong 
and the system is inconsistent, in which case the enelosure makes no prac
tical sense (it can also happen that no finite enelosure is possible because 
the solution set is unbounded). It turns out that not only computing the 
enelosures is NP-hard, but even checking consistency is NP-hard. 

Historical comment. The first NP-hardness result for the problem of solving 
intervallinear systems was proved by Kreinovich, Lakeyev, and Noskov in 1993 
[221, 245, 246]: the problem of computing the bounds exactly for arbitrary 
rectangular (not necessarily square) matrices is NP-hard. Later in 1993, for 
arbitrary rectangular matrices, it was shown (by the same authors) that the 
problem of estimating the range with a given accuracy c > 0 is also NP-hard 
[222]. In that same year (1993), Rohn et al. proved [360] that the problem 
of computing the bounds exactly is NP-hard even for square regular matrices 
(regular means that every matrix aij E 8.;j is nonsingular). On hearing about 
these two results, A. Neumaier conjectured that the problem of computing 
the bounds with a given accuracy is NP-hard even for square regular matrices. 
This conjecture was proven correct in 1995 by Rohn, Lakeyev et al. [355, 220]. 
Finally, it has been recently proven that for every.c > 0 and {) > 0, the problem 
of computing the bounds with an accuracy c for square regular interval matrices 
made of intervals of width ~ {) is also NP-hard: Kahl [167], Rahn [358]. 

11.2. Definitions and Main NP-Hardness Re
sults 

Definitions and NP-Hardness 0/ Checking Consistency 

Definition 11.1. By an intervallinear system, we mean a tuple (m, n, A, b), 
where m and n are positive integers, A is a (m x n )-interval matrix, and b is 
an m-dimensional interval vector. This system will also be written as Ay = b. 
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Definition 11.2. 

• We say that a vector (Y1, ... , Ym) is a possible solution of an intervallinear 
system (m, n, A, b) if, for some values aij E aij and bj E b j , we have 

m 

~ aij . Yj = bj for all i = 1, ... , n 
j=1 

• We say that an interval linear system is consistent if it has a possible 
solution. 

Theorem 11.1. Checking consistency 0/ intervallinear systems is NP-hard. 

Similarlyto Chapter 3, this NP-hardness results is also true for narrowintervals 
Bij and b j : 

Theorem 11.2. (Kahl [167]) For every 0 > 0, the problem 0/ checking consis
tency 0/ intervallinear systems with intervals Bij and bj that are both absolutely 
and relative1y o-narrow is NP-hard. 

Arbitrary absolute Absolutely O-narrow 
accuracy of Bij and b j Bij and bj 

Arbitrary relative NP-hard NP-hard 
accuracy of Bij and bj 
Relatively o-narrow NP-hard NP-hard 
Bij and b i 

Definition 0/ the Solution Interval 

Definition 11.3. Let (m, n, A, b) be an intervallinear systems, and let j ~ m 
be a positive integer. By j-th solution interval yj, we mean a (possibly infinite) 
interval Yj = [Uj' 11j]' where: 

• y. is the smallest possible value of Yj for all possible solutions Y 
-J 
(Y1,"" Yj-l, Yj, Yj+1,"" Ym) ofthe given intervallinear system. 

• 11j is the largest possible value of Yj for all possible solutions y 
(Y1,"" Yj-l, Yj, Yj+l,···, Ym) ofthe given intervallinear system. 
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Comment. The words "possibly infinite" are added to this definition because 
the set of possible solutions can be unbounded: the trivial 1 x 1 example is a 
system consisting of a single equation [-1,1] . Yl = [1,1], for which the set of 
possible values of Yl is (-00, -1] U [1, 00). 

Computing Possibly Infinite Solution Intervals 'ts NP
Hard 

As we have just mentioned, the set of possible solutions can be unbounded; in 
this case, the desired answers y. and y). are infinite. It turns out (see below) 

-) 

that computing these (possibly infinite) values exactly is NP-hard. Mareover, 
it is NP-hard to produce any enclosure to the solution as lang as we require 
that for a finite interval, the enclosure should be finite: 

Definition 11.4. We say that an algorithm produces a possibly finite enclosure 
to the solution Y j = [y., y).] oE an interval linear system iE it produces an 

-) 

enclosure Yj ~ Yj that is finite iE the solution interval Yj is finite. 

Theorem 11.3. (Rahn [352]) The problem 0/ computing a possibly finite en
closure 0/ a given interval linear system is NP-hard. 

Corollary. The problem 0/ exactly computing solution intervals 0/ a given 
intervallinear system is NP-hard. 

Theorem 11.4. (Kahl [167]) For every 6 > 0, the problem 0/ computing a 
possibly finite enclosure 0/ a given intervallinear system with intervals Bij and 
b; that are both absolutely and relatively 6-narrow is NP-hard. 

Corollary. For every 6 > 0, the problem 0/ exactly computing solution inter
vals 0/ a given interval linear system with intervals R;j and b; that are both 
absolutely and relatively 6-narrow is NP-hard. 

rohn@cs.cas.cz



104 CHAPTER 11 

Computing Finite Solution Intervals Exactly 'ts Also 
NP-Hard 

In most practical cases, we are interested in the finite solution intervals; in 
other words, we are interested in solving the following problem: 

Definition 11.5. By a problem of solving intervallinear systems, we mean 
the foflowing problem: 

GNEN: 

• an intervallinear system (m, n, A, b); and 

• a positive integer i ~ m for which i-th solution interval Yj = [ll.j' Yj] 
is finite; 

COMPUTE: the endpoints of i-th solution interval. 

Comment. In short, we want our algorithm to work i/ the solution interval is 
finite. (It is worth mentioning here that, according to the proof of Theorem 
11.3, there is no easy algorithm to check whether a solution interval is finite.) 

Theorem 11.5. The problem 0/ solving intervallinear systems is NP-hard. 

Theorem 11.6. (Kahl [167]) For every 6 > 0, the problem 0/ solving interval 
linear systems with intervals Sij and bi that are both absolutely and relatively 
6-narrow is NP-hard. 

Computing Finite Solution Intervals Approximately 'ts 
NP-Hard 

Since computing finite solution intervals exactly is NP-hard, the natural ques
tion is: is computing the solution intervals approximately feasible or NP-hard? 
In general, it turns out to be NP-hard. 

Finiteness is guaranteed, if, e.g., the interval matrix A is regular in the sense 
that for every A E A, and for every vector b, there is exactly one vector y for 
which Ay = b. This condition is difficult to check (as we will see in the chapters 
about the properties ofinterval matrices, it is even NP-hardto check), but there 
are verifiable properties that guarantee regularity. One of such properties is the 
following property of strong regularity: 
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Definition 11.6. A square interval matrix A = [A-A, A+A] is called strongly 
regular if g(I(A)-IIA) < 1 (where IMI denotes a matrix with elements Imij I, 
and p(M) denotes the spectral radius of a matrix M). 

We will show that the problem of approximately computing the solution inter
vals is NP-hard even if we consider only intervallinear systems with strongly 
regular matrices A: 

Theorem 11.7. Suppose for some real number c > 0, there exists a polynomial
time algorithm which for each strongly regular n x n interval matrix A and 
each b (both with rational bounds) computes rational enclosures [ij' Yj] of the 
solution intervals Yj for which 

for each j with Yj =F O. Then P=NP. 

Theorem 11.8. Suppose for some real number c > 0, there exists a polynomial
time algorithm which for each strongly regular n x n interval matrix A and 
each b (both with rational bounds) computes rational enclosures [ij' Yj] of the 

solution intervals Y j for which IYj - Yj I $ c for all j. Then P=NP. 

So, the problem of approximately computing solution intervals is NP-hard ifwe 
understand "approximately" both in terms of absolute and in terms of relative 
accuracy: 

Computing exact Computing absolutely Computing relatively 
solution intervals c-approximate c-approximate 

solution intervals solution intervals 

NP-hard I NP-hard NP-hard 

Comments. 

• As we explained in Chapter 1, due to book size limitations, we had to omit 
some easily accessible proofs. In particular, we do not present the proofs 
of this theorem and of the following theorems. These proofs are described, 
in detail, in the paper [220] published in Reliable Computing. 

rohn@cs.cas.cz



106 CHAPTER 11 

• If P#NP, then for absolute aeeuraey, not only we eannot eompute enclo
sures with one and the same aeeuraey (i.e., with one and the same bound 
for absolute overestimation) for all n in reasonable time, but even if we 
allow aeeuraey to deerease polynomially with n, we still will not be able 
to eompute these "relaxed-aeeuraey" enclosures: 

Theorem 11.9. Suppose for some polynomial c(n) > 0, there exists a 
polynomial-time algorithm which for each strongly regular n x n interval matrix 
A and each b (both with rational bounds) computes rational enclosures [y" V,,] 

-J 

of the solution intervals Yj for which IVj - Yj I ~ c( n) for all j. Then P=NP. 

Comments. 

• In these three theorems, we ean additionally assurne that all intervals from 
the matrix A and the vector bare absolutely 6-narrow for a given 6> O. 

• Sinee the general problem of solving intervallinear systems is NP-hard, it 
is desirable to find feasible subclasses. We will look for sueh subclasses in 
the next ehapter. 

11.3. Interval Linear Systems with Symmetrie 
Matriees 

Motivation, Definitions, and aBrief History 

In some eases, we know that the aetual (unknown) matrix A is symmetrie 
(aij = aji). In this ease, every known interval bound on an element aij also 
bounds aji, and viee versa. Thus, the interval matrix A (formed by sueh 
interval bounds) is also symmetrie (Rtj = aji), and it is natural to eonsi.der the 
set ysym of all solutions that eorrespond to systems with symmetrie matriees 
only: 

ysym = {ylAy = b for some A E A, bEb, Asymmetrie}. 

For this problem, we want to eompute the symmetrie solution interval yjYm = 
[1f.ym ,1fJ,ym], where 
-J 

y~ym = miny', 
-J y.ym 1 

and f/ym = maxy' , y.ym , 
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Enclosure methods for the symmetrie eaBe were given by Jansson [163] and 
Alefeld and Mayer [9] (see also Alefeld et al. [5, 6, 7, 8]). 

NP-Hardness Results for InteT1Jal Linear Systems with 
Symmetrie M atriees 

J. Rohn haB shown, in [356], that eomputing the exaet endpoints of the sym
metrie solution intervals yjYm is an NP-hard problem. In Rohn, Lakeyev et al. 
[355, 220], it is shown that approximate eomputation of these symmetrie solu
tion intervals is also NP-hard, even for strongly regular matriees: 

Theorem 11.10. Suppose for some real num6er c > 0, there exists a 
polynomial-time algorithm whieh for eaeh symmetrie strongly regular n x n 
interval matrix A and eaeh b (60th with rational 60unds) computes rational 
enclosures [~ym, y;ym] of the symmetrie solution intervals yjYm for whieh 

I Y;ym - Yjym I 
....aym ~ C 
Yj 

for each j with Yjym #: O. Then P=NP. 

Theorem 11.11. Suppose for some polynomial c(n) > 0, there exists a 
polynomial-time algorithm whieh for eaeh symmetrie strongly regular n x n 
interval matrix A and each b (60th with rational 60unds) eomputes ratio
nal enclosures ~?m, Y;ym] of the symmetrie solution intervals yjYm for which 

Iy;ym - Yjym I ~ c for all j. Then P=NP. 

Comment. In these Theorems 11.10 and 11.11, we ean additionally 8BBume that 
all intervals from the matrix A and the veetor b are absolutely .5-narrow for a 
given.5 > O. 

Proofs 

Proof of Theorem 11.1. To prove this result, we will reduee the PARTITION 
problem (known to be NP-hard) to this problem. In the PARTITION problem, 
we are given a sequenee of integers S1, ... , Sm, and we must eheek whether there 
exist values Y1, ... , Ym for whieh Yj E {-I, I} and S1'Y1 + .. . +sm 'Ym = O. For 
every sequenee S1, ••• , Sm, we eonsider the intervallinear system that eonsists 
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of the following equations: [-1,1]· Yj = [1,1] (1 ~ j ~ m), [1,1] . Yj = [-1,1] 
(1 ~ j ~ m), and [S1, SI] . Y1 + ... + [sm, sm] . Ym = [0,0]. 

If the given instance has a solution Y1, ... , Ym, then, as one can easily see, these 
Yj form a possible solution to the interval linear system. Vice versa, let the 
intervallinear system be consistent, i.e., have a possible solution (Y1, ... , Ym). 
Then, for every j, from the first equation, we conclude that aj . Yj = 1 for some 
aj E [-1,1]; hence, Yj = l/aj and therefore, either Yj ~ -1, or Yj ~ 1. From 
the second equation, it follows that Yj = bj E [-1,1], i.e., that Yj E [-1,1]. 
Together with the previously derived inequalities, we conclude that Yj = -1 
or Yj = 1. Hence, the third equation implies that L Sj . Yj = 0, i.e., that this 
sequence Y1, ... , Ym is a solution to the given instance. We have proven the 
reduction, and thus, the theorem is proven. 

Proof of Theorem 11.2. We will use the following result from the proof of 
Theorem 3.2: every quantity a wh08e possible values form a (non-degenerate) 
interval a can be represented, for some real numbers k and I, as a = k· a' + I, 
where possible values of a' form an interval [1 - 0, 1 + 0]. 

Let us use this result to replace, one-by-one, all non-degenerate coefficient in
tervals Elij and b, by O-narrow ones. First, we can move all intervals b, to the 
left-hand side by introducing a new variable Yo and a new equation Yo = 1, and 
replacing each equation LElij . Yj = b, by a new equation Elij . Yj - b, . Yo = 0. 
This system is clearly equivalent to the original one. Therefore, without losing 
generality, we can assume that the only non-degenerate intervals are among the 
coefficients Elij. 

For each such interval Elij, we first compute the values k'j and I'j for which 
a'j = k'j . a~j + I'j and a~j takes the values from the interval [1 - 0, 1 + 0]. 
Then, a'j . Yj = k'j . a~j . Yj + I'j . Yj. So, we can introduce a new variable 
Y'j, add a new equation Y'j - ~j . Yj = 0, and replace the term Elij . Yj in 
the original equation by a combination k'j . Y'j + I'j . Yj. One can easily see 
that for the new system, possible values of the old variables Yj are exactly the 
same as for the old one. Thus, we can step-by-step eliminate all non-narrow 
intervals, and get a system with narrow intervals whose consistency is equivalent 
to the consistency of the original system. Thus, we have reduced the NP-hard 
problem of checking consistency of arbitrary intervallinear systems to checking 
consistency of narrow interval linear systems. Thus, checking consistency of 
narrow intervalsystems is also NP-hard. The theorem is proven. 
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Proof of Theorem 11.3. In our proof, we will consider intervallinear systems 
of the type Ay = 0, where A is a square matrix, and 0 is a vector consisting 
of all O's. For every A E A, if Ais a regular matrix, then Y = 0 is the only 
solution, and if Ais not regular, then the solution set is unbounded (a line, or, 
more general, a subspace ). Thus, if the interval matrix A only contains regular 
matrices, the solution set consists of a single point 0; otherwise, the solution 
set is unbounded. 

It is known (see the proof in chapters about interval matrices) that checking 
whether a given interval matrix A contains a singular matrix is NP-hard. If 
we could always compute a possibly. finite enclosure, then we would be able 
to check whether the set of all possible solutions is bounded, and therefore, 
whether A contains a regular matrix. Thus, the problem of computing an 
enclosure is indeed NP-hard. The theorem is proven. 

Proof of Theorem 11.4. This theorem is proven by the same reduction as 
we used in the proof of Theorem 11.2. 

Proof of Theorem 11.5. To prove this result, we will reduce the PARTITION 
problem (known to be NP-hard) to this problem. In the PARTITION problem, 
we are given a sequence of integers Sl, ... , Sm, and we must check whether there 
exist values Y1,"" Ym for which Yi E {-I, I} and Sl' Y1 + .. . +sm· Ym = O. For 
every sequence Sl, ... , Sm, we consider the intervallinear system that consists 
ofthe followingequations: [-1, l]'Yi = [1,1] (1 ~ j ~ m+1), [1, l]'Yi = [-1,1] 
(1 ~ j ~ m + 1), and [Sl, s11 . Y1 + ... + [sm, Sm] . Ym + [Sm+1, Sm+1] . Ym+1 = 
[Sm+1' sm+d, where we denoted Sm+1 = -0.5 . (Si + ... + sm). 

Similarly to the proof of Theorem 11.1, each of the variables Yi can only take 
the values Yj E {-I, I}. 

• The value Ym+1 = -1 is always a possible solution, because the values 
Y1 = ... = Ym = 1 and Ym+1 = -1 satisfy all the equations. 

• On the other hand, if there is a possible solution with Ym+1 = 1, then, 
from the last equation, we can conclude that Sl . Y1 + ... + Sm . Ym = 0, i.e., 
that the original instance of PARTITION problem has a solution. Vice 
versa, if this instance has a solution Y1, ... , Ym, then we can add Ym+1 = 1 
and get a possible solution of the interval linear system. 

Hence: 
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• If the given instance of PARTITION has a solution, we get Ym+l = 1. 

• If the given instance of PARTITION has no solutions, we get Ym+l = -1. 

Thus, if we were able to compute Y;, we would thus be able to check whether 
the given instance of PARTITION is solvable. This reduction shows that our 
problem is NP-hard. The theorem is proven. 

Proof of Theorem 11.4. This theorem is proven by the same reduction as 
we used in the proof of Theorem 11.2. 

Proof of the Comments after Theorems 11.9 and 11.11. If we multiply 
both A and b by the same positive constant k, we will not change either strong 
regularity property or the solution set, but if k is smaH enough, aH resulting 
intervals will be absolutely o-narrow. The comment is proven. 
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INTERVAL LINEAR SYSTEMS: 

SEARCH FOR FEASIBLE CLASSES 

In the previous chapter, we showed that in general, solving interval systems is 
NP-hard. In this chapter, we look for feasible classes of intervallinear systems. 

12.1. General Idea 

Since the general problem of solving interval linear systems is NP-hard, it is 
desirable to find feasible subclasses. We will exploit two different approaches to 
finding such subclasses: 

First approach. The first approach is based on the following idea: Solving 
linear systems is feasible when all interval coefficients are numerical (i.e., degen
erate intervals); the difficulty is caused by non-degenerate intervals. Thus, we 
will consider subclasses in which some ofthe coefficient intervals are degenerate, 
hoping that this restriction will make computations easier. 

Second approach. The second approach is based on a slightly different idea: 
Solving generic non-interval linear system is feasible but still somewhat time
consuming: e.g., for a square n x n system, tradition al Gaussian elimination 
method takes ~ n3 computational steps. If we add interval uncertainty to this 
complexity, we end up with NP-hardness (i.e., in effect, with exponential time). 
It is therefore reasonable to consider subclasses of (non-intervaQ linear systems 
for which faster algorithms are known, and hope that when we add interval 
uncertainty to thus simplified systems, we will get feasible algorithms. 

111 
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The original complexity of solving systems of linear equations comes from the 
fact that we need lots of input data: n2 rational numbers aij. The more 
numbers we need to input, and the more bits we need to describe each number, 
the larger the input length. Thus, to simplify the problem of solving linear 
systems, we can do one of three things: 

• limit the number of non-zero elements, i.e., consider sparse matrices, in 
which some of the coefficients aij are zeros; 

• limit the possible values of the coefficients aij; 

• if none of the above restriction works, we may want to try to limit both the 
number of non-zero elements and the possible values of the coefficients. 

Dur plans. In this chapter, we will pursue all these approaches. 

12.2. First Approach: Interval Systems in 
Which Some Intervals are Degenerate 

Since complexity is caused by interval uncertainty, let us consider the systems 
in which some intervals are degenerate. The first natural idea is as folIows: In 
the above results, we allowed both the coefficients Bij of the (m x n )-coefficient 
matrix and the right-hand sides bi to be arbitrary intervals. What if we only 
allow interval uncertainty in Bij? or only in b i ? 

Theorem 12.1. Checking consistency 0/ interval linear systems Ay = b with 
interval matrices A and real-number vectors b is NP-hard. 

Theorem 12.2. The problem 0/ solving interval linear systems Ay = b with 
an interval matrix A and a real-number vector b is NP-hard. 

Comment 1. Both theorems 12.1 and 12.2 hold for interval matrices in which 
all components are absolutely and relatively O-narrow. 

Comment 2. Theorem 12.2 holds even ifwant to compute the solution intervals 
approximately (with absolute or relative c-accuracy, for a given c). 

Comment 3. We will see from the proof that Theorem 12.2 holds even if we 
consider only vectors e( i) = (0, ... , 0, 1, 0, ... , 0) with one (i- th) element equal 
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to 1 and all other elements equal to o. For an arbitrary matrix A, the solutions 
y(i) to the corresponding systems Ay = e(i) form the inverse matrix to the 
matrix A. Thus, this result shows that computing exact (or even approximate) 
bounds on elements 0/ an inverse interval matrix is NP-hard (Coxson [78]). 

Comment 4. In these two theorems, we assumed that all the intervals b i from 
the right-hand sides of the linear equations are numerical; if we assume instead 
that all the coefficient intervals aij from the left-hand sides are numerical, we 
get a /easible problem: 

Theorem 12.3. There exists a polynomial-time algorithm that checks consis
tency 0/ intervallinear systems Ay = b with numerical matrices A and interval 
vectors b. 

Theorem 12.4. There exists a polynomial-time algorithm that solves interval 
linear systems Ay = b with numerical matrices A and interval vectors b. 

11 Numerical A Interval A 

Numerical b Polynomial NP-hard 
time 

Interval b Polynomial NP-hard 
time 

Theorems 12.3 and 12.4 are true even if for each equation E 8ij . Yj = bi, we 
allow at most one interval coefficient: 

Definition 12.1. An interval linear system E 8ij . Yj = b; is called almost 
numerical if for each equation i, at most one of intervals 8i1, ... , 8im, b;, is 
non-degenerate. 

Theorem 12.5. Checking consistency 0/ almost numerical intervallinear sys
tems E 8ij . Yj = b; (with numerical right-hand sides) is NP-hard. 

Theorem 12.6. The problem 0/ solving almost numerical interval linear sys
tems E 8ij . Yj = b; (with numerical right-hand sides) is NP-hard. 
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12.3. Second Approach, First Try: Band and 
Sparse Matrices 

Band Matrices 

For non-intervallinear systems, simple algorithms are possible for w-band ma
triees, i.e., for square matriees for whieh aij = 0 for li - jl ~ w. These 
systems are of great praetieal importanee: For example, a natural way of solv
ing a system of ordinary linear differential equations dxi/ dt = L: Ci; . X j + di , 

1 ~ i ~ p, is time discretization when we eonsider the moments of time to, 
t1 = to + ~t, ... , X/c = to + k . ~t, and the following system of equations: 
Xi(t/c+1) = Xi(t/c) + ~t . L: Ci; . X; (t/c) + ~t· di . If we order the resulting vari
ables Xi(t/c) in chronologicalorder X1(tO), ... , xn(to), X1(t1),"" Xn(tI) , ... , then 
we get a linear system with a 2p-band matrix. 

What is the eomplexity of solving intervallinear systems with w-band interval 
matriees, i.e., for square interval matriees, for whieh Bi; = 0 for li - jl ~ w? 
When w = 1, we get diagonal matriees for whieh Bi; = 0 for i =f j. For these 
matriees, eaeh equation is of the form 8jj . Yj = b;; from this equation, we 
ean easily find the set of aH possible values of Y;. For larger w, the problem is 
NP-hard: 

Theorem 12.7. For every w ~ 3, checking consistency 0/ interval linear 
systems Ay = b with w-band interval matrices A is NP-hard. 

Theorem 12.8. For every w ~ 3, the problem 0/ solving intervallinear systems 
Ay = b with w-band interval matrices A is NP-hard. 

Comment 1. We do not know whether a feasible algorithm is possible for 2-band 
matriees: 

Diagonal (I-band) 
matriees 

Linear time ? NP-hard 

Comment 2. The same results are true for intervallinear systems in whieh all 
intervals are absolutely 8-narrow for aH 8. For intervallinear systems whose 
elements are both absolutely and relatively 8-narrow, we can only prove NP
hardness for 4-band matriees: 
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Theorem 12.9. For every w ~ 4, checking consistency 01 interval linear 
systems Ay = b with w-band interval matrices A, and with intervals Bij and 
b i that are both absolutely and relatively 8-narrow, is NP-hard. 

Theorem 12.10. For every w ~ 3, the problem 01 solving interval linear 
systems Ay = b with w-band interval matrices A, and with intervals Bij and 
bi that are both absolutely and relatively 8-narrow, is NP-hard. 

Diagonal 2-band 3-band 4-band 
(I-band) matrices matrices matrices 
matrices 

Arbitrary Linear ? NP-hard NP-hard 
intervals Bij, b i time 
Absolutely 8-narrow Linear ? NP-hard NP-hard 
intervals Bij, bi time 
Absolutely and relatively Linear ? ? NP-hard 
8-narrow intervals Bij, b i time 

Sparse M atrices 

w-band matrices are a specific dass of sparse matrices, in which most ele~ents 
are equal to O. For many dasses of sparse matrices, simpler algorithms are 
indeed possible (see, e.g., Schendei [377]). In addition to w-band matrices, 
another important dass of sparse matrices is the dass of d-sparse matrices, in 
which in each row i, at most d elements aij are different from O. This dass is 
also very important in practical applications: 

• A natural way to solve a linear partial differential equation, e.g., a simple 
equation 8/(t, x)/Ot = 82 /(t, x)8x2 + g(t, x), is to consider discrete values 
t", and x"" and the corresponding system 

1(tk+I, XI) - /(t"" XI) /(t"" Xi-I) - 2/(t", , XI) + /(t"" xl+d (t ) 
I:1t = I:1x2 + 9 "', XI . 

This is a system oflinear equations with unknowns /(t"" XI). A specific 
feature of such systems, as opposed to generic linear systems, is that each 
equation contains only a lew variables (four in the above example) with 
non-zero coefficients, so, it is 4-sparse. 

• Another case where sparse matrices appear is robotic vision (see, e.g., 
EIguea et al. [99]). To act reasonably, a robot must make a 3-D inter
pretation of the 2-D visual picture, in order to decide which visible faces 
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correspond to which objects. The resulting interpretations must satisfy 
certain restrictions of the type: "a face must go through a certain point" , 
or "two faces must not have an intersection", etc. The total number of 
variables in the description of a 3-D scheme may be huge, but each re
striction is ab out a face and a point, or two faces, etc, and therefore, the 
corresponding equation contains only a few variables. In other words, the 
corresponding system is also sparse. 

What happens if we consider d-sparse intervallinear systems, i.e., systems in 
which for every i, at most d coefficients 8.;j are different from [O,O]? 

When d = 1, then each equation has the form 8.;j . Yj = b i . Prom each equation 
of this type, we can easily describe the set of possible values of Yj; if for some 
j, two or more different equations contain Yj, we take the intersection of the 
corresponding sets. This can be done by a linear-time algorithm. For d ~ 2, 
the problem becomes NP-hard: 

Theorem 12.11. For every integer d ~ 2, checking consistency 0/ interval 
linear systems with d-sparse matrices is NP-hard. 

Theorem 12.12. For every integer d ~ 2, the problem 0/ solving interval 
linear systems with d-sparse matrices is NP-harn. 

l-sparse d-sparse 
matrices matrices, d ~ 3 

I Linear time I NP-hard I NP-hard 

Comment. The problem remains NP-hard even if we combine the requirement 
of 2-sparseness with the requirement that almost all intervals are degenerate: 

Theorem 12.13. For every integer d ~ 2, checking consistency 0/ almost 
numerical intervallinear systems with d-sparse matrices is NP-hard. 

Theorem 12.14. For every integer d ~ 2, the problem 0/ solving almost 
numerical intervallinear systems with d-sparse matrices is NP-hard. 
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12.4. Second Approach, Second Try: Restrict
ing the Size of the Coeflicients aij 

Theorem 12.15. (Heindl et al. [143]) Checking consistency 0/ regular interval 
systems, in which every endpoint 0/ every interval is either 0 or 1, is NP-hard. 

Theorem 12.16. (Heindl et al. [143]) The problem 0/ solving regular interval 
systems, in which every endpoint 0/ every interval is either 0 or 1, is NP-hard. 

In other words, the problem is NP-hard for regular linear interval systems in 
which each interval coefficient is equa:l to [0,0], to [1,1], or to [0,1]. 

Comment. It is known that NP-hard numerical problems can be, crudely speak
ing, of two types (see, e.g., Garey et al. [121], Section 4.2): 

• Problems that are, in general, NP-hard, but for which a polynomial-time 
algorithm is possible if we restrict ourselves to instances in which the 
lengths of all numerical coefficients are bounded by a constant C. Such 
problems are called pseudo-polynomial. 

• Problems that remain NP-hard even if we restrict ourselves to instances 
in which the lengths of all numerical coefficients are bounded by some 
constant C. Such problems are called NP-hard in the strong sense. 

In these terms, our result shows that the problem 0/ finding exact (or c
approximate) component-wise bounds /or the solution set 0/ a linear interval 
system is NP-hard in the strong sense. 

12.5. Second Approach, Third Try: Sparse Ma
trices with Restricted Coeflicients 

Since neither of the first two tries (i.e., considering sparse matrices and restrict
ing the size of the coefficients) led to feasible algorithms, let us try imposing 
both restrictions. In this case, we do get a feasible algorithm: 
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Theorem 12.17. Let w be a positive integer, and let S be a finite set 0/ rational 
numbers. Then, there exists a polynomial-time algorithm that checks whether a 
given intervallinear systems in which aij is a w-band matrix, and all endpoints 
0/ all interval coefficients Bij and bi belong to the set S, is consistent. 

Theorem 12.18. Let w be a positive integer, and let S be a finite set 0/ 
rational numbers. Then, there exists a polynomial-time algorithm that solves 
all interval linear systems in which Bij is a w-band matrix, and all endpoints 
0/ all interval coefficients Bij and b i belong to the set S. 

12.6. Additional Results: In Brief 

Other NP-hardness results. Several other NP-hardness results for interval 
linear systems are presented in Lakeyev et al. [244]. In particular, it is proven 
that this problem is NP-hard for interval linear systems with finitely many 
solutions, etc. 

Other feasibility results. In some practical problems, we know the signs 
Sj = sign(Yj) of all the variables Yj. Under this assumption, it is possible to 
design polynomial-time algorithms for solving intervallinear systems; see, e.g., 
Rohn [343] and Rohn [349] (Theorems 2.2. and 2.3). 

In some other cases, we do not know the signs, but we know that only a lew sign 
combinations s = (Sl,' .. , sm) are possible. If there are indeed no more than 
polynomially many possible sign combinations, then we can make polynomially 
many calls of the above algorithm and get a polynomial-time algorithm for this 
case as weH (Jansson [164]). 

12.7. Different Notions of a Solution: Compu
tational Complexity and Feasibility 

In the previous sections, we considered interval linear systems Ay = b that 
originate from data processing and indirect measurements. In these problems, 
we are interested in the set Y of all possible values of Y for which Ay = b for 
some A E A and bEb. This solution set is also called a united solution set, 
because it unites all possible vectors y for which Ay = b for possible A and b. 
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In some other practical problems, e.g., in control, we get similarly-Iookinglinear 
interval systems for which, however, we are interested in different solution sets. 

Tolerance Solution 

An important example of such a problem comes from the economic planning 
problem. Global economy is often described by a Leontieff-type input-output 
model, in which the consumption level bi of each item is a linear function of the 
productions Yl, ... ,Ym of different products: bi = ail . Yl + ... + aim . Ym. Our 
objective is to plan the production, i.e., to find the values of Yj that guarantee 
the desired consumption. 

• If we know exactly the desired consumption level bi of each product, and 
if we know exactly the coefficients aij, then the planning problem (i.e., the 
problem of determining the production levels Yj) becomes a simple (easily 
solvable) linear equation. 

• In practice, we often do not know the exact values of bi and aij. Instead, we 
only know the intervals b 1, ... , b n that describe the desired consumption 
of each item, and the intervals Ilij of possible values of each coefficient aij. 

In this situation, we would like to set up the production levels Yl, ... , Ym 
in such a way that for all possible values of the coefficients aij E Ilij, we 
get the desired consumption levels of all the products. 

In other words, we are interested in finding the set Y of all vectors Y for which 
Ay E b for all A E A. This new solution set is called a tolerance solution set (it 
is also sometimes called a tolerable solution set). For this set, we can formulate 
similar problems of checking consistency and of finding the smallest and largest 
values of Yj . 

The corresponding economic problem was first considered and analyzed in Rohn 
[340, 341, 345]; the notion of a tolerance solution set was also analyzed by 
Shaidurov and Shary [389], Neumaier [303], Shary [390, 393], Lakeyev and 
N oskov [245, 246], and others. In contrast to the previous notion of a solution 
set, for this solution set, the above problems are solvable in polynomial time: 

Theorem 12.19. There exists a polynomial-time algorithm that checks, for 
every intervallinear system, whether its tolerance solution set is non-empty. 
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Theorem 12.20. There exists a polynomial-time algorithm that, given an 
intervallinear system (m, n, A, b), and a positive integer j ~ m, computes the 
smallest y. and the largest Y,· values of Yj for all vectors Y from the tolerance 

-J 
solution set. 

Controlled Solution 

Other control problems lead to another notion of solution, called controlled 
solution set. In many control problems, it is relatively easy to maintain steady 
control flow Yl, ... , Ym, but it is difficult to modify it. 

• For example, in space exploration, it is relatively easy to ignite a rocket 
engine and guarantee a stable flow, but it is very difficult to stop it or 
adjust it if something goes wrong. 

• In radar astronomy, it is relatively easy to generate a mighty radio signal 
sent to a planet, but it is difficult to change the parameters of this signal. 

Since it is difficult to change the values Yj, we fix these values, and tune the 
resulting control by applying an appropriate transformation of the original 
control Yl,"" Ym -+ b1 , ... , bn . In the reasonable linear approximation, we 
get linear equations bj = l: aij . Yj. The coefficients aij are adjustable, but 
adjustable within certain limits; in other words, we know the intervals Ilij 
within which we can change these coefficients. For every i, we also know the 
interval b; of possible values that we may want to achieve. Our goal is to set 
up the initial control values Yj in such a way that we will be able to achieve 
every vector bEb by choosing appropriate coefficients aij E Ilij. 

In mathematical terms, we again have an intervallinear system Ay = b, but 
this time, we are interested in finding all the vectors Y for which, for every 
bEb, there exists an A E A such that Ay = b. The set of all such vectors is 
called a controlled solution set. This set was studied by Khlebalin and Shokin 
[177], Lakeyev and Noskov [245, 246], and Shary [393]. 

Theorem 12.21. (Lakeyev et al. [246]) Checking whether an interval linear 
system has a non-empty controlled solution set is NP-hard. 

Theorem 12.22. (Lakeyev et al. [246]) The problem of computing, for every 
intervallinear system (m, n, A, b) with a non-empty controlled solution set, an 
element from this set, is NP-hard. 
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Name of United Tolerance Controlled 
solution set 
Description of 3A3b(Ay = b) VA3b(Ay = b) Vb3A(Ay = b) 
solution set 

FeasibiIity NP-hard Polynomial NP-hard 
time 

Proofs 

Proof of Theorem 12.1. This proof follows the same idea that we used in 
Theorem 11.2: that we can move all intervals b i to the left-hand side if we 
intro du ce a new variable Yo, add a new equation Yo = 1, and replace each 
equation E Btj . Yj = b i with a new equation I11j . Yj - bi . Yo = 0 with no 
intervals in the right-hand side. The theorem is proven. 

Proof of Theorem 12.2 is done by a similar reduction. 

Proof of Theorem 12.4. If all the coefficients aij are numbers, then the 
problems of finding the smallest value of Yj for which this system has a solution 
becomes a linear programming problem: 

Yj --+ max 

under the conditions 

~ ~ L aij . Yj ~ bi, 1 ~ i ~ n. 

Hence, we can apply known polynomial-time algorithms of solving linear pro
gramming problems (see, e.g., Karmarkar [169]). The theorem is proven. 

Proof of Theorem 12.3 is done by a similar reduction. 

Proof of Theorem 12.5. To prove this theorem, we will show tha,t the 
problem of checking consistency of an arbitrary interval linear system 

m 

L I11j . Yj = bi , 1 ~ i ~ n, 
j=l 

with numerical right-hand sides (for which NP-hardness was proved in Theorem 
12.3) can be reduced to systems of this type. 
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Indeed, for each equation i, we introduce m new variables Zi;, 1 $ j $ m, and 
replace the original equation with the following m + 1 equations: 

m 

EZi; = bi; 
;=1 

Bi; . Y; - Zi; = 0, 1 $ j $ m. 

In this new system, each equation has at most one interval coefficient, and since 
Zi; is equal to Bi; . Yj, these two systems are clearly equivalent to each other. 
The theorem is proven. 

Proof of Theorem 12.6 is done by a similar reduction. 

Proof of Theorem 12.7. For this proof, we will use a reduction to PAR
TITION problem that is similar to the proof of Theorem 5.3. Namely, for 
each instance S1, ... , Sm of PARTITION, we will introduce 3m + 1 variables 
t1. ... , tm , Y1, .. ·, Ym, and Z1. . .. , Zm, Zm+1, that will be presented in the fol
lowing order: to, Y1, Z1. tI. Y2, Z2, .. ·, tm-I. Ym, Zm, tm, and the following 3m+ 1 
equations: 

• S1 . Y1 - t1 = 0; Y1 = [-1,1]; [-1,1]· Y1 = [1,1]; 

• h + S2 . Y2 - t2 = 0; Y2 = [-1,1]; [-1,1]· Y2 = [1,1]; 

• 
• t"-1 + S" . y" - t" = 0; y" = [-1,1]; [-1,1]. y" = [1,1]; 

• 
• tm-1 + Sm' Ym - tm = 0; Ym = [-1,1]; [-1,1]. Ym = [1,1]; 

• tm = O. 

The corresponding interval matrix is 3-band. (Note that the variables to and Zi 
are "fictitious" variables that are not present in the equations and whose only 
purpose is to make the matrix square.) 

One can easily see (similar to the proof of Theorems 5.3 and 11.1) that for 
every solution of this system, Yj E {-I, I}, t" = SI . Y1 + ... + s" . Y1c, and 
tm = S1 . Y1 + ... + Sm . Ym = O. Vice versa, if Yj is a solution to the given 
instance of PARTITION problem, we can take these Y;, t1c = S1'Y1 + .. . +S1c 'Y1c, 
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and arbitrary Zj, and get a solution to our linear interval system. Thus, our 
system has a solution if and only if the given instance of PARTITION has a 
solution. This reduction shows that solving 3-band linear systems is indeed 
NP-hard. 

For every w ~ 3, every 3-band matrix is also w-band; hence, solving w-band 
linear systems is also NP-hard. The theorem is proven. 

Proof of Theorem 12.8 is done by a similar reduction. 

Proof of Theorem 12.9. For this proof, we will also use a reduction 
of PARTITION problem. Namely, for each instance Sl, ... , Sm of PAR
TITION, we will introduce 5m variables t1,.··, tm , Y1,···, Ym, 1h, ... , y'm' 
Zl, ... , Zm, and U1, ... , Um, that will be presented in the following order: 
Y1, 1h, Zl, Ul. tl. Y2, 1h, Z2, U2, t2,···, Ym, y'm, Zm, Um, t m , and the following m 
groups of 5 equations in each (1 ~ k ~ m): 

• [-(1/6), -(1/6)]· y" + [1- 6, 1 + 6]·1A, = [1,1]; 

• [1,1]. t"-l + [s", s,,] . y" - [1,1] . t" = [0,0]; 

• [-(1/6), -(1/6)] . y" + [1, 1] .1A, = [0,0]; 

• [6,6] . y" + [1,1]· Z" = [1 - 6,1 + 6]; 

• [1,1] . Z" = [1,1]. 

For k = 1 and k = m, the second equation takes a simplified form: 

• for k = 1, we take [Sb Sl] . Y1 - [1,1]. tt = [0,0]; 

• for k = m, we take [1,1]· t m-1 + [sm, sm]· Ym = [0,0]. 

(This simplification is formally equivalent to taking to = tm = 0.) The corre
sponding interval matrix is 4-band. 

If the values Y1, ... ,Ym form a solution to the given instance of PARTITION 
problem, then we can take these values y", z" = 1, 1A, = y,,/6, t" = Sl . %1 + 
· .. + s" . Yk, and arbitrary Uk, and get a solution of the above interval system. 
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Vice versa, let us assurne that the above interval linear system is consistent. 
Then: 

• From the fifth equation, we conclude that Zle = 1; therefore, from the 
fourth equation, we get 6· Yle E [-6,6] and hence, Yle E [-1,1]. 

• Similarly, from the third equation, we conclude that 14 = YIe/6, and there
fore, the first equation implies that a . Yle = 1 for some a E [-1,1]; hence, 
either Yle :$ -1 or Yle ~ 1. 

• Together with the previous conclusion, we get Yle E {-I, I}. 

• The second equation implies that tle = tle-1 + Sie • YIe, where to = 0 (and 
t m = 0). Therefore, tle = S1 . Y1 + ... + Sie • YIe, and the condition t m = 0 
implies that S1 . Y1 + ... + Sm' Ym = 0 for Yj E {-I, I}. Thus, the given 
instance of PARTITION has a solution. 

So, our system has a solution if and only if the given instance of PARTITION 
has a solution. This reduction shows that solving 3-band linear systems is 
indeed NP-hard. The theorem is proven. 

Proof of Theorem 12.10 is done by a similar reduction, with S1 . Y1 + ... + 
Sm . Ym + Sm+! . Ym+1 = sm+! instead of S1 . Y1 + ... + Sm . Ym = O. 

Proof of Theorem 12.11. 

1 0 • For every d ~ 2, every 2-sparse system is d-sparse. Thus, it is sufficient to 
prove that the problem is NP-hard for 2-sparse matrices. 

2°. To prove NP-hardness of 2-sparse problems, we will reduce propositional 
satisfiability problem for 3-CNF formulas, (that is known to be NP-hard) to 
this problem. 

3° . For this reduction, we will use the idea similar to what naive interval 
computation does to estimate the value of the expressions: we will "unfold" 
the computation of F, and take the results of all intermediate steps as new 
(auxiliary) variables. 

Computing F = Ft& ... &FIe means that we first compute Ft&F2, then we 
compute Ft&F2&F3 , etc., until we reach F1& ... &FIe. So, we will need aux
iliary variables to stand for these intermediate expressions F1 & ... &Fj for 
j = 2, ... ,k. 
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For each of the expressions F1c, if F1c = a V b, then the only intermediate 
expression we need is F1c itself, so, for such expressions, we will introduce one 
additional variable that will stand for the truth value of F1c. 

If F1c = a V b V c, then we need two expression: first, we compute a V b, and 
only then, F1c. 

Also, each negative literal ~Zi is also an intermediate result, so, we introduce 
a new Boolean variable Zi with the meaning of ~Zi, and add the equation 
Zi = ~Zi. 
As a result, we get the following new variables and equations: 

• For each negative literal ~Zi, we add a new variable Zi and a new formula 
Zi = ~Zi. 

• For each expression Fj of the type Fj = a V b, we will add a new variable 
V; that will represent the truth value of this expression. For each such 
variable, we add the formula V; = a V b. 

• For each expression Fj of the type a V b V c, we will introduce two new 
variables: 

• V; will represent the truth value of this expression; 

• W; will represent the truth value of a V. b. 

In terms ofthese new variables, the formulaFj = aVbVc will be represented 
by the following equivalent set of two formulas: Wj =:: a V b and Yj =:: Wj V c. 

• We will also introduce "global" propositional variables 12, ... , f1c (i.e., vari
ables that correspond not to one ofthe expressions F1c, but to the formulain 
general): a variable /; will mean the truth value of the partial conjunction 
F1&F2& ... &Fj (in particular, f1c will mean the truth value ofthe formula 
Fitself). In terms of these new variables, the formula F = Fl& ... &F1c 
will be represented by the following sequence of formulas: 12 = Vt & V2 and 
/; = /;-l&Yj (3 ~ j ~ k). 

As a result, the original formula Fis reformulated as a set of formulas of the 
type a = ~b, a = b V c, and a = b&c for some Boolean variables a, b, and c. The 
objective is to malte f1c = ''true'' , where f1c is one of these Boolean variables. 
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Example. Let us illustrate the above construction on the example of a formula 
F = (Z1 V Z2 V Z3)&(Z1 V --'Z2). For this formula, k = 2, F1 = Z1 V Z2 V Z3, and 
F2 = Z1 V--'Z2; therefore, in the reformulated formula, we will have the Boolean 
variables V1, W1, V2, h, and Z2. The formula itself will be equivalent to the 
conjunction of the following formulas: 

The goal is to make h = "true" . 

4°-8°. Let us now describe the reformulated proposition al formula in terms of 
real-number variables and intervallinear equations. 

4°. First, for each Boolean variable a, we introduce a corresponding real
number variable X a . We want to guarantee that this new variable X a can only 
take two values: 0 and 1 (they will correspond to "false" and "true"). The 
fact that a variable X a takes only values 0 and 1 will be represented in a way 
similar to [221]: Namely, we introduce a new variable Ya, and add the following 
interval linear equations: 

• [-2,2]. Ya = [1,1]. 

It is easy to show that this equation is equivalent to IYal ~ 0.5, i.e., 
to Ya E (-00, -0.5] U [0.5,00), or, to Ya ff. (-0.5,0.5). 

• Ya = [-0.5,0.5]. 

This equation guarantees that Ya E [-0.5,0.5]; together with Ya ff. 
(-0.5,0.5), this equation thus guarantees that Ya E {-0.5, 0.5}. 

• X a - Ya = [0.5,0.5]. 

This equation says that X a = Ya + 0.5. Since we already know that 
Ya = -0.5 or Ya = 0.5, we can conclude that X a is equal either to 0, 
or to 1. 

5°. The formula b == --'a can be easily reformulated in terms of the real
number variables X a and Xb, as X a + Xb = [1,1] (so, Xb = 1 - X a , which for 
x a E {O, 1} = {"true", ''false''} means exactly that b = --.a). 

6°. For each formula a == b V c or a == b&c, we will introduce a new variable Xbe 

with the intended value 2Xb+Xe. In other words, this new variable will contain 
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the information ab out the truth values of two Boolean variables band c; the 
variable Xbc takes only the values 0, 1,2, and 3, and in its binary representation, 
the first binary digit is equal to Xb (i.e., to the truth value of b), and the second 
binary digit is equal to Xc (i.e., to the truth value of c). 

6.1 0 • Let us first describe the fact that the variable Xbc can only take the values 
0, 1, 2, and 3. To describe this fact, we will introduce three auxiliary variables 
Ylbc, Y2bc, and Y3bc, and add the following linear interval equations: 

• [-2,2] . Ylbc = [1,1]; this equation leads to Ylbc f/:. (-0.5,0.5). 

• Xbc - Ylbc = [0.5,0.5]; together with the previous equation, this one leads 
to Xbc f/:. (0,1). 

• [-2,2] 'Y2bc = [1,1]; this equation leads to Y2bc f/:. (-0.5,0.5). 

• Xbc - Y2bc = [1.5,1.5]; together with the previous equation, this one leads 
to Xbc f/:. (1,2). 

• [-2,2] . Y3bc = [1,1]; this equation leads to Y3bc f/:. (-0.5,0.5). 

• Xbc - Y3bc = [2.5,2.5]; together with the previous equation, this one leads 
to Xbc f/:. (2,3). 

• Xbc = [0,3]; this equation means that Xbc E [0,3]. Together with Xbc f/:. 
(0,1), Xbc f/:. (1,2), and Xbc f/:. (2,3), this means that Xbc E {O, 1,2, 3}. 

6.20 • Let us now represent the fact that the first digit in the binary represen
tation of Xbc must coincide with Xb. In other words, we want to represent the 
following two facts: 

• if Xb = 0, then Xbc = 002 = ° or Xbc = 01 2 = 1; and 

• if Xb = 1, then Xbc = 102 = 2 or Xbc = 112 = 3. 

Enumerating all four possible combinations of truth values of b and c, one can 
see that the above two facts are captured by the equation Xbc - 2Xb = [0,1]. 

6.30 • We must now describe the fact that the second digit in the binary expan
sion of Xbc coincides with Xc. In other words, we must represent the following 
two facts: 
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• if :tc = 0, then :tbc = 002 = 0 or :tbc = 102 = 2; and 

• if :tc = 1, then :tbc = 012 = 1 or :tbc = 112 = 3. 

These two facts will be represented by introducing two new variables Xlbc and 
X2bc, and the following five interval equations: 

:tbc - :tc = [0,2]; Xlbc + :tbc = [1,1]; X2bc + :tbc = [2,2]; 

[-1,1]. Xlbc + [0, l]·:tc = [1,1]; [-1,1]· X2bc + [0, 1]· Xc = [1,1]. 

Let us show that this is indeed an equivalent representation. In other words, we 
will show that if:tc E {O, I} and :tbc E {O, 1,2, 3}, then this system of interval 
linear equations is solvable if and only if the second binary digit in the binary 
expansion of :tbc coincides with :tc • Indeed: 

• If :tbc is the desired value, then the difference :tbc - :tc is equal to ° or to 2 
and therefore, belongs to the interval [0,2]. The second and third equations 
are automatically satisfied by taking Xlbc = 1- :tbc and X2bc = 2 - :tbc. To 
show that the fourth and the fifth equations can also be satisfied, we must 
consider two cases: 

• If Xc = 1, then we can satisfy the fourth equation by taking 

° . Xlbc + 1 . :tc = 1. 

In this case, :tbc = 1 or 3, so, X2bc = 2 - :tbc = ±1, and the fifth 
equation can be satisfied by taking (±1) . X2bc + ° . Xc = 1. 

• If :tc = 0, then Xc = 0, and either :tbc = 0, or :tbc = 2. Therefore, 
the value of Xlbc = 1 - Xbc is either 1, or -1. Rence, we can satisfy 
the fourth equation by taking (±1) . Xlbc + ° . :tc = 1, and the fifth 
equation by taking 0 . X2bc + 1 . Xc = 1. 

• Vice versa, let us assurne that these five interval equations are satisfied. We 
already know that :tc E {O, I}. So, let us consider these two possibilities 
one by one: 

• If:tc = 0, then from the first equation, we conclude that :tbc E [0,2]. 
Since :tbc can only take the values 0, 1, 2, and 3, we can thus conclude 
that it takes the value 0, 1, or 2. To complete the proof of correctness 
of our representation, we only need to show that :tbc cannot be equal 
to 1. Indeed, if :tbc = 1, then, due to the second equation, Xlbc = 
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1-1 = 0. Since Ze is also 0, the left hand side ofthe fourth equation 
is ° and therefore, cannot be equal to the right-hand side that is 1. 
So, Zbe E {0,2} . 

• If Ze = 1, then from the first equation, we conelude that Zbe E [1,3]. 
Since Zbe can only take the values 0,1,2, and 3, we can thus conelude 
that it takes the value 1, 2, or 3. To complete the proof of correctness 
of our representation, we only need to show that Zbe cannot be equal 
to 2. Indeed, if Zbe = 2, then, due to the third equation, Z2be = 
2 - 2 = 0. Since Ze is also 0, the left hand side of the fifth equation is ° and therefore, cannot be equal to the right-hand side that is 1. So, 
Zbe E {I, 3}. 

70 • Let us now show how to represent the relation a == b V c, assuming that we 
have already guaranteed that the values ofthe variables Za, Zb, and Ze belong 
to the set {O, I}, and that the variable Zbe takes the desired value. 

In this case, we must describe the following conditions: 

• If Zbe = 0, then Za = 0. 

• If Zbe E {I, 2, 3}, then Za = 1. 

We will show that these two conditions are equivalent to the following two 
linear interval equations: Zbe - Za = [0,2] and 3za - Zbe = [0,2]. Let us prove 
this equivalence. 

• If a == b V c, then, as one can easily check, in all four cases (corresponding 
to four possible values of the pair (6, c», we have Zbe - Za E [0,2] and 
3za - Zbe E [0,2]. Therefore, both interval equations are satisfied. 

• Vice versa, let us assume that both interval equations are satisfied, and let 
us show that then a == 6 V c. Indeed: 

• If Zbe = 0, then from the first equation, we conelude that za 
Zbe - [0,2] :5 Zbe :5 0. Since we know that Za = ° or Za = 1, the only 
possibility for Za :5 ° is when Za = 0 . 

• Let Zbe ~ 1. From the second equation, we conelude that Za = 
(1/3) . (Zbe + [0, 2]) ~ (1/3) . Zbe. Since Zbc ~ 1, we conelude that 
Za ~ (1/3) . Zbe ~ (1/3) . 1. So, Za =f:. ° and therefore, Za = 1. 
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8°. Let U8 now show how to represent the relation a == b&c, assuming that we 
have already guaranteed that the values of the variables Za, Zb, and Zc belong 
to the set {O, I}, and that the variable Zbc takes the desired value. 

In this case, we must describe the following conditions: 

• If Zbc E {O, 1, 2}, then Za = 0. 

• If Zbc = 3, then Za = 1. 

We will show that these two conditions are equivalent to the following two 
linear interval equations: Zbc - ZQ = [0,2] and Zbc - 3zQ = [0,2]. Let U8 prove 
this equivalence. 

• If a == b&c, then, as one can easily check, in all four cases (corresponding 
to four possible values of the pair (b, e», we have Zbc - ZQ E [0,2] and 
Zbc - 3zQ E [0,2]. Therefore, both interval equations are satisfied. 

• Vice versa, let us assume that both interval equations are satisfied, and let 
us show that then a == b&e. Indeed: 

• If Zbc = 3, then from the first equation, we conclude that zQ = 
Zbc - [0, 2] ~ Zbc - 2 = 1. Since we know that ZQ = ° or ZQ = 1, the 
only possibility for Za ~ 1 is when ZQ = 1. 

• Let Zbc :$ 2. From the second equation, we conclude that ZQ = 
(1/3) . (Zbc - [0,2]) :$ (1/3) . Zbc. Since Zbc :$ 2, we conclude that 
ZQ :$ (1/3) . Zbc :$ (1/3) . 2 = 2/3. SO, ZQ i- 1 and therefore, ZQ = 0. 

9°. For the resulting system of linear interval equations, if the formula is not 
satisfiable, then fk is always false and therefore, Z h. = 0; if the formula is 
satisfiable, then Z I" can also take the value 1. 

So, if the formula is not satisfiable, the upper bound for the interval XI" is 0; 
if it is satisfiable, this bound is 1. So, if we could compute the exact interval 
bounds for each component of the solution of 2-sparse intervallinear equations, 
we would we would thus be able to decide whether a given propositional formula 
is satisfiable or not, and this satisfiability problem is known to be NP-hard. 
Therefore, solution of 2-sparse interval linear systems is also NP-hard. The 
reduction is complete, so the theorem is proven. 
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Example. Let U8 illustrate the above construction on the example of a propo
sitional formula F = (Zl V Z2 V Z3)&(Zl V "'Z2), that was reduced to the set of 
formulas: 

This formula contains eight Boolean variables: Zl, Z2, Z3, %2, Wl, V1 , V2 , and 
12. So, first, we must introduce the real-number variables Xl, X2, X3, Z3, Xw" 

XVl , XV~, and X h, and add equations that guarantee that these variables only 
take the values 0 and 1; for that guarantee, we will need 7 new variables Y1, ••• : 

[-2,2] . Y1 = [1,1]; Y1 = [-0.5,0.5]; Xl - Y1 = 0.5; 

[-2,2] . Y2 = [1,1]; Y2 = [-0.5,0.5]; X2 - Y2 = 0.5; 

[-2,2] . Y3 = [1,1]; Y3 = [-0.5,0.5]; X3 - Y3 = 0.5; 

[-2,2] . Ywl = [1,1]; Ywl = [-0.5,0.5]; XWl - Ywl = 0.5; 

[-2,2] . YVl = [1,1]; YVl = [-0.5,0.5]; XVl - YVl = 0.5; 

[-2,2] . YV~ = [1, 1]; YV~ = [-0.5, 0.5]; XV~ - YV~ = 0.5; 

[-2,2]· Yh = [1,1]; Yh = [-0.5,0.5]; xh - Yh = 0.5. 

The equation that corresponds to "'Z2 is: 

To describe the V and & relations, we will need the new variables, for which, 
the new equations are: 

[-2,2] . YU2 = 1; X12 - Y112 = 0.5; [-2,2]. Y212 = 1; 

X12 - Y212 = 1.5; [-2,2]. Y312 = 1; X12 - Y312 = 2.5; 

X12 - 2X1 = [0,1]; X12 - X2 = [0,2]; Z112 + X12 = 1; 

Z212 + X12 = 2; [-1,1]. Z112 + [0, l]x2 = 1; [-1,1]· Z212 + [0, 1] . Z2 = 1; 

[-2,2] . Y1,Wl,3 = 1; XWl ,3 - Y1,Wl ,3 = 0.5; [-2,2]· Y2,Wl ,3 = 1; 

XWl ,3 - Y2,Wl,3 = 1.5; [-2,2]. Y3,Wl,3 = 1; XWl ,3 - Y3,Wl ,3 = 2.5; 

XWl,3 - 2xwl = [0,1]; XWl ,3 - X3 = [0,2]; Zl,Wl ,3 + XWl ,3 = 1; 

Z2,Wl,3+XWl,3 = 2; [-1, l]'Zl,Wl ,3+[0, l]x3 = 1; [-1, l],z2,wl ,3+[0, l].z3 = 1; 

Z3 + X3 = 1; 
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[-2,2] . YU2 = 1; z12 - YU2 = 0.5; [-2,2]. Y212 = 1; 

z12 - Y212 = 1.5; [-2,2]· Y312 = 1; z12 - Y312 = 2.5; 

Z12 - 2Z1 = [0,1]; z12 - Z2 = [0,2]; zn2 + z12 = 1; 

z212 + z12 = 2; [-1,1]. zU2 + [0, 1]z2 = 1; [-1,1]· z212 + [0, 1]z2 = 1; 

[-2,2] . Y1,V1 ,V2 = 1; ZV1 ,V2 - Y1,V1 ,V2 = 0.5; [-2,2]· Y2,V1 ,V2 = 1; 

Z12 - Y2,V1 ,V2 = 1.5; [-2,2]· Y3,V1 ,V2 = 1; ZV1 ,V2 -1/3,V1 ,V2 = 2.5; 

ZV1 ,V2 - 2zv1 = [0,1]; ZV1 ,V2 - zV2 = [0,2]; z1,V1 ,V2 + ZV1 ,V2 = 1; 

z2,V1 ,V2+ZV1 ,V2 = 2; [-1, 1]'Z1,V1,V2 +[0, 1]zv2 = 1; [-1, 1]'Z2,V1,V2 +[0, 1],zv2 = 1 

zV2 +zv2 = 1. 

The actual V and & relations are now represented as folIows: 

End of example. 

Z12 - ZW1 = [0,2]; 3ZWl - Z12 = [0,2]; 

ZW1 ,3 - zVl = [0,2]; 3ZVl - ZW1 ,3 = [0,2]; 

z12 - zV2 = [0,2]; 3zv2 - z12 = [0,2]; 

ZV1 ,V2 - zh = [0,2]; ZV1 ,V2 - 3zh = [0,2]. 

Proof of Theorem 12.12 is done by a similar reduction. 

Proof of Theorem 12.13. Let us show that solving an arbitrary 2-sparse 
system can be reduced to solving an almost numerical 2-sparse system. 

Indeed, each equation of the general 2-sparse system has the form 

a·z+ b·y= c, 

where Z and Y are unknowns. To reduce this problem to an almost numerical 
system, we introduce two new variables z' and y', and replace the original 
equation with the following three equations: 

a . Z - z' = 0; b· Y - y' = 0; z' + y' = c. 

This system of three equations is clearly equivalent to the original equation, and 
all three equations from this system have at most one non-numerical interval 
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coefficient. Therefore, combining these systems together, we get an almost 
equivalent 2-sparse system that is equivalent to the original one. 

So, if we could solve 2-sparse almost numerical intervallinear systems in poly
nomial time, we would be able to solve all 2-sparse interval linear systems in 
polynomial time. But this second problem is already proven to be NP-hard 
(in Theorem 12.11). Therefore, our problem is also NP-hard. The theorem is 
proven. 

Proof of Theorem 12.14 is done by a similar reduction. 

Proof of Theorem 12.15. To prove our result, we will start with the known 
result (mentioned above; see, e.g., Theorems 11.7-9) that the problem ofsolving 
regular linear interval systems with rational interval coefficients is NP-hard. 
We will then describe a general transformation of such systems into systems in 
which each interval coefficient is [0,0], [1,1], or [0,1]. This transformation will 
be done in several steps. 

On some steps, we will introduce new variables in addition to the variables 
Yl, ... ,Ym used in the original system. We will make sure that for each of 
the original variables Yi, the set of possible values of Yj will remain the same. 
Thus, we will be sure that the resulting final system has exactly the same 
bounds for Yl, ... ,Ym as the original system. Thus, if there is a polynomial
time algorithm that can find these bounds for an arbitrary linear interval system 
with coefficients [0,0], [1,1], or [0,1], then by applying this algorithm to the 
transformation result, we would be able to compu'te the bounds for the original 
system, and this computation is an NP-hard problem. Thus, the problem of 
computing solution bounds for linear interval systems with coefficients [0,0], 
[1,1], or [0,1] is also NP-hard. 

We will also make sure that each transformation step preserves the number 
of non-numerical interval coefficients (i.e., coefficients that are not of the type 
[a, a]), and that when we choose some values inside these intervals, all the 
variables of the resulting system are uniquely determined. In other words, 
we will make sure that the systems obtained on each transformation step are 
regular. Thus, the problem of computing solution bounds for regular linear 
interval systems with coefficients [0,0], [1,1], or [0,1] will be proven to be also 
NP-hard. 
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1) The first transformation simplifies the right-hand side of the linear equation. 
N amely, we introduce a new variable Yo, replace each of n equations L 8.ij . Yj = 
bi by an equation 8.io 'Yo+ L 8.ij 'Yj = 0 with 8.io = -bi, and add a new equation 
Yo = 1. 

If the vector (YO, ... , Ym) belongs to the solution set of the new system, then 
Yo = 1, and thus, the values Yl, ... , Ym satisfy the original equations. Vice 
versa, if the values Yl, ... , Ym satisfy the original equations, then for Yo = 1, 
the transformed equations also hold. Thus, for each of the variables Yl, ... , Ym, 
the bounds are the same for the original and for the transformed equations. 

If we fix the values aij E 8.ij, then, since the original system was regular, the 
values Yl, ... , Ym would be uniquely determined. The only missing value Yo can 
be now uniquely determined from the equation Yo = 1. Thus, the new system 
is regular. 

Hence, this transformation preserves both the bounds on Yj and the uniqueness 
(regularity) property. 

2) For every i, all the bounds of all the coefficients 8ij in i-th equation are 
rational numbers (Le., fractions). Ifwe multiplyall coefficients ofthis equation 
by the least common denominator of the corresponding fractions, we get a new 
equation in which all bounds of all coefficients are integers. 

In the second transformation, we apply this procedure to all equations. As a 
result, we get an equival~mt (thus regular) linear interval system, in which all 
bounds of all interval coefficients are integers. 

In particular, the only equation with a the non-zero right-hand side (namely, 
the equation Yo = 1) stays the same. 

3) On the third step, for each j = 0, ... , m, we introduce two new variables nj 

and Pj (here, n stands for negative, and p for positive). 

For each j, we add two new equations Yj + nj = 0 and nj + Pj = O. In each 
original equation, we replace each term (fuj, Qij] . Yj by one of the following six 
expressions: 
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• If the interval ~j, Cijj] is non-degenerate (i.e., if!!;j < Ciij), then we use 
one of the following three expressions: 

• If!!;j < 0, then we replace the term ~j' äij] . Yj by the sum 
l!!öj 1 . nj + [0, Ci;j - !!oj] . Yj· 

• If!!ij = 0, then we leave the term ~j,Ciij] . Yj (= [O,äij] . Yj) un
changed. 

• If!!öj > 0, then we replace this term by the sum!!;j 'Pj+[O, Ciij -!!öj] ·Yj. 

• If the interval ~j, Ciij] is degenerate (i.e., if !!öj = Ciij), then we use one of 
the following three expressions: 

• If !!ij < 0, then we replace the term ~j, Cijj] . Yj by l!!öj I· nj. 

• If !!ij = 0, then we delete the term l!!ij , Cijj] . Yj (because it is equal to 
0). 

• If!!;j > ° , then we replace the term l!!ij , Cijj] . Yj by !!öj . Pj. 

As a result, we get a linear interval system in which each interval coefficient 
is either a positive integer, or an interval of the type [0, z] for some positive 
integer z. 

Let us show that this transformation does not change the bounds of the solution 
set for Yl, ... , Ym, and preserves regularity. 

Indeed, if Yo, Yl, ... , Ym is a solution of the system that we had before this step, 
then, by adding nj = -Yj and Pj = Yj, we get a solution of the transformed 
system. Vice versa, if we have a solution of the transformed system, then from 
the new equations Yj + nj = ° and nj + pj = 0, we conclude that nj = -Yj, 
and Pj = -nj = Yj. If!!;j < ° and!!öj < ajj, then, for every Zjj E [0, aij - !!ij]' 
we have 

l!!ij 1 . nj + Zij . Yj =!!öj . Yj + Zij . Yj = ajj . Yj , 

where aij = !!öj + Zij E!!ij + [0, Ciij - !!ij] = l!!ij , Ciij]. Thus, Yo = 1, Yl,···, Ym 
form a solution of the system that we had before this step. (A similar proof 
holds in all five other cases: f!ij = ° < aij, ° < !!öj < aij, !!ij = aij < 0, 
!!ö; = Ciij = 0, and !!;j = Cii; > 0). 

Since the system that we had before this step was regular, for each choice 
of coefficients in their intervals, the variables Yo(= 1), Yl,"" Ym are uniquely 
determined; the new variables nj and Pj are uniquely determined from Yj. 
Thus, the transformed system is also regular. 
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4) Let us now describe the fourth (and final) transformation step. To simplify 
the description of this step, let us first rename the variables Yj, nj, and Pj into 
· JO] [0] [0] 
Yj ,nj ,and Pj . 

Let N denote the largest integer bound in the system obtained after the third 
step, let d denote the number of binary digits in the binary representation of N 
(i.e., d = llog2(N)J), and let P denote the set of all pairs (i,j) for which i-th 
equation ofthe system that we had before this step contains the term [0, Zij] ·Yj. 
The transformed system will have the following variables: 

• For each j = 0, ... ,m, and for each k = 0, ... ,d, variables ~k], n~k], and 
[k] 

Pj 

• For each pair (i, j) E P, and for each k = 0, ... , d, variables y!;], n~;], and 
[k] 

Pij· 

This system will consist of the following equations: 

• 
• 
• 
• 
• 
• 

Equations ~k] + n~k] = 0 and p~k] + n~k] = 0 (for all j ~ m). 

Equations y~~] + n~~] = 0 and p~~] + n~~] = 0 (for all (i 1·) EI). 
~ ~ ~ ~ , 

Equations y~k] + p~k] + n~k+1] = 0 (for all j ~ m and k < d). 

Equations y~;] + p~;] + n~;+1] = 0 (for all (i,j) EI and k < d). 

Equations n~~] + [0,1]. ~O] = 0 (for all (i,j) EI). 

Equations that are obtained from the equations of the system that we had 
before this step by the following replacement: 

• Each term of the type Z . nj is replaced by the sum of the terms nJk] 
for all places k on which the binary expansion of Z has 1 (Le., tor 
which ek = 1 in the binary expansion Z = Lek· 2k). 

• Each term of the type Z • Pj is replaced by the sum of the terms p~k] 
for all pi aces k on which the binary expansion of Z has 1. 

• Each term of the type [0, Zij]· Yj is replaced by the sum of the terms 
y~;] for all pi aces k on which the binary expansion of Zij has 1. 
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As a result, we get a linear interval system in which each interval coefficient is 
either 0, or 1, or an interval [0,1]. 

Let us show that this transformation does not change the bounds of the solution 
set for Yl, ... , Ym, and preserves regularity. 

Indeed, if the values Yj, nj, and Pj form a solution of the system that we had 
before this step, a solution that corresponds to the coefficients Cij E [0, Zij], 

then, as one can check, the values y}k] = p}k] = 2k . Yj, n}k] = _2k . Yj, C~j = 

Cij / Zij, yf;] = p~;] = 2k . C~j . Yj, and n~;] = - 2k . C~j . Yj form a solution of the 
transformed system, for C~j E [0,1]. 

Indeed, e.g., for this choice of variables, the sum of the terms p~k] for all places 
k on which the binary expansion of Z has 1, is equal to the sum of the terms 
2kYj, i.e., to the product of Yj and the sum of the terms 2k that correspond to 
all places k on which the binary expansion of Z has 1. This sum is exactly the 
binary expansion of z, and hence, the sum is equal to Z • Yj. 

Vi ce versa, if we have a solution of the transformed system, for Cij E [0,1], 
then: 

• 

• 

From the equations y~k] + n[.k] = 0 and p[.k] + n[.k] = 0, we conclude that 
}} }} 

n[.k] = __ J.k] = 0 and p[.k] = -n[~] = y~k]. } Yj }}} 

From the equations y}k] + p}k] + n}k+1] = 0, we can now conclude that 
n[.k+1] = _2y~kl hence y[.k+11 = _n[.k+lj = 2y[.k j By induction over k we 

} }"} }}. , 
can conclude that y~k] = 2k . y[.O] and hence that n[.kl = _2k . y~O] and 

} } , '} } 

pJk] = 2k . y}Ol 

• Similarly, we can conclude that Y!;] 

P\~] = 2k • ~~] 
I} Yi} . 

• From the equation n!~] + [0, l]y~O] = 0, and from our assumption that the 

coefficient is equal to Cij E [0,1], we conclude that n!~] = -Cij . y~O], and 

therefore that p~~] = -n~~] = Ci}' . y[.O]. 
, I} '} } 

rohn@cs.cas.cz



138 CHAPTER 12 

Thus, the sums of the terms ofthe type n}l:] and Ih~] reduce to z· ni and Z· 'Uii = 
(z . cii) . 'Ui, where z . cii E z . [0, 1] = [0, z]. Thus, the values 'Uo = 1, 'Ul, ••• , 'Um 
form a solution of the system that we had before this step. 

Since the system that we had before this step was regular, for each choice 
of coefficients in their intervals, the variables 'Uo( = 1), 'Ul, ... , 'Um are uniquely 
determined; the new variables 'U}I:] , n}I:J, and p}I:J are uniquely determined by 

fix d val . _11:] [1:] [1:] 
the values 'Ui' For e Cij, the ues of the vanables Yii ' nii ' and Pii are 
also uniquely determined by the values 'Ui' Thus, the transformed system is 
also regular. The theorem is proven. 

Proof of Theorem 12.16 is done by a similar reduction. 

Proof of Theorem 12.18. This algorithm is based on the ideas originally 
proposed in Suvorov [406] and Dantsin [83, 84]. 

To describe this algorithm, we will describe an auxiliary algorithm that would 
check, for every j = 1, ... , n, and for every possible value 'Ui ES ofthe variables 
'Ui' whether this particular value can be extended to a possible S-solution 'U of 
a given linear system (i.e., to a solution all components of which belong to the 
set S). If we have such an auxiliary algorithm, then, to find the desired max Yi' 
we will simply enumerate all possible values of 'Ui' check which of these values 
are possible, and take the largest of these possible values. Similarly, we will be 
able to compute the smallest of the possible values of 'Ui' Le., 'U .. 

-J 

The resulting algorithm for computing YJ' and 'U. consists of applying the aux-
-J 

iliary algorithm s times, where s is the number of elements in the set S, and in 
finding the largest and the smallest of the resulting values 'Ui' This finding can 
be easily accomplished, if on each step, we keep track of the largest-so-far and 
smallest-so-far values, and for every new possible Yj, compare this new value 'Ui 
with these largest-so-far and smallest-so-far values. Therefore, if the running 
time of the auxiliary algorithm is bounded by a polynomial P( n) of the size n 
of the problem, then the running time of the resulting algorithm for computing 
'!!..i and Yi is also polynomial time: it takes ~ s· P( n) + 2n steps, where 2n steps 
are needed for finding the largest and the smallest elements. 

So, to prove oUf theorem, it is sufficient to design a polynomial-time auxiliary 
algorithm. This algorithm will work as folIows. The fact that the system is 
w-band means that for every i, the i-th equation only contaIDs variables Yi 
with j = i - (w -1), i - (w - 2), ... ,i-I,i, i+ 1, ... , i+(w-I). In particular: 
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• the first equation contains only variables Y1, ... , Yw ; 

• the second equation contains only variables Y1, Y2, ... , Yw+1; 

• ... , 

• (w - 1 )-st equation contains only variables Y1, Y2, ... , Y2w -1' 

On the first stage of the proposed auxiliary algorithm, we will try, for each of 
s2w-1 possible S-tuples (Yl, ... , Y2w-1), whether this tuple is a solution to the 
system of first w - 1 linear equations (if the desired variable Yj is among one of 
these Y1, ... , Y2w -1, then we only consider those tuples for which Yj takes the 
given value). To check each tuple, we will try all possible S-values a;j E Bij and 
bi E bi for all i :::; w - 1 and j :::; 2w - 1. Let us describe how many coefficients 
there are: 

The first equation has w coefficients aij, the second one has w + 1 coefficients 
aij, etc. Totally, there are w + (w + 1) + ... + (2w - 1) coefficients aij, i.e., 

w . ( w + 1) w . (3w - 1) 
w . (w - 1) + [1 + ... + w] = w . (w - 1) + 2 = 2 

coefficients. In addition to that, there are w coefficients bi, i :::; w. In total, 
there are w . (5w - 1)/2 coefficients. Each of these coefficients is an element 
of the set Sand therefore, it can take no more than s different values. Hence, 
the entire set of coefficients can take:::; sw o (5w-1)/2 different values. For each 
set of coefficients aij and b;, and for each set (Y1, ... , Y2w -1), checking whether 
all of k + 1 equations are satisfied (i.e., whether L aij . Yj = bi) takes:::; w 2 

straightforward multiplications, additions, and comparisons. To check this for 
all possible sets of coefficients and for all possible S-tuples, we must, therefore, 
apply :::; w2 . s2w-1 . sw o (5w-1)/2 computational steps. This may be a huge 
number, but sand ware both constants independent of the size n of the entire 
system. Thus, the number of computations spent on this first step is bounded 
by a constant. 

Let us now describe the further stages of the proposed algorithm. Totally, 
there will be n - (w - 1) of them, and these stages will be marked by num-
bers w, w + 1, ... , n. On each stage i, we will find the set of all tuples 
(Yi-(w-1), ... , Yi, ... , Yi+(w-1») that can be extended to an S-solution of the 
system formed by first i equations. To find such a set, let us start with a set of 
possible values (Yi-w, ... , Yi-1, ... , Yi+w-2) obtained on the previous stage. By 
induction assumption, this set contains exactly S-tuples that satisfy the first 
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i-I equations. So, to move to a new set, we must take the i-th equation into 
consideration. 

The i-th equation contains 2w coefficients (2w - 1 coefficients aij and one 
coefficient bi). Each of these coefficients takes ~ s values, and therefore, there 
are no more than s2w possible sets of these coefficients. So, to describe the new 
set, we can, for each tuple from the old set, do the following: 

• For each of s possible values of Yi+(w-l), and for each of S2w possible 
values of the coefficients aij, bi , of i-th equation, we check whether the 
i-th equation I: aij . Yj = bi is satisfied. 

• If it is satisfied, then we add the resulting tuple 
(Yi-(W-l), ... , Yi,···, Yi+(w-l) to the new set. 

For each of ~ s2w possible S-tuples, on i-th stage, we need ~ s . s2w checks, 
and each check takes ~ 2 . (2w - 1) operations (2w - 1 multiplications aij . Yj 

and 2(w - 2) additions). Hence, the total number of operations on each stage 
is bounded by s2w-l . s2w . (4w - 2). This upper bound depends only on sand 
w, and it is independent on n. Hence, from the viewpoint of dependency on n, 
this is simply a constant. 

Hence, the total number of computational steps on all n stages is bounded by 
constant·n. Hence, we have described the desired linear-time algorithm. The 
theorem is proven. 

Proof of Theorem 12.17 is done by a similar reduction. 

Proof of Theorem 12.19. We want to find the values Yj for which !lc ~ 
I: aij . Yj ~ bi for all aij E ~j' aij]. For every j, the largest possible value tij 
of each linear term aij . Yj is attained on one of the endpoints of the interval 8;j, 

and a similar property is true for the smallest possible values Lj of these terms. 
Therefore, the above inequality is equivalent to the following system of linear 
inequalities, with new variables Lj and tij: tj ~ f!;j . Yj ~ tij, tj ~ aij . Yj ~ 

tij, !lc ~ I: Lj' and I: tij ~ bi . Thus, we can use known polynomial-time 
algorithms for solving linear programming problems (i.e., for solving systems 
of linear inequalities; see, e.g., Karmarkar [169]) to solve our problem. The 
theorem is proven. 
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Proof of Theorem 12.20 is similar: e.g., to compute y., we solve the linear 
-1 

problem problem of minimizing Yj under the linear inequalities described in the 
proof of Theorem 12.19. 

Proof of Theorem 12.21. To prove NP-hardness of our problem, we will 
reduce PARTITION to it. In PARTITION, we are given a sequence of integers 
S1, ••. , Sm, and we want to check whether there exist integers Yj E {-I, I} for 
which E Sj . Yj = O. For each instance of PARTITION, let us construct an 
intervallinear system with 3m variables Y1, ..• , Ym, Z1, •.• , Zm, h, ... , t m , and 
the following 5m + 1 equations: 

• [-I,I].y;=[I,I];j=I, ... ,m; 

• [0,1] . Zj = [1,1]; j = 1, ... , m; 

• [0,1] . tj = [1,1]; j == 1, ... , m; 

• Yj + Zj = 2; j = 1, ... , m; 

• Yj - tj = -2; j = 1, ... , m; 

• S1 • Y1 + ... + Sm . Ym = O. 

If Y1, •.• ,Ym is a solution to the given instance, then we can take Zj = 2 - Yj , 

tj = Yj + 2, and get an element of the controlled set. 

Vice versa, let us assume that the controlled solution set is non-empty, and 
that Y1, ••• is an element of this set. Then: 

• From the first equation, we can then conelude that there exists an element 
a E [-1,1] for which a· Yj = 1. Therefore, Yj = l/a, and hence, IYjl ~ 1, 
i.e., Yj ~ 1 or Yj ~ -1. 

• From the second equation, we can similarly conelude that Zj = l/a for 
some a between 0 and 1, i.e., that Zj ~ 1. The fourth equation implies 
that Yj = 2 - Zj and therefore, that Yj 5 2 - 1 = 1. 

• Similarly, from the third and the fifth equations, we conelude that Yj ~ -1. 

• Since we already know that Yj is either ~ 1 or 5. -1, we thus conelude 
that Yj E {-I, I}. 

• In this case, the last equation shows that the values Yj form a solution to 
the given instance of PARTITION. 
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So, for the above intervallinear system, the controlled solution set is non-empty 
if and only if the original instance of PARTITION has a solution. The reduction 
is proven, and so, checlring non-emptiness is indeed NP-hard. The theorem is 
proven. 

Proof of Theorem 12.22. We can reduce PARTITION to this problem as 
folIows: for each particular case of PARTITION, construct the intervallinear 
system as above. Our problem is to produce something that for the case of non
empty controlled solution set would be its element. For the above system, it is 
easy to check whether this "something" is an element of the controlled solution 
set: it is suflicient to check whether L Sk . Yk = 0 and Yj E {-I, I}. By checking 
this, we would be able to check whether a given instance of PARTITION has 
a solution. Reduction proves that our problem is indeed NP-hard. 
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PHYSICAL COROLLARY: 

PREDICTION IS NOT ALWAYS 
POSSIBLE, EVEN FOR LINEAR 

SYSTEMS WITH KNOWN 
DYNAMICS 

In the previous chapter, we proved that solving intervallinear systems is com
putationally intractable. In this chapter, we describe a practical consequence 
of trus result: that even for linear systems with known dynamics, prediction 
can be computationally intractable, i.e., in practical terms, not always possible. 

This corollary may be of interest to physicists, meteorologists, etc. 

13.1. Informal Introduction to the Problem and 
Motivations for the Following Definitions 

One of the main objectives of physics is to predict the future behavior of differ
ent objects and systems. As a basis for this prediction, we can use the results 
of current and past measurements. In this chapter, we will show that such a 
prediction is not always possible, even if the dynamics of the object is described 
by known linear equations. 

Before we start the mathematical formulations, let us clarify what we mean 
by the phrase "prediction is not always possible". If the measurements are 
absolutely precise, then, since we assumed that we know the exact dynamics 
of the object, we can predict the future values of all its parameters exactly. 
In reallife, however, measurements are never 100% precise. As a result, each 
measurement leads not to the exact value of the measured quantity, but to 
the interval of possible values. Since we do not know the exact values of the 
past characteristics, we cannot predict the exact values of the future ones; 
even for known dynamics, there is an interval of possible values of each future 

143 

rohn@cs.cas.cz



144 CHAPTER 13 

characteristic. The question is: can we compute (the bounds of) this interval? 
and, if we can, can we compute these bounds fast enough? 

We emphasized the words fast enough, because for prediction problems, com
putations only make sense if they are finished before the event that we are 
actually trying to predict. 

For example, ifwe have an algorithm that predicts the next day's weather, 
but that takes a year to finish its computations, then these computations 
are of no use: by the time when the computations are over, we will have 
already recorded the weather that we were trying to predict. 

For simplicity, we will consider systems with discrete time, i.e., we only consider 
moments oftime 1,2, ... Let i(t) = (SI(t), ... , sn(t» be the state ofthe system 
at a moment t. We will show that prediction problem is NP-hard even for linear 
systems, i.e., for systems with linear dynamics, in which the state i(t + 1) in 
the next moment of time is a linear function of the state i(t) in the previous 
moment of time: i(t + 1) = J + Di(t) for some vector J and for some matrix 
D. Moreover, we will show that prediction is hard even when we know the 
dynamics, i.e., when we know both the vector J and the matrix D exactly. 

Predictions are based on the results of measurements. The very fact that i is 
astate means that every measured characteristic m of the system is uniquely 
determined by this state, i.e., in mathematical terms, that it is a function 
/(SI, ... , sn) of the values Si of the physical quantities that form the state: 
m(t) = /(SI (t), ... , sn(t». We will show that the prediction problem is difficult 
even for the simplest case when every quantity mk(t) measured at each moment 
of time t linearly depends on the state: 

We can assurne, for simplicity, that the measuring instruments are calibrated 
in such a way that there is no bias, i.e., that bio = O. Other parameters of this 
dependency (i.e., values mki(t» are, usually, not exactly knownj as a result, 
we only know intervals IDki(t) of possible values of mki(t). Similarly, since 
measurements are never absolutely precise, in general, we only know an interval 
IDk(t) of possible values of the measured quantity mk(t). 

We are now ready to formalize what it means, based on the results of the 
measurements performed at the moments of time 1, ... , T, to predict the results 
of measurements at the future moment of time T + 1. 
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13.2. Definitions and the Main Result 

Definition 13.1. By a prediction problem, we mean the tuple 

(n, d, D, T, nl, ... , nT, M(l), ... , M(T), M(T + 1), m(l), ... , m(T)} , 

where: 

• n is a positive integer called dimension ofthe system (or simply dimension); 

• dis an n-dimensional vector, and D is an n x n matrix (both, with rational 
components); the pair (d, D) is called dynamies; 

• T is a positive integer called the time period; 

• nt, 1 ~ t ~ T, are positive integers; the integer nt is called the number of 
quantities measured at time t; 

• M(t), 1 ~ t ~ T+ 1, are interval matrices oEsizes nt x n; here, we denoted 
nT+1 = 1 (so that the matrix M(T + 1) is oE size 1 x n, i.e., actually, an 
n-dimensional interval vector); these T + 1 matrices are called measuring 
procedures; and 

• m(t), 1 ~ t ~ T, are interval vectors oE size nt called measurement results. 

Definition 13.2. Let 0 > 0 be a positive rational number. We say that a 
prediction problem is based on o-accurate measurements iE all the intervals com
ponents oE the matrices M(t) and the vectors m(t) are absolutely O-accurate. 

Comemnt. Recall that an interval a = [g, a] is called absolutely O-accurate if its 
radius (1/2) . (a - ~!) does not exceed 8. 
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Definition 13.3. We say that areal number p is a possible prediction for a 
given prediction problem 

(n, J, D, T, n1. ... , nT, M(I), ... , M(T), M(T + 1), m(I), ... , m(T)} , 

ifthere exist vectors 8(1), ... , 8(T), 8(T+ 1), vectors met) E met), and matrices 
M(t) E M(t) for which: 

• 8(t + 1) = J + Di(t) for t = 1, ... , T; 

• M(t)i(t) = met) for t = 1, ... , T; and 

• M(T+ 1)8(T+l) =p. 

The smallest and the largest of the pOBBible predictions will be denoted by p 
andp. -

Definition 13.4. Let e > O. By a problem of comp,ding an e-accurate predic
tion, we mean the following problem: 

GNEN a prediction problem. 

COMPUTE rational numbers p and p that are e-close to, correspondingly, 
the smallest fand the largest 'jTpossible predictions (i.e., tor which If-fl :5 
e and Ip-pl:5 e). 

Comment. Each possible prediction is a solution ofthe following intervallinear 
system: 

8(t + 1) - Di(t) = J, 1:5 t :5 Ti 

M(t)i(t) = met), 1:5 t $ Ti 

M(T + l)i(T+ 1) - p = O. 

We know that in general, the problem of solving intervallinear systems is NP
haro. We will show that it remains NP-hard if we only consider linear systems 
that correspond to prediction problems: 

Theorem 13.1. For every positive integerT, and for arbitrary positive rational 
numbers e > 0 and 6 > 0, the problem of computing an e-accurate prediction 
based on 6-accurate measurements is NP-harrl. 
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13.3. Auxiliary Result 

In our definitions, we assumed the possibility that different measuring pro
cedures are used for different moments of time t. What if we only consider 
time-invariant (stationary) situations, in which at all moments of time, we use 
exactly the same set of measuring instruments? It turns out that in this case, 
the problem is still NP-hard: 

Definition 13.5. By a prediction problem based on stationary measurements, 
we mean the tuple 

(n, d, D, T, nl, M, M(T + 1), m(1), ... , m(T)), 

where: 

• n is a positive integer called dimension 0/ the system (or simply dimension); 

• J is an n-dimensional vector, and D is an n X n matrix (both, with rational 
components); the pair (d, D) is called dynamies; 

• T is a positive integer called the time period; 

• nl is a positive integer; it is called the number 0/ measured quantitie~; 

• M is an interval matrix of size nl x n called a measuring procedure; M(T + 1) 
is an n-dimensional row of this matrix; 

• m(t), 1 ~ t ~ T, are interval vectors called measurement results. 

Definition 13.6. We say that areal number p is a possible prediction for a 
given prediction problem 

(n, d, D, T, nl, M, M(T + 1), m(l), ... , m(T)) 

ifthere exist vectors 8'(1), ... , 8'(T) , 8'(T+1), vectors m(t) E m(t), and a matrix 
M E M for which: 

• 8(t + 1) = J + D8(t) for t = 1, ... , T; 

• M8(t) = m(t) for t = 1, ... , T; and 

• M(T + 1)8(T + 1) = p, where M(T + 1) is the corresponding row of the 
matrix M. 
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Definition 13.7. Let c > O. By a problem 0/ computing an c-accurate predic
tion based on stationary measurements, we mean tbe lollowing problem: 

aIVEN a prediction problem witb stationary measurements. 

COMPUTE rational numbers p and p tbat are c-close tO, correspondingly, 
tbe smallest possible prediction f and tbe largest possible prediction P, 
(i.e. , lor wbicb IE - fl $ c and Ip - pi $ c). 

Comment. This problem is not exactly the problem of solving a system of in
tervallinear equations, because we require that the matrix M E M be the same 
for all T equations (i.e., that the coeficients are not independent). However, it 
is still NP-hard: 

Theorem 13.2. For every positive integer T, and tor arbitrary positive rational 
numbers c > 0 and 6 > 0, the problem 0/ computing an c-accurate prediction 
based on 6-accurate stationary measurements is NP-hard. 

Proofs 

Proof of Theorem 13.1. To prove this result, we will reduce the PARTITION 
problem (known to be NP-hard) to our prediction problem. In the PARTITION 
problem, we are given a sequence of integers V1, ••• , Vq, and we must check 
whether there exist values %1, ••• , %q for which %i E {-I, I} and 

V1 • %1 + ... + vq • %q = O. 

Let us take 60 = min{6, 6/(2c)}, and let us form the following prediction prob-
lem: n = q + 1, J = Ö = (0, ... ,0) is the vector consisting of all O's, D is the 
unit matrix (D = I), n1 = ... = nT = 2n + 1(= 2q + 3). Let us first define, 
for t = 1, ... , T, the interval matrices M(t) (with elements ~;(t)) and interval 
vectors met) (with elements ~(t)): 
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• mii(t) = [-60,60]; mij(t) = [0,0] for all j :F i; 

• mi+n,i(t) = [60,60]; mi+n,j(t) = [0,0] for allj:F i; 

• miet) = [2c . 60, 2c . 60]; 

• m;+n(t) = [-2c . 60, 2c . 60]; 

We also take m2n+1,j(t) = [Vj, Vj] for all j, and m2n+1(t) = [2c . Vn, 2c· vn], 
where we denoted Vn = -0.5· (VI + ... + vq ). 

Finally, we define the matrix M(T +"1) as folIows: ml,i(T + 1) = [0,0] for all 
i ~ q, and ml,n(T + 1) = [1,1]. It is easy to check that all the intervals are 
absolutely 6-accurate (this is why we have chosen 60 as we did above), i.e., this 
problem is indeed based on 6-accurate measurements. 

Let us describe all possible predictions. Since J = ° and D = I, we have 
S(t + 1) = S(t) and thus, the state does not change with time. So, we will omit 
t and denote the state vector simply by s = (Sb . .. , Sn). 

The vector equation M(t)s(t) = met) consists of 2n + 1 numerical equations. 
From the first n equations M(t)S(t) = met), we conelude that mii(t).Si = 2c·60 
for some mii(t) E [-60,60]; therefore, 2c·60 = Imiil·lsil ~ ISil·60, and ISil ~ 2c, 
i.e., Si ~ -2c or Si ~ 2c. 

From the equations numbers n+ 1, ... , n+i, ... , 2n, we conelude that for every 
i, 60 . Si = mi for some mi E [-2c· 60, 2c· 60], and therefore, that Si E [-2c,2c]. 
Since we already know that 8i :5 -2c or 8i ~ 2c, we conelude that for every i, 
either si = -2c or si = 2c. In other words, we can say that Si = 2c· Xi, where 
Xi = -1 or Xi = 1. 

Finally, the (2n + l)-st equation M(t)s(t) = met) means that VI . SI + ... + VI} . 
Sq+Vn ·Sn = 2c·vn. Ifwe substitute the expression Si = 2c·Xi into this equation, 
and divide both sides by 2c, we conelude that VI·XI + .. . +vq ·xq+vn ·Xn = vn. 
This equation has a possible solution Xl = ... = XI} = -1, Xn = -1, and is, 
therefore, consistent. The variable X n has two possible values: -1 and 1. The 
value -1 is always possible, but the value X n = 1 is possible if and only if 
VI· Xl + ... + VI} . XI} = ° for some Xi E {-1, 1}, i.e., if and only ifthis instance 
of the PARTITION problem is solvable. 

In our prediction problem, the predicted quantity p is equal to Sn, i.e., to 2c·xn. 
So, depending on whether the given instance of PARTITION has a solution or 
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not, the set of possible predictions consists either of a single value -2c, or of 
two values {-2c, 2c}. Thus, depending on whether this instance is solvable 
or not, we will get either p = 2c or p = -2c. If we compute this bound p 
with accuracy c, we will be able to detect this difference. Since PARTITION 
is known to be NP-hard, our prediction problem is thus also NP-hard. The 
theorem is proven. 

Proof of Theorem 13.2. To prove Theorem 13.2, we will describe a reduction 
similar to the one described in Theorem 13.1. Namely, we will modify the 
reduction from the Theorem 13.1 as follows: 

• First, we will add T more quantities to the description of the state, i.e., 
we will consider T additional variables Sq+2, ... , Sq+1+T, to the total of 
n =q+1+T. 

• For the first q + 1 components of the state 5, dynamic equations are the 
same as in the proof of Theorem 13.1: Si(t + 1) = Si(t), 1 ~ i ~ q + 1. 
For the new components, the dynamics will be slightly more complicated: 
Sq+i(t + 1) = Sq+i-l(t). 

In algebraic terms: 

• the vector J is still all O's (J = 0), but 
• the matrix D, in addition to the (q + 1) x (q + l)-identity-matrix 

part, has T more non-zero terms dq+l+i,q+i = 1, 1 ~ i ~ T. 

• At each moment of time, we will perform the same 2q + 3 measurements 
that we did in the proof ofTheorem 13.1 (their results, thus, do not depend 
on the new variables Sq+l+i), plus one more measurement, with m2q+4,i = 
[0,0] for i f q+1+T and m2q+4,q+l+T = [1,1]. For this new measurement, 
we will take m2q+4 = [0,0]. 

In algebraic terms, to get the new matrix M from the matrix described 
in Theorem 13.1, we: 

• add T new columns to the right; 
• add a new row below, and 
• fill new rows and new columns with O's except for the intersec

tion of the last new row and the new column where we place a 
(degenerate) interval [1, 1]. 

• Finally, to describe apredicted quantity p, instead of taking the previous 
vector M(T + 1), we take a new vector (that is actually equal to the last 
row of the new matrix M): ml,i(T + 1) = [0,0] for i f q + 1 + T and 
ml,q+2(T + 1) = [1,1]. 
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Similarly to the proof of Theorem 13.1, we can conclude that for every p08sible 
prediction, we have 8i(t+ 1) = 8i(t) = 2c · Zi for all i = 1, ... , q+ 1, where each 
of the variables Zi is equal either to -1 or to 1, and Zq+1 = 1 is possible if and 
only if the given instance of the PARTITION problem has a solution. 

The predicted quantity is p = 8 q+1+T(T + 1). From the dynamic equations for 
the new variables, we conclude that: 

8q+1+T(T + 1) = 8q+T(T) = 8q+T-l(T -1) = ... = 8q+i(i) = 

... = 8 q+2(2) = 8 q+1(1). 

Thus, in our prediction problem, the predicted quantity p is equal to 8 q+1, i.e., 
to 2c· Zq+1. So, depending on whether the given instance of PARTITIONhas 
a solution or not, the set of possible predictions consists either of a single value 
- 2e:, or oftwo values {-2c, 2c}. Thus, depending on whether this instance is 
solvable or not, we will get either p = 2c or p = -2c. Ifwe compute this bound 
p with accuracy c, we will be able to detect this difference. Since PARTITION 
is known to be NP-hard, our prediction problem is thus also NP-hard. The 
theorem is proven. 
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ENGINEERING COROLLARY: 

SIGNAL PROCESSING IS NP-HARD 

In this chapter, we present another example of a practical problem which is 
computationally intractable in the presence of interval uncertainty: signal prcr 
cessing. 

This chapter was written in collaboration with O. Kosheleva. 

14.1. Signal Processing: ABrief Introduction 

What is signal processing. Signal processing studies dynamic signals, i.e., 
quantities that change with time. Usually, we do not directly observe the actual 
values Z1. ... , Zn ofthis quantity at different moments oftime 1, ... , n. Instead, 
we measure the values of the transmitted signal ml, ... ,mn that depend on Z i: 
mi = mi(z1, ... , zn). One of the basic problems of signal processing is to 
reconstruct the signal Z j from the measurements m1, ... , m n . 

An important particular case is when the transmission occurs within a measur
ing system, Le., when Zi are the measured quantities, and mi are the actual 
measurement results. If we measure, e.g., a temperature inside the furnace, or 
parameters of the Martian soil, then signal transmission is a difficult task, and 
transmission inaccuracies are inevitable (i.e., mi # Zi). 

If the signal is strong, then it usually passes through the transmission lines 
practically unchanged (i.e., mi ~ Zi), so there is no need for reconstruction. 
Reconstruction is only necessary when the signal is weak, i.e., when the values 
Z j are smalI. In this case, we can expand the dependence mi on Z1, ... , Zn in 
Taylor series, and keep only the linear terms, i.e., the constant term bi (bias) 
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and the terms proportional to Xj: 

(14.1) 

In these terms, reconstructing the signal means finding the values Xj from the 
equations (14.1). 

If we know the exact values of the parameters bi and aij and the measurements 
that lead to the values mi are precise, then reconstructing the signal simply 
means solving a system of linear equations. 

Uncertainty. In most real-life situations we do not know the exact values of 
the coefficients bi and aij that characterize the transmission line; instead, we 
only know the intervals b i and Bi; of possible values of these variables. 

In some cases, we also know probabilities of different values inside these 
intervals, but in this chapter, we will only consider the case when the 
intervals are the only information we have. 

Similarly, as a result of the measurement, we do not get the exact values mi; due 
to inevitable measurement errors, we can, at best, get an intervalm; of possible 
values of the measured quantity. With this interval uncertainty, we get interval 
linear equations that relate the (unknown) signal X; with the measurement 
results: 

n 

bi + EBi; . x; = mi, 1 ~ i ~ n (14.2) 
;=1 

meaning that bi + E ai; . X; = mi for some bi E bi, ai; E Bi;, and mi E mi. In 
this case, reconstructing the signal means finding all possible values of Xi, i.e., 
solving the corresponding system of interval linear equations. 

Duplicate measurements. In the ideal case, when we know the exact values 
of bi, aij, and mi, we get the exact values of Xj from a single sequence of 
measured values. In the realistic case, we get only approximate values of Xi. 
If we are not satisfied with the accuracy of the reconstructed signal, then the 
natural way to improve this accuracy is to perform additional measurements, 
i.e., to have several channels, and to reconstruct the signal from the results 
coming horn all these channels. 
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For example, ifwe are interested in the temperature inside the furnace, and 
the existing thermo-sensors do not give the desired accuracy, we may want 
to complement them with other sensors that measure, e.g., the brightness 
of the furnace. 

If we use several channels, then, instead of the system (14.2), we have a system 

b~C) + "" a~~) . XJ' = m~c) 
• L...J'J • , 

(14.3) 

where c = 1,2, ... , C is the number ofthe channel, b~c) and a~j) are parameters 

that describe c-th channel, and m~c) are the measurement results coming from 
c-th channel. 

Measuring instruments are usually stationary. In principle, arbitrary 
interval vectors and matrices are possible, so, from the fact that solving interval 
linear systems is NP-hard, we can conclude that signal processing is also NP
hard. However, these arbitrary parameters bi and aij are rare: in practice, most 
of the communication channels and measuring instruments are time-invariant 
(stationary). Time-invariance means that all properties of the channel and/or 
instrument do not depend on time; in particular: 

• the interval b~c) that describes possible bias at time i should not depend 
on time at all: b~c) = b(c); 

• the interval a~c~ that describes how the value m2 of the transmitted signal 
(that correspo~ds to moment 2), depends on the input signal Xl at moment 
1, should coincide with the interval a~c~ that describes how the value ma 
of the transmitted signal (that corresp~nds to moment 3), depends on the 
input signal X2 at moment 2, etc. In general, the interval coefficient ~j) 
should not depend on the absolute times i and j, but only on the time i - j 

that passed between i and j: aW = a~~j (i.e., each interval matrix a~j) is 
a Toeplitz matrix). 

In this stationary case, we get the following system of equations: 

b(c) + La~~j . Xj = m~c). (14.4) 

We will show that signal reconstruction is NP-hard even if we only consider 
such stationary systems. 
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Comment. In principle, the measured values m1, ... ,mn may depend not only 
on the values of the signal Xl, ... ,Xn during the observation period, but also on 
the other values of the signal, such as Xo and X n +1. We will show NP-hardness 
for the simplest case when the signal Xi can only be different from 0 during the 
observations, i.e., when Xo = X-I = ... = Xn +1 = X n +2 = ... = o. 

14.2. Definitions and the Main Result 

Definition 14.1. Let C be a positive integer. By a C -channel signal processing 
problem, we mean the following problem: 

GIVEN: 

• an integer n, 
• C rational intervals b( c), 1 ~ c ~ Ci 

• C rational (2n - 1 )-dimensional interval vectors 

a(c) = (a~ln-1)' ... ' a~C21)' 1 ~ c ~ Ci 

• C rational n-dimensional interval vectors m(c) 

1 ~ c ~ Ci and 

• an integer i, 1 ~ i ~ n. 

COMPUTE the smallest ~ and the largest Xi possible values of Xi for 
which, for some X = (Xl, ... , X;-l, Xi, Xi+1, ... , Xn) and for each c and i, 

n 

b~c) + '" a~~) . x," = m~c) 
• L...i" • . 

j=l 

fc b(c) b (c) (c) d (c) (c) 
or some; E c, a;j E ai-j' an m j E m i . 

(14.5) 

Theorem 14.1. For C ~ 2, C-channel signal processing problem is NP-hard. 

Comments. 

• We will see from the proof that not only the problem of computing the exact 
bounds for x; is NP-hard, but the problem of approximately computing 
these bounds, with a given accuracy, is also NP-hard. 

• We do not know whether signal processing is NP-hard for the case of a 
single channel. 
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Proof 

It is sufficient to prove the theorem for C = 2. To prove this result, we will 
reduce the PARTITION problem (known to be NP-hard) to our problem. In 
the PARTITION problem, we are given a sequence of integers S1, ... , s"~ and 
we must check whether there exist values Y1, ... , Yt for which Yi E {-I, I} and 
S1 . Y1 + ... + St . Yt = O. Let us take n = 2t + 2, b(1) = b(2) = [0,0], and the 
following intervals a~c) and m~c) (1 ~ c ~ 2): 

• a~1) = [1,1] and a~1) = [0,0] for k 'I 0, 

• mp) = [-1,1] for 1 ~ i ~ t + 1, and mp) = [0,0] for i > t + 1. 

• a~2) = [-1, 1], a~2) = [0,0] for 1 ~ k ~ t + 1, ~~1+A: = [St+1-1:, St+1-1:], 

1 ~ k ~ t+1, where we denoted St+1 = -0.5·(S1 + .. . +St); and a~2) = [0,0] 
for k< O. 

• m~2) = [-1,1] for 0 ~ i ~ t + 1, m~2) = [-8,8] for t + 1 < i < 2t + 2, 

where we denoted 8 = IS11 + ... + ISt+1l, and m~~~2 = [St+1, St+1] , 

For the first channel, the condition (14.5) implies that for every i ~ t + 1, 
Xi = mp) for some mp) E [-1,1], and therefore, that Xi E [-1,1]. For 

i > t + 1, we similarly conclude that Xi = m~1) E [0,0], Le., that Xt+2 = Xt+3 = 
... = X2t+2 = O. 

From the equations that correspond to the second channel, we conclude that 
for every i ~ t + 1, we have a~2) • Xi = 1 for some a~2) E [-1,1], and therefore, 
that Xi ~ -1 or Xi ~ 1. Since we already know that Xi E [-1,1], we conclude 
that for every i $ t + 1, either Xi = -1 or Xi = 1. 

Let us now consider the equations that correspond to i > t+1, i.e., to i = t+1+k 
for k > O. When t + 1 < i = t + 1 + k < 2t + 2 (i.e., when k < t + 1), the 
equation (14.5) takes the form 

2t+2 
L a~~1+I:.j . Xj E [-8,8]. 
j=1 
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Sinee we already know that X'+2 = Xt+3 = ... = 0, we ean only retain terms 
eorresponding to j ~ t + 1: 

t+l 

L a~~1+l:J . Xj E [-S,8]. 
j=1 

In the equation (14.5), a~~I+l:,j E ~~1+Ie-j. Sinee k > 0 and j ~ t + 1, 
we have t + 1 + k - j = (t + 1 - j) + k > O. For a positive index q, the 
interval a~2) is degenerate, i.e., consists of a single value; therefore, each value 

a~~1+Ie,j coincides with the corresponding value. This value is non-zero only 
when k - j ~ 0, i.e., when j ~ k. Thus, the above formula turns into 

Ie 

L St+1-(Ie-j) . Xj E [-S,8]. 
j=1 

Sinee Xj = ±1, we have I L: St+1-(Ie-j) . Xj I ~ L: ISIe I = s, so each of these 
equations is automatically satisfied. 

For i = 2t + 2, the interval m~2) is degenerate, and thus, the corresponding 
equation (14.5) takes the form SI . Xl + ... + St . Xt + St+1 . Xt+1 = St+1. 

This equation has a possible solution Xl = ... = Xt = -1, Xt+1 = -1, and 
is, therefore, consistent. The variable ZHI has two possible va.1ues: -1 and 
1. The value -1 is always possible, but the value Xt+1 = 1 is possible ü and 
only if SI • Xl + ... + St • Xt = 0 for some Xj E {-I, I}, i.e., ü and only ü this 
instance of the PARTITION problem is solvable. Thus, depending on whether 
this instance is solvable or not, we will get either Zt+1 = 1 or Zt+1 = -1. Sinee 
PARTITION is known to be NP-hard, OUf problem is thus also NP-hard. 

Thus, ü we are able to solve the corresponding interval linear systems with 
aceuraey e < 1, we can check whether the aetual value of Zt+1 is -1 or 1, 
and thus, solve the given instance of PARTITION. For e > 1, we can consider 
a similar system with the new measurement intervals m~ c )new = 2c . m~ c) • 

Solving this system with accuracy e is equivalent to solving the original system 
with aceuraey 0.5, and thus, it is equivalent to solving the given instance of 
PARTITION. The theorem is proven. 
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BRIGHT SIDES OF NP-HARDNESS 
OF INTER VAL COMPUTATIONS I: 

NP-HARD MEANS THAT GOOD 
INTER VAL HEURISTICS CAN 

SOLVE OTHER HARD PROBLEMS 

In the previous chapters, we have proven that many computational problems 
of data processing and interval computations are NP-hard. 

The immediate conclusion of these results is negative: one cannot expect an 
algorithm that solves all the problems of data processing and interval compu
tations in reasonable time. 

However, as we will mention in this chapter, the NP-hardness results also 
have their bright si des: namely, it enables us to apply eflicient heuristic meth
ods, originally developed for interval computations, to other complicated prob
lems, and thus, get new heuristics (see also Appendix F for more speculative 
applications). 

15.1. Possibility 

By definition, the fact that a problem P is NP-hard means, as we have men
tioned, that if we can solve the problem P in polynomial time, then we will be 
able to solve many other hard problems (those in the dass NP) in polynomial 
time. In other words, if a problem P is NP-hard, then every instance of every 
other problem from the dass NP can be reduced to one or several instances of 
this problem P. Based on this reduction, the majority of computer scientists 
believe that there is no algorithm that solves all instances of an NP-hard prob
lem P. But this does not prevent us from having good heuristics that solve 
many important instances of P. The reduction mentioned above means that 
we can then solve many cases of other hard problems. 

159 

rohn@cs.cas.cz



160 CHAPTER 15 

15.2. Such Heuristics Have Actually Been Pro .. 
posed 

For interval computations, many good heuristics are indeed known. In Traylor 
et al. [414], it is shown that these heuristics lead to good heuristic algorithms for 
solving another NP-hard problem: propositional satisfiability problem, as de
scribed in Chaoter 2. This problem is considered one of the basic NP-complete 
problems (see, e.g., Garey et al. [121]). The resulting heuristic turned out 
to be closely connected with similar heuristics that try to simulate how our 
brain works, be it on the level of neural networks, or on the level of chemical 
reactions; see, e.g., Kreinovich et al. [198, 217, 226, 211] and Fuentes et al. 
[114, 113]. 
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IF INPUT INTERVALS ARE 
NARROW ENOUGH, THEN 

INTER VAL COMPUTATIONS ARE 
ALMOST ALWAYS EASY 

In the previous chapters, we have shown that in general, interval computations 
are NP-hard. This means, crudely speaking, that every algorithm that solves 
the interval computation problems requires, in some instances, unrealistic ex
ponential time. Thus, the worst-case computational complexity of the problem 
is large. A natural question is: is this problem easy "on average" (i.e., are 
complex instances rare), or is this problem diflicult "on average" too? 

In this chapter, we show that "on average", the basic problem of interval 
computations is easy. To be (somewhat) more precise, we show that i/ input 
intervals are narrow enough, then interval computations are alm ost always easy. 

16.1. Formulation of the Problem: Are Hard 
Cases Rare? 

Hard eases are inevitable. Ideally, in the basic problem considered above, 
we would like to compute the exact range interval of a function y = /(Zl, ... , zn). 
Traditional methods of interval computations do not always give the exact 
range, but they usually give an enclosure of the desired range, i.e., an inter
val that contains the range y. The result that computing the exact range is 
NP-hard means, crudely speaking, that there is no feasible (polynomial time) 
algorithm that can always compute the exact range. In other words, every 
enclosure-computing feasible algorithm sometimes either overestimates, or does 
not work at all. In particular, every feasible algorithm that is always applicable 
sometimes overestimates. 
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Hard eases ean be rare or frequent. Every always-applicable feasible 
algorithm sometimes overestimates. The natural question is: how often is this 
"sometimes"? There are two possible scenarios here: 

• a pessimistic one: many particular cases are hard; the most pessimistic 
case is when every feasible algorithm overestimates in almost all caseSj 

• an optimistic one: a few cases are hard, but the vast majority are feasible. 

It turns out that we are in the optimistic situation: for small input intervals, 
alm ost all interval computation problems are feasible. 

How to formalize "almost all": standard formalization is not appli
eable. To formulate this result in precise terms, we need to formalize what 
"almost all" means. In mathematics, "almost all" usually means "all points, 
except for points from a set of Lebesgue measure 0" (or, "except for points from 
a set of a small Lebesgue measure"). In the existing computers, however, only 
rational numbers are represented. The set of all rational numbers is countable 
and has, therefore, Lebesgue measure 0; so the standard mathematical notion 
of "almost all" is not applicable. 

A new formalization of "almost all". To formalize the notion of "almost 
all" , we must somehow "extend" our algorithms, that are currently applicable 
only to rational numbers, to arbitrary real numbers. 

In real life, when we say that "an algorithm is applied to real numbers 
xl, ... , x n " , we usually mean that this algorithm is applied to rational numbers 
rl, ... ,rn that are 77-close to Xl, ... , X n , where 77 is the computer precision. So, 
if we fix 77 > 0, we can say that an algorithm works fine for n real numbers 
Xl! ... , X n if it works fine for all real-valued vectors r = (rl, ... , rn) that are 
77-close to the vector X = (Xl, ... , X n ). 

Now, we have real-valued inputs on which the algorithm works fine, and real
valued inputs on which it does not. For real-valued inputs, we can apply 
Lebesgue measure. As a result, we arrive at the following definition: 
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16.2. Definitions and the Main Result 

Definition 16.1. Let c: > 0 be areal number, D ~ Rn be a compact domain 
with a positive Lebesgue measure p.(D) > 0, and P(x) be a property that is 
true for some points x E D. We say that P is true for (D, c:)-almost all x if 
p.({x E DI-'P(x)}) ~ c:. p.(D). 

Comment. In other words, a property is true for (D, c:)-almost all x if the 
portion of the domain D for which this property is false does not exceed c:. 

Definition 16.2. Let Tl > 0 be areal number. 

• We say that an interval x = [x - D.., x + D..] is Tl-dose to an interval r = 
[r - d, r + d] if Ix - rl ~ Tl and ID.. - dl ~ Tl. 

• We say that an interval vector r = (rl, ... , r n) is Tl-dose to an interval 
vector x = (Xl, ... , Xn) if for all i from 1 to n, the interval ri is Tl-elose to 
the interval Xi. 

• Similarly, we say that an interval matrix 

R = (ru, ... , rln,···, rml,···, r mn ) 

is Tl-dose to an interval matrix 

x = (X11, ... , Xln,···, Xml,···, x mn ) 

if for all i from 1 to m and for all j from 1 to n, the interval rij is Tl-elose 
to the interval Xij. 

In this section, we consider rational functions, i.e., functions that can be rep
resented as a fraction of two polynomials: 

(Polynomials are a particular case of rational functions, corresponding to 
Q(XI, ... , Xn) = 1.) If both polynomials P(XI, ... , Xn) and Q(XI, ... , xn) have 
rational coefficients, then we can represent a rational function '(Xl, ... , Xn) = 
P(XI, ... , Xn)/Q(XI, ... , xn) in the computer by storing the rational coefficients 
of both polynomials P(XI' ... , Xn) and Q(XI, ... , Xn). 
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Definition 16.3. Let U be an algorithm for solving tbe basic problem of 
interval computations . 

• Let 71 > 0 be areal number, let I( Zl, ... , Zn) be a rational function with 
rational coefficients, and let x be an n-dimensional interval vector witb 
components Xi = [ii - ..::li , ii + ..::li], 1 ~ i ~ n. We say tbat U is 71-
exact on tbe function I( Zl , ... , zn) and on tbe interval vector x if for 
every n-dimensional interval vector r = (rl,"" rn) wb08e components are 
intervals witb rational endpoints, and tbat is 71-clO8e to x, tbe algoritbm 
Ureturns tbe exact endpoints of tbe interval I(rl, ... , r n). 

• We say tbat tbe algoritbm U is almost always exact for narrow input in
tervals if for every compact domain D witb I'(D) > 0, for every rational 
function l(z1. ... , zn) witb rational coefficients tbat is finite on an open 
set N :J D, and for every c > 0, tbere exist 0 > 0 and 71 > 0 sucb 
tbat for (D, c)-alm08t all vectors i = (i1. ... , in), if all n input intervals 
Xi = [ii -..::li, ii + ..::li] of an input vector X = (Xl, ... , Xn ) are ab80lutely 0-
narrow (..::li ~ 0), tbe algorithm U is 71-exact on tbe function I(Z1,"" Zn) 
and on tbe interval vector x. 

Theorem 16.1. (Lakeyev et al. [243, 224]) There exists a polynomial-time al
gorithmU that, given n intervalsxi = [ii-..::li,Zi+..::li], and a rationalfunction 
I(Z1' ... , zn) with rational coefficients, returns a (possibly infinite) enclosure 
for the range f(Xl, ... , xn ), and that is almost always exact lor narrow input 
intervals. 

Comments. 

• As we can see from this formulation, one and the same algorithm works 
for all rational functions. 

• As we will see from the proof, this theorem is true for a quite reasonable 
algorithm U that has, in effect, been used many times before. In other 
words, the algorithm is not new. What is new is the observation that this 
algorithm gives an exact estimate in alm ost all cases. 

A similar results shows that solving systems of interval linear equations is also 
almost always easy: 
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Definition 16.4. Let U be an algorithm that, given an (n x n )-interval matrix 
A with components aij = [aij - tl.ij , aij + tl.ij ], an n-dimensional interval 
vector b with components b i = [bi - tl.i, bi + tl.i], and an integer i ~ n, returns 
an enelosure for the interval Xi of possible values of Xi (i.e., values for which 
I: aij . Xj = bi for some aij E aij and bi E b i). 

• Let ." > 0 be areal number, A be an (n x n )-interval matrix, and b 
be an n-dimensional interval vector. We say that U is .,,-exact on A and 
b, if for every (n x n)-interval matrix Ar and for every n-dimensional 
interval vector b r that are .,,-elose to, correspondingly, A and b, and whose 
component intervals have rationaJ endpoints, the algorithm Ureturns the 
exact endpoints of the solution interval Xi corresponding to Ar and b r . 

• We say that the algorithm U is almost always exact for narrow input in
tervals if for every compact domain D of positive (n x n) + n-dimensional 
Lebesgue measure (for which all matrices A in an open neighborhood of D 
are invertible), and for every c > 0, there exist 6 > 0 and ." > 0 such that 
for (D, c)-almost all pairs (A, b)(where A is an (n x n)-matrix and bis a 
vector), if all (n x n) component intervals aij = [aij - tl.ij, aij + tl.ij ] of 
the interval matrix A and all n component intervals b i = [bi - tl.i , bi + tl.i] 
of the interval vector b are absolutely 6-narrow, then the algorithm U is 
.,,-exact on A and b. 

Theorem 16.2. (Lakeyev et al. [243, 224]) There exists a polynomial-time 
algorithm U that, given an (n x n )-interval matrix A, an n-dimensional interval 
vector b, and an integer i ~ n, returns a (possibly infinite) enclosure for the 
interval Xi of possible values of Xi, and that is almost always exact for narrow 
input intervals. 

These results can be represented as a table: 

Worst-case "A verage-case" 
complexity complexity 

Computing the range NP-hard Polynomial time 
of a rational function 
Solving a system of NP-hard Polynomial time 
intervallinear equations 
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Proofs 

Proof of Theorem 16.1. We will describe an algorithm that consists of the 
following two stages: 

• first, we simplify the function l(xl, ... , xn); 

• then, we compute the desired range y. 

Let us start with the first stage. In the beginning of this stage, we check whether 
the given function I( Xl, ... , Xn) actually depends on all of its variables. To do 
that, we will: 

• apply analytical differentiation formulas to l(x1, .... xn) (see, e.g., RaH 
[334]), and 

• check whether the resulting derivatives are identically 0 or not. 

In this chapter, we will use the following notation for partial derivatives that 
we borrow from physics: 

The derivative of a rational function is also rational. Therefore, this rational 
function can be represented as a ratio of two polynomials: l,i(x1, ... , xn) = 
P(X1, ... , xn)/Q(X1, ... , xn). This ratio is identically equal to 0 if and only if 
the polynomial P(X1, ... , Xn) is identically equal to 0, and the polynomial is 
identically 0 if and only if all its coefficients are zeros. Since all the coefficients 
of /(X1, ... , Xn) are rational numbers, the coefficients of /,;(Xl, ... , xn) (and 
thus, of P(x!, ... , Xn)) are also rational numbers, and for rational numbers, 
equality to 0 is easy to check. 

If for some i, it turns out that the partial derivative I,i (Xl, ... , Xn) is identically 
0, then the original function l(x1, .... xn) does not depend on this variable Xi 

at all. So, we can substitute an arbitrary value of Xi into the original formula 
l(x1, ... , xn), and get a new expression with one fewer variable. 

We can repeat this substitution procedure for all the variables Xi for which 
l,i(X1, ... , Xn) is identically O. As a result, we get a new expression 
for I( Xl, ... , Xn) that only contains the variables on which this function 
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/(Zl, ... , Zn) essentially depends (i.e., for which the derivative /,;(Zl, ... , zn) 

is not identically 0). Stage 1 is over. 

Comment. To explain why this procedure is so complicated, let us give an 
example of a rational function /(Zl, ... , zn) that does not depend on Z3 but 
whose expression explicitly contains Z3: 

/( ) z~ + Zl . Z2 + Zl . Z3 + Z2 . Z3 
Zl, Z2, Z3 = 2 

Zl + Zl . Z3 

If we factorize the numerator and the denominator , we will see that this function 
/(Zl, Z2, Z3), indeed, does not depend on Z3: 

/(Zl, Z2, Z3) = (Zl + Z2) . (Zl + Z3) = Zl + Z2 . 
Zl . (Zl + Z3) Zl 

However, we do not want to factorize, because factorization can be a very 
time-consuming procedure. Instead, we differentiate with respect to all three 
variables, and indeed get /,3(Zl, Z2, Z3) = O. As a result, we substitute an arbi
trary constant instead of Z3, and get an equivalent expression for /(Zl, Z2, Z3) 

that contains only two variables. For example, if we substitute Z3 = 0, we get 
the following expression: 

After Stage 1, we have a rational expression /(Zl, ... , zm) for which for all 
i ~ m, the derivative /,;(Zl, ... , zm) is not identically O. For this expression, 
we do the following: 

• First, for each i from 1 to m, we applyan interval centered form (see, e.g., 
Ratschek et al. [336]) to compute the interval enclosure e; = ~,e;] for 
/,;(X1, ... , xm ). 

If on one of the steps of this procedure, we need division by an interval 
that contains 0, then we simply return the entire real line as the 
enclosure for the range /(X1, ... , xn ). 

• If for some i, the interval e; contains 0, then we apply the same interval 
center form (or any other interval computation technique) to compute an 
enclosure e for the desired range /(X1, ... , xm ). 

• Iffor all i, the interval e; does not contain 0, then we compute S; = sign(e;) 
(where sign(a) = 1 for a > 0 and sign(a) = -1 if a < 0), and return the 
interval [!t,17] as the exact value of the range, where 
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Y = !(Xl - SI . db·.·, xm - Sm . d m ), 

11 = !(Xl + SI . dl, ... , xm + Sm· d m ). 

CHAPTER 16 

Why is this a correet estimate? 

• If ° E ei, then the faet that the above-deseribed algorithm returns an 
enclosure follows from the properties of interval eomputation methods. 

• If ° rt. ei for all i, this me ans that for every i, the function !(Xl, ... , xn ) is 
monotonie with respeet to eaeh of its variables: 

• If ei > 0, then !,i(Xl. ... , x n ) > 0, and !(Xl, ... , x n ) is inereasing 
with respeet to Xi . 

• If ei < 0, then !,;{Xb ... , Xn ) < 0, and !(Xl, ... , Xn ) is deereasing 
with respeet to Xi. 

Comment. As we have already mentioned, the use of monotonieity is not a 
novel idea. As examples of sueeessful applieations of this idea, we ean eite 
Collatz [70, 71], Lakshmikantham et al. [247], Walter [423], Harrison [141], 
Moore [291], Sehröder [383], Rall [335], Mannshardt [270], Dimitrova et al. 
[91], Markov [273]. 

To complete our proof, we must prove that the deseribed algorithm returns the 
exact range in almost all eases. Crudely speaking, we will show that the above 
algorithms returns the exaet range for an the points x = (Xl, ... , xn) in whieh 
an m partial derivatives !,,(Xl. ... , x m ) (with respeet to m variables on which 
the function !(Xl, ... , xn ) really depends) are different from O. (We will show 
that almost an points X have this property.) If an these partial derivatives are 
different from ° at a point X, then, due to eontinuity of these derivatives, eaeh 
of them keeps the same sign in a suffieiently small neighborhood of the point 
x. The fact that the i-th derivative keeps the same sign means that in this 
small neighborhood, the function !( Xl, ... , X m ) is monotonie in Xi. Sinee the 
function is monotonie in eaeh of the variables, we ean eompute its range over 
the box Xl X •.. X Xm (provided that the input intervals are narrow enough, so 
that the resulting box fits into this sm all neighborhood), by simply eomputing 
the values ofthis function !(Xb ... , x m ) at two appropriately ehosen endpoints 
- which is exaetly what the above algorithm does. 

This is the main idea of the proof that the above algorithm is almost always 
exaet. This idea would eonstitute a perfect proof if we could deeide, for eaeh 
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box, whether this box is "smail enough" in the above sense, i.e., whether the 
eorresponding range of eaeh partial derivative is indeed an interval that does 
not contain o. Then, we should resort to enelosure estimation only if one of 
these ranges does eontain O. In reality, we eannot exaetly compute the ranges 
for the partial derivatives; instead, in the algorithm, we rely on the enclosures 
for these ranges. As a result, for some input intervals Xl, ... , Xm on whieh the 
actual ranges of the partial derivatives do not eontain 0 (so that the function 
/(Xl, ... , x m ) is aetually monotonie), the enelosure for one ofthese ranges may 
contain 0 and therefore, the above algorithm will return an enelosure instead 
of the exaet range /(Xl, ... , xm ). 

So, to complete the proof of the theorem, we must show that in spite of this 
eomplieation, the above algorithm is indeed almost always exaet. This final 
part of the proof is somewhat of a teehnieal nature: it is not very eomplieated 
for a professional mathematieian, but it requires some familiarity with the basis 
results ab out Lebesgue measure, manifolds, eompactness, eontinuity, and uni
form eontinuity, familiarity that other parts of the book do not require. Readers 
who so not feel eomfortable about these notions ean skip this part; hopefuHy, 
they have already got the idea of the proof from the previous paragraphs. 

For those who are still with us, here are the main steps of this final part of 
the proof. After the first stage, we have a rational function /( Xl , ... , X m ) that 
depends on eaeh of its m variables. Let us assume that this rational function is 
finite on some open neighborhood N of a eompaet set D. Sinee N is an open 
neighborhood, there exists areal number 00 > 0 such that every point that is 
~ oo-elose to the set D (in the sup metrie d( x, y) = max lXi - Yi I) also belongs 
to N. Let us denote the set of aH the points that are oo-elose to D (i.e., a 
oo-neighborhood of D) by Da. This set Da is elosed and bounded (since Dis 
bounded), so, Da is a eompaet. 

A rational function /(Xl, ... , x m ) is eontinuous in every point x in whieh it is 
finite. Sinee /(Xl, ... , x m ) is finite on all points of N, it is also finite on aH 
points from Da ~ N. Therefore, /(Xl, ... ,Xm ) is eontinuous on every point 
from the set Da. 

Sinee /(Xl, ... , x m ) is a rational function, for every i, the partial deriva-
tive /,i(Xl' ... , x m ) is also a rational funetion, i.e., a ratio of two polynomi-
als: /,i(Xl, ... ,Xm ) = Pi(Xl, ... ,Xm )/Qi(Xl, ... ,xm ). Therefore, the set Si 
of all points x = (Xl, .. . ,Xm ) E D for whieh l,i(Xl, .. . ,xm ) = 0 is a set 
of aH solutions of the polynomial equation Pi (Xl, ... , x m ) = O. From the 
topologieal viewpoint, the structure of the set of aH the solutions of a non
degenerate polynomial equation (i.e., a polynomial equation in whieh a poly-
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nomial Pi(X1,"" xm ) is not identically 0) is weIl known: it is either a manifold 
of dimension :::; m - 1, or a union of finitely many manifolds of dimension 
:::; m - 1. In both cases, the Lebesgue measure JJ(Si) of this set is equal to 0: 
J.l(Sä) = J.l({xlf,i(X) = O}) = O. 

In our algorithm, we do not use the exact range of the partial derivatives 
fi(X1, ... ,xm ), we only use an enclosure of this range. Therefore, to analyze 
the behavior of our algorithm, we would like to have some measure estimate 
that is based not on the exact value of fAx!, ... , xm ), but on the interval of 
possible values of this partial derivative. Such an estimate is reasonably easy 
to get: Indeed, the set Si can be represented as an intersection of the sequence 
of a monotonically decreasing sequence of sets: 

00 

Si = {xlf,i(X) = O} = n {xl If,ä(x) I :::; 2-1:}. 
1:=1 

Therefore, due to the known properties of measure, 

as k -+ 00. So, there exists a k; for which 

If we denote by k the largest of these k;, i.e., k = max(kl, ... , km), then we 
will conclude that 

Let us denote the corresponding set {xl If,ä(x) I :::; 2-1:} by A;. Then, for aunion 
A of these sets 

m 

A = U A; = {xllf,i(X)1 :::; 2-1: for some i}, 
i=1 

we have 
m m (D) 

JJ(A) :::; I>(A;) :::; L € . J.l = € • J.l(D). 
i=1 ;=1 m 

We want to find 6 > 0 for which the above-described algorithm computes 
the precise range for all absolutely 6-narrow intervals whose centers x = 
(Xl, ... , Xn ) satisfy the condition X rt A. Let us find such a 6. For that, 
we will use the following two ideas: 
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• For every i from 1 to m, the rational function 1,;(x1, ... , xm ) is continuous 
on the compact set Do. Therefore, the function 1,;(x1' ... , xm ) is uniformly 
continuous. In particular, there exists a 8; > 0 such that if d( x, x) ~ 8;, 
then I/,;(x) - 1,;(x)1 ~ 2-(k+2). 

• According to [336], the centered method has an accuracy 
O(max(.6.l, ... , .6.m )). This means that for every i from 1 to m, there 
exists a constant C; such that if all input intervals are absolutely 8-narrow, 
then the difference between the endpoints of the actual range [!!;, Cii] = 
l,;(x1, ... , xm ) and the corresponding endpoints of the estimated range 
ei = ~,ei] does not exceed Ci· 8: I~ - ful ~ Ci· 8 and lei - Ciil ~ Ci· 8. 

N ow, let us take 

Let us show that for this 8, if the input intervals are absolutely 8-narrow, 
and x f/; A, then none of the intervals ei contain zero and therefore, for these 
algorithms, the above-described algorithm returns the exact interval range. 

Indeed, since x f/; A, by definition of the set A, we have I/,i(x)1 > 2-1: for all i. 
This means that either I,;(i) > 2-1:, or I,i(x) < _2-1:. 

• Let us first consider the first case. In this case, for each j, if Xj E Xj = 
[Xj - .6.j, Xj + .6.j], then (since the interval Xj is absolutely 8-narrow), we 
have IXj - xjl5.6.j 5 o. Hence, d(x, x) = maxlxj - xjl ~ 8. Due to our 
choice of 8 as min( .. . ,0;, .. . ), we have 8 ~ 0; and therefore, d(x,x) ~ 0;. 
Due to our choice of 8; this inequality, in turn, leads to the inequality 
1/,;(x) - 1,;(x)1 ~ 2-(k+2). In particular, we have I,;(x) ~ I,i(x) - 2-(k+2). 

Since I,;(x) > 2-1:, we can conclude that I,;(x) > 2-1: - 2-(k+2) = 
3· 2-(k+2). So, if Xl E Xl, ... , and X m E Xm , then I,;(x) ~ 3· 2-(k+2). 

Therefore, the lower bound f!; of the actual range l,i(X1, ... , xm ) satisfies 
the inequality fu ~ 3 . 2-(k+2). 

Now, because of our choice of 6 as 6 = min( ... , 2-(k+2) jC;, .. . ), we have 
6 ~ 2-(k+2) jC;. Hence, Ci . 6 ~ 2-(k+2). By the choice of Ci, this means 
that 1ft - f!; I ~ 2-(k+2). Hence, ft ~ f!i - 2-(k+2). We already know that 
f!; ~ 3 . 2-(k+2). Hence, ft ~ 3 . 2-(1:+2) - 2-(k+2) = 2· 2-(k+2) > o. 
The lower bound of the interval ej is positive, hence, this interval can only 
contain positive numbers and cannot contain O. 
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• If f,i(fi) < _2-1:, then we can similarly conclude that the upper bound ei 
of the interval ei is negative; hence, this interval contains only negative 
numbers and cannot contain O. 

So, for these intervals, the above algorithm gives the exact range. The theorem 
is proven. 

Proof of Theorem 16.2. Theorem 16.2 follows from Theorem 16.1, if we 
take into consideration that the solution of a square (n x n) linear system is a 
rational function of the coefficients aij and bi . 
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17 
OPTIMIZATION - A FIRST 

EXAMPLE OF A NUMERICAL 
PROBLEM IN WHICH INTER VAL 

METHODS ARE USED: 
COMPUTATIONAL COMPLEXITY 

AND FEASIBILITY 

In addition to the above-mentioned problems in which input is known with 
interval uncertainty, interval computations are also used to get guaranteed in
terval estimates for problems with purely numerical inputs. One such problem 
is optimization. In this chapter, we analyze computational complexity and 
feasibility of the corresponding optimization problems. 

17.1. Interval methods are also used to solve 
numerical (non-interval) problems 

So far, we have described interval methods for solving interval problems, i.e., 
problems in which the inputs are known with interval uncertainty. In addition 
to these problems, interval computations are also used to get guaranteed (inter
val) estimates for problems with purely numerical inputs. These are important 
applications of interval computations, and it is therefore desirable to analyze 
their computational complexity and feasibility. 

A number x can be viewed as a particular case of an interval: namely, as a de
generate interval x = [x, xl. Therefore, numerical computational problems can 
be viewed as particular cases of the corresponding interval problems. Hence: 

173 
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• if a computational problem is feasible for interval inputs, it is feasible for 
numerical inputs as weIl; 

• however, if a computational problem is intractable for interval inputs, its 
particular cases that correspond to numerical inputs mayas weIl turn out 
to be feasible. 

For example, the problem of computing the value of a quadratic 
function !(Xl, ... , Xn) is NP-hard for interval inputs Xl, ... , Xn , but 
straightforward and easy (and !easible) for numerical inputs. 

It is therefore necessary, in addition to the above analysis of computational 
complexity and feasibility of interval problems, to analyze also the computa
tional complexity and feasibility of the corresponding numerical problems. We 
will describe the results of this analysis in this chapter and in the few following 
chapters. 

In this particular chapter, we analyze the dass of numerical problems to which 
interval methods are most frequently used: namely, the optimization problems. 

17.2. Constrained optimization: in brief 

In most practical optimization problems, we know apriori bounds on the values 
of all variables and therefore, we have a constrained optimization problem. 

In the basic problem of interval computations, we are interested in comput
ing the endpoints y and fi of the range y = !(Xl, ... , xn ) of the function 
!(Xl, ... , xn) for x: E Xi. In other words, y is the smallest possible value of 
!(Xl, ... , Xn) for Xi E Xi, and fi is the largestpossible value of I(Xl, ... , Xn) un-
der similar constraints. Therefore, the lower endpoint y of the desired interval 
y is the solution of the following (numerical) optimizatlon problem: 

under the constraints 
(17.1) 

and the upper endpoint fi is the solution of a similar optimization problem: 
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under the same constraints. 

Hence, all our results about NP-hardness of interval computations can be re
formulated as the results about NP-hardness of constrained optimization prob
lems. In particular, we can conelude that the constrained optimization prob
lem lor quadratic lunctions I(X1,""Xn ) under interval constraints (17.1) is 
NP-hard; that it is NP-hard even if we restrict ourselves to bilinear functions 
l(x1. ... , xn), to quadraticfunctions I(X1,"" xn) = L aij"xi'Xj+ L ai'Xi+aO 

with sparse matrices aij, etc. 

Additional results on computational complexity and feasibility of constrained 
optimization problems can be found, e.g., in surveys Pardalos [324] and Horst 
et al. [157]. In particular, constrained optimization problems arising in optimal 
control turn out to be NP-hard (see, e.g., Abello et al. [2] and Smith et al. 
[399]). 

17.2. Unconstrained optimization: finding 
the optimal value of the objective function 
f(xI, ... , x n ) 

In most practical optimization problems, we know apriori bounds on the values 
of all variables and therefore, we have a constrained optimization problem. In 
some practical cases, however, no apriori bounds are known: e.g., in fundamen
tal physics, most equations are formulated in terms of variation al principles: 
namely, the values Xl, ••• , X n of physical quantities are such that a certain func
tion 8(X1,' .. ,xn ) (called action in physics) is optimized (see, e.g., Feynman 
[105]). 

For example, a static configuration (e.g., a static configuration of electric 
charges) usually corresponds to the minimal energy, etc. In general, fun
damental physical equations are usually formulated in the optimization 
form 8 = I LdV dt -+ min (here, dV denotes integration over a 3-D vol
urne V, and dt denotes integration over time). This "variational principle" 
8 -+ min is the only condition on Xi, no additional apriori information is 
known; therefore, from the mathematical viewpoint, we have a problem of 
'I.&nconstrained optimization. 
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Since the unconstrained optimization problems are practically useful, it is im
portant to analyze the computational complexity and feasibility of this dass of 
problems. 

Definition 17.1. By the precise unconstrained optimization problem, we mean 
the following problem: 

GIVEN: 

• a positive integer n; 

• a polynomial !(Xl, ... , xn ) with rational coefIicients. 

COMPUTE the value Ti = sup !(Xl, ... ' xn ), where the supremum (least 
upper bound) is taken over all possible real numbers Xl, ... , X n (y is either 
areal number or a symbol +00). 

Comments. 

• For infimum (greatest lower bound) y = inf !(Xl, ... , xn ), a similar prob
lem can be formulated, with -00 as a possible value. 

• When we optimize a continuous (everywhere defined) function 
!(Xl, ... , xn) over a bounded (and closed) domain, then both 
SUP!(Xl' ... ,Xn ) and inf!(Xl, ... ,Xn ) are real numbers. Over an un
bounded domain, this is not always true: sup can be equal to +00, inf 
can be equal to -00. 

Definition 17.2. By the c-approximate unconstrained optimization problem, 
we mean the following problem: 

GIVEN: 

• a positive integer n; 

• a polynomial !(Xl, ... , xn) with rational coefIicients; 

• a rational number c > o. 
COMPUTE areal number jj that is c-close to Ti = sup !(Xl, ... , xn), 
where sup is taken over all possible real numbers Xl, ... , X n (i.e., either a 
real number jj for which IY - Til ~ c, or 00 is Ti = +00). 
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Our first comment is that this problem is algorithmically solvable: 

Proposition 17.1. There exists an algorithm that solves an arbitrary polyno
mial optimization problem. 

For example, we can use Tarski's algorithm (mentioned in Chapter 3) or one of 
its modern faster versions (mentioned in Chapter 4) to compute the desired min
imum and maximum. Such algorithms have indeed been successfully applied 
to optimization (see, e.g., Weispfenning [425]). However, as we have mentioned 
in Chapter 3, such algorithms often requires unrealistically long time. So, it is 
desirable to know when a feasible algorithm is possible. 

Optimization over an interval (i.e., over a bounded domain) is feasible (even 
linear time) for linear functions I(Zl, ... , zn) and NP-hard for quadratic (and 
higher order) polynomials. Unconstrained optimization turns out to be some
what easier: it is feasible (polynomial time) for all quadratic and cubic polyno
mials as weIl: 

Theorem 17.1. 

• There exists a polynomial-time algorithm that solves the unconstrained op
timization problem for all polynomials of degree ~ 3. 

• For quartäc polynomials, and for every c: > 0, the c:-approximate uncon
strained optimization problem is NP-hard. 

The comparison between this result and the complexity of constrained opti
mization is given by the following table: 

Objective function Constrained U nconstrained 
optimization optimization 

Linear Linear time Linear time 
Quadratic NP-hard Polynomial time 
Cubic NP-hard Polynomial time 
Quartic NP-hard NP-hard 
5-th and higher degree NP-hard NP-hard 

Comment. We want to attract the reader's attention to the fact that these 
comparison results may seem somewhat counterintuitive. Indeed: 
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• Intuitively, the complexity of the optimization problem depends on the 
size of the area in which a solution has to be found. This size describes 
the total number of objects that we need to analyze in order to find a 
solution; thus, the larger the size, the more complicated the problem. In 
general, this intuition is true: e.g., the more variables an optimization 
problem has, the more diflicult it is to solve it. From this viewpoint, 
when we bind the variables Xi, then we drastically decrease the size of 
the area where the solution can be found. Therefore, it may seem at 
first glance that constrained optimization should be computationally easier 
(than unconstrained optimization). 

• However, in reality, unconstrained optimization is computationally easier. 

17.3. U nconstrained optimization: locating the 
values X!, ••• , X n for which the maximum is at
tained 

In applications, we orten want to know not only the largest (or the smallest) 
value of the objective function l(x1, ... , xn ), but also where exactly it is at
tained. 

For example, in control applications, e.g., in designing the most fuel
efficient car, we want to know not only how much fuel can be saved, but 
also how to achieve these optimal savings. 

In these cases, we get the following formulations: 

Definition 17.3. By the problem of precisely locating the optimizing values, 
we mean the following problem: 

GNEN: 

• a positive integer ni 

• a bounded-from-above polynomial I( Xl, ••• , Xn ) with rational coeffi
cients. 

COMPUTE the numbers Xl, •.• , Zn for which the objective function 
l(x1, ... , Zn) attains the largest p08sible value. 
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A similar problem can be formulated for computing the numbers for which the 
function f( Xl, •.. , X n ) attains the smallest possible value. In optimization, both 
types of optimizing values are also called the optimal solution to the original 
optimization problem. 

Definition 17.4. By the problem of e:-approximately locating the optimizing 
values, we mean the following problem: 

GNEN: 

• a positive integer n; 

• a bounded-from-above polynomial f(xl,"" xn ) with rational coefIi
cients; 

• a rational number e: > O. 

COMPUTE the rational numbers Xl, ... ,Xn that are e:-close to the num
bers Xl, ... , X n for which the objective function f(x1, ... , x n ) attains the 
largest (correspondingly, smallest) possible value. 

This problem seems to be somewhat more complicated than the problem of 
finding the largest value of f: 

• If we know the vector i = (Xl" .• , Xn ) where the maximum is attained, 
i.e., for which y = f(x1, ... , xn ), then we can easily compute this maximum 
y by computing the value of the polynomial f for the known numbers Xi. 

• On the other hand, even if we know the exact value of the maximum y, it is 
still somewhat difficult to find the values Xl, ... , Xn for which /(X1' ... , Zn) 
attains this maximum because this means solving a polynomial equation 
f(x1, ... , xn ) = y in many variables, and no easy general algorithm is 
known for solving such equations (moreover, as we will see in the next 
chapter, the problem of solving such equations is NP-hard). 

Our first comment is that this (somewhat more complicated) problem is still 
algorithmically solvable: 

Proposition 17.2. There exists an algorithm that locates the optimizing values 
for an arbitrary bounded-from-above polynomial objective function. 

For example, we can use Tarski's algorithm (mentioned in Chapter 3) or one 
of its modern fast er versions to locate the optimizing values. Such algorithms 
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have indeed been successfully applied to optimization (see, e.g., Weispfenning 
[425]). However, as we have mentioned in Chapter 3, such algorithms often 
require unrealistically long time. So, it is desirable to know when a feasible 
algorithm is possible. 

Theorem 17.2. 

• There exists a polynomial-time algorithm that precisely locates the optimiz
ing values for all polynomials of degree ~ 3. 

• For every e > 0, an arbitrary algorithm that e-approximately locates the 
optimizing values for all quadratic objective functions requires, for some 
instances, at least exponential time (O(2n »). 

Comments. 

• We will see from the proof that the result about exponential time holds 
even if we know the actual minimum value y, and even if there is only one 
point i = (Z1, ... , zn) at which this minimUm is attained. 

• This resulting computational complexity estimates are indeed somewhat 
harsher for this location problem than for the problem of computing the 
minimum (or maximum) value: 

Objective function Computing Computing 
the maximum the values Z1, ... , Zn 
sup f(z1, ... , zn) for which the 

maximum is attained 

Linear Linear time Linear time 
Quadratic Polynomial time Polynomial time 
Cubic Polynomial time Polynomial time 
Quartic NP-hard Exponential time 

(or worse) 
5-th and higher degree NP-hard Exponential time 

(or worse) 
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17.4. Optimization for polynomials with 
bounded coefficients 

In Theorems 17.1 and 17.2, we considered polynomials with arbitrary coeffi
cients. It turns out that our computational complexity and feasibility results 
do not change if we impose apriori bounds on the values of these coefficients: 

Theorem 17.3. 

• For quartic polynomials with coefficients from the set {O, 1,2, 3}, and for 
every c: > 0, the c:-approximate unconstrained optimization problem is 
NP-hard. 

• For every c: > 0, an arbitrary algorithm that c:-approximately locates the 
optimizing values for all quadratic objective functions with coefficients from 
the set {O, 1, 2} requires, for some instances, at least exponential time. 

Comment. We do not know whether each of these results holds for a smaller 
set of values, i.e.: 

• whether NP-hardness results hold for values from the set {O, 1, 2}, and 

• whether the exponentiallower bound will stand if we only allow coefficients 
from the set {O, I} (i.e., coefficients that only take two values: ° and 1). 

17.5. Optimization problems with fixed number 
of variables 

Theorems 17.1-17.3 show what happens if we restrict the degrees of the poly
nomials. If, instead, we restrict the number of variables n, then we get the 
following results: 

Theorem 17.4. For every n, there exists a polynomial-time algorithm that 
locates the optimizing values for all polynomials of n variables. 

Comment. This algorithm is similar to the one presented in Chapter 4: it is 
polynomial time, but it is not yet practical. 
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17.6. Stationary points 

In some practical problems (including the problems from theoretical physics 
with which we started this chapter), we do not necessarily need the point 
i = (Xl, ••• , X n ) where the global minimum or the global maximum is attained; 
it is often sufficient to find a stationary (extremal) point, in which all partial 
derivatives 01/ OXj are equal to 0: 

• In theoretical physics, traditional differential equations correspond exactly 
to the condition that the action S is extremal, not that we necessarily have 
a global optimum. 

• Another example is when y = l(x1, ... , xn ) is potential energy. Then, a 
stationary point describes equilibrium (stable or unstable). 

This problem turns out to be somewhat more complicated than the problem of 
finding global extrema: 

Definition 17.5. By the problem of precisely locating a stationary point, we 
mean the following problem: 

GIVEN: 

• a positive integer n; 
• a polynomial l(x1, ... , xn ) with rational coefIicients. 

COMPUTE the numbers Xl, ... ,Xn for which all n partial derivatives of 
the objective function l(x1, ... , xn ) equal O. 

Definition 17.6. By the problem of g- approximately locating a stationary 
point, we mean the following problem: 

GIVEN: 

• a positive integer n; 

• a polynomial l(x1, ... , xn ) with rational coefIicients; 

• a rational number g > o. 
COMPUTE rational numbers 2:1, ... ,2:n that are g-close to the numbers 
Xl, .•• ,Xn for which all n partial derivatives of the objective function 
l(xl, ... , xn ) equal O. 

rohn@cs.cas.cz



Optimization: Computational Complexity and Feasibility 183 

Proposition 17.3. There exists an algorithm that precisely locates stationary 
points of an arbitrary polynomial. 

(For example, we can use Tarski's algorithm.) 

Theorem 17.5. 

• There exists a polynomial-time algorithm that precisely locates stationary 
points for all linear and quadratic polynomials. 

• For every c > 0, an arbitrary algorithm that c-approximately locates the 
stationary points for all cubic objective functions requires, for some in
stances, at least exponential time. 

Comments. 

• We will see from the proof that the result about exponential time holds 
even if there is only one stationary point. 

• This exponential-time result is also true if we restriet ourselves to quartic 
polynomials in which each coefficient is equal to 0, 1, or 2. 

Objective function Computing Computing 
the values Xl, ... , X n stationary points 
for which the 
maximum is attained 

Linear Linear time Linear time 
Quadratic Polynomial time Polynomial time 
Cubic Polynomial time Exponential time 

(or worse) 
Quartic NP-hard Exponential time 

(or worse) 
5-th and higher degree NP-hard Exponential time 

(or worse) 
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17.7. Local optimization 

In some praetieal problems, we need more than only global optima, but less 
than all the stationary points. For example, when /(Xl, ... , xn ) is potential 
energy, then we may be looking only for stable equilibria, i.e., for loeal minima. 

For eomputing loeal minima and maxima, we have the following eomplexity 
result: 

Definition 17.7. By the problem of preeisely eomputing loeal maximum, we 
mean the following problem: 

GIVEN: 

• a positive integer n; 

• a polynomial /(X1, ... , x n ). 

COMPUTE the numbers Xl, ..• , X n at whieh the objeetive function 
/(X1, ... , Xn ) attains a loeal maximum. 

A similar problem ean be formulated for eomputing loeal minima. 

Definition 17.8. By the problem of c-approximately eomputing loeal maxi
mum, we mean the following problem: 

GIVEN: 

• a positive integer n; 

• a polynomial /(X1, ... , xn ); 

• a rational number c > o. 
COMPUTE the rational numbers Zl, ... , Zn that are c-elose to the num
bers X!, ... , Xn for whieh the objeetive function /(X1, ... , xn ) attains a 
loeal maximum. 

Proposition 17.4. There exists an algorithm that preeisely eomputes loeal 
maxima and loeal minima 0/ an arbitrary polynomial. 

(For example, we can use Tarski's algorithm.) 
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Theorem 17.6. 

• There exists a polynomial-time algorithm that preeisely loeates loeal max
ima and minima lor all linear and quadratie polynomials. 

• For every c: > 0, an arbitrary algorithm that c:-approximately loeates loeal 
minima lor all quartie objeetive lunctions requires, lor some instanees, at 
least exponential time. 

Comments. 

• We will see from the proof that the result about exponential time holds 
even if there is only one local minimum. 

• This exponential-time result is also true if we restriet ourselves to quartic 
polynomials in which each coefficient is equal to 0, 1, or 2. 

Objective Global Stationary Local 
function optimum points optimum 

Linear Linear Linear Linear 
time time time 

Quadratic Polynomial Polynomial Polynomial 
time time time 

Cubic Polynomial Exponential time ? 
time time (or worse) 

Quartic NP-hard Exponential Exponential 
time (or WOrBe) time (or worse) 

5-th and higber NP-bard Exponential Exponential 
degree time (or worse) time (or worse) 

Proofs 

Proof of Theorem 17.1. Let us first show that the unbounded optimization 
problem is easy for polynomials I(Zl, ... , zn) of degree ~ 3. 

Indeed, a polynomial of O-th degree is simply a constant: I = ao. Therefore, 
sup I = inf I = ao (and this value is attained for an arbitrary tuple ii = 
(Zl! ... ' zn». 
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If a polynomial of first degree l(zl' . .. , zn) = ao + a1Z1 + ... + anZn is not 
a constant, this means that at least one of its coefficients ai, 1 ~ i ~ n, is 
different from O. If we take Zi =1= 0 for this i and Zj = 0 for all j =1= i, then we 
can easily conclude that inf I = -00 and sup I = +00. 

If a polynomial of second degree 

n n n 
l(zl' .. . ,zn) = ao + Laizi + LLaijZiZj 

i=l i=l j=l 

is not a linear function, this means that at least one of the coefficients aij is 
different from O. The maximum and minimum of the smooth function I are 
attained at a point where all the partial derivatives of I are equal to O. Partial 
derivatives of a quadratic function are linear expressions, so, we get a system 
of linear equations to find the point where sup and inf are attained. There 
are known polynomial time algorithms (modified Gaussian elimination one of 
them) to solve systems of linear equations. Substituting these values into I, we 
get the desired inf and sup. (Degenerate case when the matrix aij is singular are 
also easy to handle: If the corresponding linear system has no solutions at all, 
this means that the quadratic function has no stationary points, so inf I = -00 

and sup I = +00. If the system has infinitely many solutions, it is sufficient to 
take any of them.) 

Let UB now consider polynomials I( Zl, ••• ,Zn) of third degree that are not 
quadratic. Each polynomial of this type can be represented as 

l(zl, ... , zn) = 10(zl, ... ,Zn)+!I (Zl, ... , Zn)+ h(zl, ... , Zn)+ h(zl' ... , zn), 

where 

n 

!I(Zl, ... ,Zn) = Laizi, 
i=l 

n n 

h(z1, .. . ,Zn) = LLaijZiZj, 
i=1 j=1 

n n n 
h(z1, ... ,zn) = LLLaij1cZ äZ j Z1c. 

i=1 j=11c=1 

The fact that I is not a quadratic function means that h(zl, . .. , zn) =1= 0 for 
some tuple (Zl, ... , zn). Then, for every real number ~, we can consider the 
value g(~) = I(~zl, ... , ~zn). This new function 9 is a cubic function of ~: 
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g(A) = go + Agl + A2g2 + A3g3, where we denoted gi = fi(Xl, ... , xn). This 
cubic polynomial attains all values from -00 to +00. Hence, for polynomials 
of third degree that are not quadratic, we have inf f = -00 and sup f = +00. 

Let us now show that for every c > 0, the c-approximate unconstrained opti
mization problem for quartic polynomials is NP-hard. 

Let us start with proving a slightly weaker result: that the precise uncon
strained optimization problem is NP-hard for quartic polynomials. To prove 
this result, we will re du ce the PARTITION problem (known to be NP-hard) to 
this problem. In the PARTITION problem, we are given a sequence of integers 
SI, ••• , Sn, and we must check whether there exist values Xl, ... , Xn for which 
Xi E {-I, I} and SI . Xl + ... + Sn . xn = O. 

For each instance of the PARTITION problem, we will construct the following 
quartic polynomial: 

f(Xl, ... ,Xn )= 

(Xl + 1)2 . (Xl - 1)2 + ... + (Xn + 1)2. (Xn - 1)2 + (SI· Xl + ... + Sn· Xn)2. 

This polynomial is a sum of squares; therefore, 

• it is always non-negative (i.e., greater than or equal to 0), and 

• its value is equal to 0 if and only if all the squared terms are equal to 0, 
i.e., if (Xi + 1)· (Xi -1) = 0 for all i and ESi· Xi = O. 

Thus, if the infimum of this polynomial is equal to 0, this means that there 
exist values Xi for which Xi E {-I, I} and ESi· Xi = 0, i.e., the answer to the 
given instance of the PARTITION problem is "yes". Vice versa, if the answer 
to the given instance is "yes", this means that there exist values Xi E {-I, I} 
for which E Si· Xi = 0, and therefore, the infimum ofthe function f(xl, ... , Xn) 
is indeed equal to O. 

Thus, the infimum y of this function f(Xl, ... , Xn) is equal to 0 if and only if 
the answer to the gIven instance of PARTITION problem is "yes". This re
duction shows that the precise unconstrained optimization problem for quartic 
equations is indeed NP-hard. 

To complete our proof, let us modify this reduction so that it will be applicable 
for c-approximate unconstrained optimization. For this approximate problem, 
instead of the above function f(Xl, ... , xn), we will use a slightly different 
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function 1(Xl, ... , xn) = c· /(X1, ... ' xn)j we will choose a constant C> 0 for 
which there is still a reduction, i.e., to be more precise, for which ii ~ 2c if and 
only if the answer to the given instance is "yes". 

Indeed, if the answer is "yes", then the actual infimum J!.. of the function 

1(x1' ... ' xn) is equal to 0, and therefore, its c-approximation ii cannot exceed 
J!.. + c = 0 + c = cj thus, ii ~ c < 2c. 

Vice versa, if ii ~ 2c, this means that the actual infimum y of the func
tion /(X1, ... , Xn) is bounded by J!.. ~ Y + c ~ 3c. Hence, there exist values 

x!, ... , Xn for which 1(Xl, ... , xn) = C . /(X1, ... , xn) :os; 3c and for which, 
therefore, /( Xl, ••. , X n ) :os; 6, where we denoted 6 = 3c / C. Since the function 
/(X1, ... , xn) is the sum of several non-negative terms, this means that each of 
these terms is bounded by 6, i.e., (Xi + 1)2 . (Xi - 1)2 :os; 6 and 0:: Si . Xi)2 :os; 6. 

Each of these n + 1 bounded terms is a square. Therefore, from the inequality 
on the square, we can extract two-sided inequalities on the squared expressions: 

-Jh :os; (Xi + 1)(Xi - 1) :os; Jhj 

-Jh :os; SI . Xl + ... + Sn • X n :os; Jh. 
The first inequality means that -}6 :os; x~ -1 :os; }6, and 1-}6 :os; x~ :os; 1 +}6. 
From this inequality on x~, we would like to extract an inequality for lXii = 

Vxr· 
For 6 < 1, both bounds on x~ are positive: 1 - }6 < 1 and 1 + }6 > 1. 
Thus, we can take square roots of all three sides of this double-sided inequality 
and conclude that Vl- }6 :os; lXii :os; VI +}6. This inequality is somewhat 
clumsy to use, so, we will try to deduce a slightly easier-to-handle inequality 
from it. To deduce this "easier" inequality, we will use the following two facts: 

• For Z ~ 1, we have ..jZ:os; Zj therefore, VI +}6 :os; 1 + }6. 

• For Z :os; 1, we have Z :os; ..jZj therefore, 1- }6 :os; VI - }6. 

Therefore, from the above inequality on x;, we can conclude that 1 - }6 :os; 

IXil:OS; 1 + Jh. Therefore: 
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• either Xi ~ 0 and 1 - ...ß ~ Xi ~ 1 + ...ß, 

• or Xi ~ 0 and 1 - ...ß ~ -Xi ~ 1 + ...ß, in which case -1 - ...ß ~ Xi ~ 
-1 +...ß. 

In both cases, Xi is either ...ß-close to 1, or to -1. Since 8 < 1, we have 
...ß < 1, and therefore, a number Xi cannot be ...ß-close to both 1 and -1. Let 
us denote by Xi the number that is equal to 1 or -1 and that is ...ß-close to Xi: 
lXi - xii ~ ...ß. 

From the inequality E Si . Xi ~ ...ß, \\Te can now conclude that 

L Si . Xi = L Si . (Xi + (Xi - Xi)) = L Si . Xi + L Si . (Xi - Xi) ~ 

...ß+ L Isil·...ß = ...ß(1 + L ISil). 

So, ESi ·Xi ~ Ä, where we denoted Ä = ...ß(1+ E ISil). Similarly, ESi ·Xi ~ 
-Ä. Since Si and Xi are integers, the sum S = E si . Xi is also an integer. 
Therefore, if we choose 8 in such a way that Ä = ...ß(1 + E ISil) < 1, then 
from -1 < -Ä ~ S ~ Ä< 1, we conclude that -1 < S< 1, i.e., that S = o. 
Thus, for such 8, we have n values Xi E {-1, 1} for which E Si . xi = 0, and 
the answer to this instance of the PARTITION problem is indeed "yes". 

To complete the proof, let us choose an appropriate c > O. The only condition 
on 8 is 

Ä = ...ß(1 + L ISi I) < 1, 

i.e., ...ß< 1/(1 + E ISil) (the original condition ...ß< 1 follows from this one). 
Therefore, we can, e.g., take 8 for which ...ß = 1/(2· (1 + E ISil)), i.e., we can 
take 8 = 1/(4· (1 + E ISiI)2). To achieve this value of 8 = 3c/C, we must take 
C = 3c/8. The theorem is proven. 

Proof of Theorem 17.2. For linear and cubic (non-quadratic) polynomials, 
as we have mentioned in the proof of the previous theorem, the maximum is 
+00, the minimum is -00, so we can pro du ce the answer "no such x;" without 
even looking at the coefficients. 

A quadratic (non-linear) objective function !(Xl, ... , x n ) = ao + E ai . Xi + 
E aij . Xi· Xj has: 
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• a finite minimum (and infinite maximum) if the matrix aij is positive 
semi-definite; 

• a finite maximum (and infinite minimum) if the matrix aij is negative 
semi-definite; 

• infinite maximum and infinite minimum for all other matrices aij. 

The maximum (minimum) is attained (if at all) at a point for which all n 
partial derivatives are equal to O. All these derivatives are linear functions and 
therefore, to find the values Xi, we can solve a system 0/ linear equations (which 
takes polynomial time). 

Let us show that for quartic objective functions, we need exponential time to 
locate the optimizing values. Indeed, let us consider the following polynomial: 

/(X1, ... , xn) = (Xl - 2)2 + (X2 - xD2 + (X3 - x~)2 + ... + (xn - x~_d2. 

This function is a sum of non-negative terms, and is, therefore, itself non
negative, and its minimum is non-negative. 

Let us show that the minimum of this function is O. For its value to be equal 
to 0, it is necessary for all the terms in the sum to be equal to 0, i.e., it is 
necessary that the following equations hold: Xl = 2, X2 = x~, X3 = x~, ... , 
Xn = X;_l. From this system, we can find Xl, X2, ... , Xn , and get the (unique) 
solution Xl = 2, X2 = 22 , x3 = (22 )2 = 22', x4 = (22')2 = 22'.2 = 223 , ... , 

2,-1 22 '-1 F th . d d h f( ) 0 Th th xi = Xl = . or ese Xi, we ID ee ave Xt, ... , Xn =. us, e 
minimum of this objective function is indeed 0, at it is attained for only one 
sequence of values x = (Xl, ... , X n ). 

Let us now show that computing these values Xi is exponentially hard. Indeed, 
in binary representation, X n = 22"-1 is 1 followed by 2n - 1 zeros. This number 
contains exponentially many bits, therefore, we need exponential time just to 
write this answer down. Similarly, if we are looking for a number that is c
close to X n , then, for large enough n, we will still need exponentially many bits. 
Thus, solving this particular systems of equation requires at least exponential 
time. The theorem is proven. 

Proof of Theorem 17.3. Let us first prove the NP-hardness result. To 
prove it, we will use the same NP-hard problem PARTITION as in the proof 
of Theorem 17.1, but we will replace the polynomial 

/(X1' ... ,xn) = ~)X~ _1)2 + (2: Si . Xif 
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that was used in the proof of that theorem, by a polynomial whose coefficients 
only take values 0, 1, and 2. 

The polynomial used in that proof is a sum of squares. Therefore, this poly
nomial is equal to 0 if and only if all the squared terms are equal to 0, i.e., 
if and only if the corresponding system of equations (consisting of equations 
x~ - 1 = 0 and I: Si . Xi = 0) is satisfied. 

The new polynomial will also be equal to the sum of squares of linear and 
quadratic polynomials, so its value will be equal to 0 if and only if the corre
sponding system of equations is satisfied. (We will, therefore, interchangingly 
talk about the new polynomial i and about the corresponding (new) system of 
equations. ) 

To get a new system of equations, let us describe, step-by-step, howeach term 
in the left-hand side of the original system of equations is computed. We will 
introduce new variables to describe each intermediate step of these computa
tions. Checking whether x~ = 1 is done in two steps: 

• First, we compute the square qi := Xi . Xi; this multiplication can be 
represented by the equation qi = X~. 

• Then, we check whether q; = 1. 

Checking whether the sum S = I: Si . Xi is equal to 0, is done as follows: we 
start with the partial sum equal to 0 (So = 0), and then, for i from 1 to n, we 
do the following two elementary operations: 

• First, we multiply Si and Xi: q: := si· Xi (equation q: = Si • Xi). 

• Then, we add the result to the existing partial sum, thus getting the new 
partial sum: Si := Si-1 + q: (equation Si = S;-l + qD. 

Finally, we check whether Sn = O. 

In this description, we assumed that the constants Si are already given. If we 
want to be more precise, in the computer, the binary representations for these 
constants will be obtained bit-by-bit from the decimal values that we enter into 
the program. We can represent the process of generating these constants as the 
following computation process: 
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• First, we generate the powers of2 that are needed to represent all the digits 
in all the binary expansions of all the values Si: we start with do = 1, and 
get d1 := do + do, d2 := d1 + d1 , ••• , di := di-1 + di-l, ... (equations 
di = di - 1 + di - 1 , i = 1,2, ... ). 

The total number of necessary powers of two does not exceed the 
length of the binary code of Si, and therefore, does not exceed the 
length of the input. 

• Then, each positive values of Si can be represented as a sum of powers of 
two (e.g., 92 = 10012 = 23 + 20 = d3 + do), and this sum can be, in its 
turn, represent in the same step-by-step manner as the sum L Si . Xi. 

• each negative coefficient Si can be represented as Si = -Isil, where ISil is 
represented as before. 

As a result, we get a system of simple equations, of the type a = b· c, a = b + c, 
a = b - c, a = -b, a = 0, and a = 1, that is equivalent to the original system 
of equations. 

For example, if n = 2, SI = 9 = 23 + 20 , and S2 = -5 = _(22 = 20), we get the 
following systems of equations: 

• do = 1, d1 = do + do, d2 = d1 + d1 • d3 = d2 + d2 ; 

• (to compute S1 = 9) 810 = 0, 811 = 810 + do, SI = 811 + d3 ; 

• (to compute S2 = -5) 820 = 0,821 = 8 20 +do, 822 = 821 +d2 , S2 = -822. 

In general, according to this system of equations, we start with 0 and 1, and 
perform elementary arithmetic operations and comparisons. Let us order all 
the constants and variables in the order of their appearance in this computation 
process, and let us correspondingly rename them by TO, Tl, T2, ••• Since we start 
with 0 and 1, we can always assume that TO = 0 and Tl = 1. 

In the above example, ifwe first compute the power oftwo (di), then the values 
Si, and then check the equations, we will get the following new notations for 
the constant and variables: 
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• r5 = 810 , rs = 811 , r7 = SI; 

In terms of these new variables, on each computational step, we express each 
term Ti in terms of the previous terms Ti, j < i. 

In principle, one and the same term Ti can be used in computing several terms 
Ti, and in each of these computations, it can be used several times: e.g., in 
dl = do + do, the same value do is used twice: as the first and as the second 
argument of addition. Inside the computer, the value Ti is copied as many times 
as necessary. To describe this "copying" process, let us introduce different 
variables T?), T?), ... , for different uses of Ti' For each of these variables, we 

will also add a new variable s31<) with the intended meaning -r)"). Then the 
equality between different copies ofthe same variable ri can be described by the 
followingequations' T~I)+S<I) = 0 S<1)+T~2) = 0 T~2)+s~2) = 0 s~2)+r~3) = 0 

'33 '13 '13 '31 ' 
(I<) (I<) (I<) (k+l) . 

... , Ti + Si = 0, Si + Ti = O. From the first equatlOn, we conclude that 
S<1) = _T~I) then the second leads to T~2) = _i l ) = T~I), etc. 

3 1 ' 1 3 1 

We will now use these "negative" variables Si to re-write the elementary equa
tions in a way that avoids negative coeflicients: 

• An equation Ti = Ti + TI< is rewritten as Ti + TI< + Si = O. 

• An equation ri = Ti - TI< is rewritten as Ti + sI< + Si = O. 

• An equation Ti = Ti . TI< is rewritten as Ti . TI< + Si = O. 

• An equation Ti = -Ti is rewritten as Ti + Ti = O. 

• An equation Ti = 0 stays. 

• An equation Ti = 1 is rewritten as Si + 1 = O. 

As a result, we ~t a system of equations with coeflicients 0 and 1. As the 
desired function " we will take the sum of the squares of all these equations. 
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After our renaming, each variable (r?) or s?) occurs at most in three equa
tions: when it is first introduced, when it is copied to the next copy, and when 
it is used in some computations or checking. Thus, the coefficient at the vari
able's square is equal to 0, 1,2, or 3. One can check that all other (non-square) 
terms in loccur only once, therefore, the coefficient at each of these terms is 
equal to 1 or to 2. 

Since each equation is quadratic, the sum of their squares is a quartic polyno
mial. Thus, we get a quartic polynomial whose coefficients belong to the set 
{O, 1, 2, 3} and whose minimum is equal to ° if and only if the answer to the 
original instance of the PARTITION problem is "yes". Therefore, we have re
duced PARTITION to the problem of computing the minimum and hence, the 
problem of computing the minimum is indeed NP-hard. The first statement is 
proven. 

Let us now prove the exponential bound. For that, we will consider the following 
function of n + 3 variables: 

f(Z-,Z+,ZO,Yl, ... ,Yn) = 

(z- + 1)2 + (z+ + 1)2 + (zo + z- + z+)2 + (Yl + zo)2+ 

(Y2 + yn2 + (Y3 + y~)2 + ... + (Yn + Y~_1)2. 

If we open all the parentheses, we will easily see that every coefficient in this 
polynomial is indeed equal to 0, 1, or 2. 

This objective function is non-negative, and it is equal to ° if and only if all 
the squared terms in the sum (that forms this function) are equal to 0, i.e., if 
z- + 1 = 0, z+ + 1 = 0, Zo + z- + z+ = 0, Yl + Zo = 0, Y2 + Y? = 0, Y3 + y~ = 0, 
... , Yn + Y~-l = 0. Prom the first four equations, we conclude that z- = z+ = 
-1, Zo = -(z- + z+) = 2, and Yl = -2. Prom the following equations, we 

_ 21 _ 22 • _ 2,-1 _ 2R - 1 
conclude that Y2 - -2 ,Y3 - -2 , ... , y, - -2 , ... , Yn - -2 . Thus, 
similarly to Theorem 17.2, computing Yn requires exponentially many steps. 
The theorem is proven. 

Proof of Theorem 17.4 is similar to the proofs from Chapter 4. 

Proof of Theorem 17.5. Non-constant linear functions do not have sta
tionary points, and stationary points of quadratic objective functions can be 
obtained as solutions of a system of linear equations (see the proof of Theo
rem 17.2). 
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Let us show that finding stationary points for cubic polynomials requires expo
nential time. Indeed, let us consider the following cubic polynomial with n + 1 
variables Zo, Zl, ... , Zn: 

!(zo, Zl, ... , zn) = ZO' (Zl - 2)2 + ZO' (Z2 - z~)2 + ZO' (Z3 - Z~)2 + ... + 
Zo . (zn - Z~_1)2 + z~. 

What are the stationary points ofthis polynomial? Differentiating with respect 
to Zo and equating the resulting partial derivative to 0, we conclude that 

(Zl - 2)2 + (Z2 - zn2 + (Z3 - z~)2 + ... + (zn - Z~_1)2 + 3z~ = 0. 

Since the sum of several non-negative terms is equal to 0, it means that each 
ofthe terms is equal to 0, i.e., Zl = 2, Z2 = z~, Z3 = z~, ... , Zn = Z~_l' 

Differentiation with respect to any other variable Zi leads to an expression 
that is proportional to Z00 Since, from 8! /8zo = 0, we already know that 
Zo = 0, it follows that all other partial derivatives are also equal to 0. Thus, 
stationary points of our cubic polynomial coincide with the solutions of a system 
of equations, the same system of equations whose solving, as we have already 
noticed in the proof of Theorem 17.2, requires at least exponential time. The 
theorem is proven. 

Proofofthe comment after Theorem 17.5. In our proofofTheorem17.5, 
we started with a function from the proof of Theorem 17.2. H, instead of this 
starting function, we start with a function used in the proof of Theorem 17.3, 
we get an objective function 

/(zo, z-, z+, Zo, Y1,"" Yn) = zo·(z- +1)2+:1:0 .(z+ +1)2+:1:0 ·(zo+z- +z+)2+ 

zO' (Y1 + ZO)2 + Zo . (Y2 + yn2 + zO' (113 + y~)2 + ... + Zo . (Yn + rIn_1)2 + Z~, 
we will be able to show exponential lower bound for cubic polynomials whose 
coefficients can only take values 0, 1, or 2. Comment is proven. 

Proof of Theorem 17.6. For linear and quadratic objective functions, 10-
cal maxima and minima coincide with global ones, so the result follows from 
Theorem 17.2. 

Let us show that for quartic polynomials, the problem of computing local op
tima is exponentially haro. We already know, from Theorem 17.2, that for such 
polynomials, computing the values at which the global maximum is attained 
is exponentially hard. Let us show that for the function considered in Theo
rem 17.2, there are no local minima except for the global minimum, and thus, 
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computing a local minimum is as hard as computing a global minimum, i.e., 
exponentially hard. We will even show that this local minimum is the only 
stationary point of this objective function. 

Indeed, a stationary point of a function 

is a point where all its partial derivatives are equal to O. Let us apply this 
condition to derivatives with respect to Xn, Xn-1, ... , Xl (in this order). 

• Differentiating with respect to X n and equating the result to 0, we get 
2(xn - X;_l) = 0, i.e., Xn = X;_l. 

• Differentiating with respect to Xn -1, we get 

Since we already know that Xn - X;_l = 0, we conclude that 2(Xn-1 -
x;_2) = 0 and Xn-1 = x;_2. 

• Similarly, by equating 81/8xn-2 to 0, and using the already proven equa
tion Xn-1 = X;_2' we can conclude that Xn-2 = X;_3' etc. 

• 
• Finally, by equating 8f!8x1 to 0, we conclude that Xl = 2. 

So, at every stationary point x = (Xl, ... , Xn) of the objective function 
l(x1, ... , Xn) all the terms that form 1 are equal to 0, and therefore, 
l(x1, ... , xn) = 0, i.e., 1 indeed attains the global minimum. We already know 
that computing this global minimum requires exponential time. The theorem 
is proven. 
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SOLVING SYSTEMS OF 

EQUATIONS 

In this chapter, we analyze the computational complexity and feasibility of 
yet another computational problem in which interval methods are often used: 
solving systems of equations. It turns out that already for systems of quadratic 
equations, solving these systems is NP-hard. 

18.1. Solving systems of equations 

Definition 18.1. By precisely solving systems 0/ polynomial equations, we 
mean the following problem: 

GIVEN: 

• an integer n, and 

• a finite sequence of polynomials h(Xl,""Xn ), ... , 11.(xl,""xn ) 

with rational coeflicients. 

COMPUTE: a tuple Xl, ... , X n that satisfies all equations from the follow
ing system: 

(18.1 ) 

197 
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Definition 18.2. By e-approximately solving systems of polynomial equations, 
we mean the Eollowing problem: 

GIVEN: 

• an integer n, 

• a finite sequence oE polynomials I1(Z1, ... , zn), ... , fT.(Z1, ... , zn) 
with rational coeflicients, and 

• a rational number e > O. 

COMPUTE: rational numbers Zl, ... , Zn that are e-close to a tuple that 
satisfies the system (18.1). 

The first natural question is: is this problem algorithmically solvable at all? 
The answer to this question is given by the following proposition: 

Proposition 18.1. There exists an algorithm that solves an arbitrary system 
of polynomial equations. 

For example, we can use Tarski's algorithm (mentioned in Chapter 3) to com
pute the solutions of every system of polynomial equations. However, as we 
have mentioned, this algorithm often requires unrealistically long time. So, it is 
desirable to know when a feasible algorithm is possible. The result is as folIows: 

Theorem 18.1. 

• There exists a polynomial-time algorithm that precisely solves systems of 
linear equations. 

• For every e > 0, an arbitrary algorithm that e-approximately solves all sys
tems of quadratic equations requires, for some systems, at least exponential 
time. 

Comment. We will see from the proof that the result about exponential time 
holds even if we only consider systems of quadratic equations that have a unique 
solution. 
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Since numerical equations are particular (degenerate) case of interval equations, 
solving systems of interval quadratic equations is also at least exponentially 
hard. Thus, we can describe the following comparison between the computa
tional complexity and feasibility of solving numerical and interval equations: 

Polynomials Solving numerical Solving interval 
systems of equations systems of equations 

Linear li Polynomial time NP-hard 
Quadratic li Exponential time Exponential time 

(or worse) (or worse) 
Cubic li Exponential time Exponential time 
(or higher order) (or worse) (or worse) 

18.2. Checking whether a system of equations 
is solvable 

Definition 18.3. By checking solvability 01 systems 01 polynomial equations, 
we mean the following problem: 

GIVEN: 

• an integer n, and 

• a finite sequence ofpolynomials ft(Xl,""X n ), ... , Ik(xl, ... ,xn ) 

with rational coeflicients. 

CHECK: whether the system ofpolynomialequations (18.1) has a solution. 

Theorem 18.2. 

• There exists a polynomial-time algorithm that checks whether a system 01 
linear equations is solvable. 

• The problem 0/ checking solvability 0/ a system 0/ quadratic equations is 
NP-hard. 

Theorems 18.1 and 18.2 can be represented as a table: 
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Polynomials Solving Checking solvability of 
systems of equations systems of equations 

Linear fi Polynomial time Polynomial time 
Quadratic fi Exponential time NP-hard 

(or worse) 
Cubic Exponential time NP-hard 
(or higher order) fi (or worse) 

18.3. Systems of equations: other possible re
strictions 

Theorems 18.1 and 18.2 show what happens if we restrict the degrees of the 
polynomials. In these theorems, we did not restrict the size of the coefficients 
of the polynomials I;(Z1,"" zn), the number 0/ variables n, or number 0/ 
equations k. If we restrict one ofthese parameters, we get the following results. 

If we impose apriori bounds on the coefficients of the polynomials h:, the 
above computational complexity and feasibility results do not change, even 
if we require that all the coefficients of these polynomials are equal either to 
o or to 1. We will call such polynomials O-l-polynomials and corresponding 
equations O-l-polynomial equations. For example, linear equations with linear 
O-l-polynomials will be called O-l-linear equationsj quadratic equations with 
quadratic O-l-polynomials will be called O-l-quadratic, etc. 

Theorem 18.3. 

• For every c > 0, an arbitrary algorithm that c-approximately solves all 
systems o/O-l-quadratic equations requires, tor some systems, at least ex
ponential time. 

• The problem 0/ checking solvability 0/ a system o/O-l-quadratic equations 
is NP-hard. 

If we restrict the number 0/ variables n, the results change: 
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Theorem 18.4. 

• For every n, there exists a polynomial-time algorithm that e-approximately 
solves an arbitrary system 0/ polynomial equations with n unknowns. 

• For every n, there exists a polynomial-time algorithm that checks solvability 
0/ an arbitrary system 0/ polynomial equations with n unknowns. 

Comments. 

• This algorithm is similar to the one presented m Chapter 4: it is 
polynomial-time, but it is not yet practical. 

• If we fix the number of equations instead of the number of variables, the 
results are different. Namely, for the case k = 1, when we have a single 
equation instead of a system of equations, we get the following result: 

Theorem 18.5. 

• There exists a linear-time algorithm that solves each linear equation. 

• There exists a polynomial-time algorithm that checks solvability 0/ each 
quadratic or cubic equation. 

• The problem 0/ checking solvability 0/ an arbitrary quartic (4-th order) 
equation is NP-hard. 

Comments. 

• From the proofofTheorem 17.3, it followsthat for quarticpolynomials, the 
problem if NP-hard even if we only allow polynomials whose coefficients 
come from the set {O, 1,2, 3}. 

• The results ab out checking solvability can be represented in the following 
table: 
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11 Single equation Systems of equations 

Linear fi Linear time Polynomial time 
Quadratic fi Polynomial time NP-hard 
Cubic fi Polynomial time NP-hard 
Quartic fi NP-hard NP-hard 
5-th or higher order NP-hard NP-hard 

Proofs 

Proof of Theorem 18.1. It is weIl known that systems of linear equations 
can be solved in polynomial time (see, e.g., Cormen et al. [76]). 

Let us show that solving systems of quadratic equations requires exponential 
time. Indeed, for a system Xl = 2, X2 = x~, X3 = x~, ... , X n = X;_l, 

the only possible solution is Xi = xr-1 = 22;-1. In binary representation, 
X n is 1 followed by 2n - 1 zeros. This number contains exponentially many bits, 
therefore, we need exponential timejust to write this answer down. Similarly, if 
we are looking for a number that is c-close to X n , we will still need exponentially 
many bits. Thus, solving this particular system of equations requires at least 
exponential time. The theorem is proven. 

Proof of Theorelll 18.2. For systems of linear equations, known methods 
(modified Gaussian elimination for one) check solvability in polynomial time 
(see, e.g., Cormen et al. [76]). 

Let us show that checking solvability of systems of quadratic equations is' NP
hard. To prove this result, we will reduce the PARTITION problem (known 
to be NP-hard) to this problem. In the PARTITION problem, we are given a 
sequence of integers Sl, •.• , Sn, and we must check whether there exist values 
Xl, ••• , X n for which Xi E {-I, I} and Sl • Xl + ... + Sn • X n = O. 

For each instance of the PARTITION problem, let us consider the following 
system of n + 1 quadratic equations: (Xi + 1) . (Xi - 1) = 0, 1 $ i $ n, and 
Sl • Xl + ... + Sn • x n = O. 

• If real numbers Xi satisfy this system, then from the first n equations, we 
conclude that for each i, either Xi = -1, or Xi = 1, and from the (n+ l)-st 
equation, that L: Si . Xi = O. 
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• Vi ce versa, ifthe values Xj satisfy the conditions ofthe PARTITION prob
lern, then all n + 1 equations hold. 

So, our system of equations is solvable if and only if the answer to the given 
instance of the PARTITION problem is "yes". Hence, the PARTITION prob
lem (that is known to be NP-hard) is reduced to our problem, and therefore, 
our problem is NP-hard too. The theorem is proven. 

Proof of Theorem 18.3. Let us first show that computing the solutions 
of systems of 0-1-quadratic equations indeed requires exponential time. In
deed, let us consider the following system of equations with 2( n + 1) unknowns 
xo,xt, ... ,xn , and YO,Y1, ... ,Yn: xo+l = 0, Yo+l = 0, X1+XO+YO = 0, 
Xj + Yi = 0 (1 $ i $ n), and Y; + xLI = 0 (2 $ i $ n). All the coefficients of 
all the polynomials in the left-hand side are equal to 0 or to 1. 

If Xi and Yi satisfy this system of equations, then Xo = Yo = -1, 

Xl = -(xo + Yo) = 2, 

and Xi = -Yi = xLI. Thus, for Xi, 1 $ i $ n, we get the same system 
of equations that we have considered in the proof of Theorem 18.1 (and Xo 
and Yi are easily computed from these Xi). For this system, X n = 22n - 1 takes 
exponential time to compute. The statement is proven. 

Let us now prove the NP-hardness result. To prove it, we will re-formulate the 
system from the proof of Theorem 18.2 in the desired 0-I-form. The equation 
:c~ - 1 = 0 is the easiest to represent in this form: we can take a new variable 
Xo, add a new eq'l.lation :Co + 1 = 0, and replace each equation x~ = 1 by an 
equivalent equation x~ +:Co = O. 

To represent the equation SI ·X1 + .. . +Sn ·Xn = 0 in the 0-1-form, we replace each 
constant Si by a new variable Vi, and add new eq'l.lations that guarantee that 
vi = si. How can we do that? In the computer, each constant Si is represented 
as a binary number: e.g., if sI = 5, then SI = 510 = 1112 = 1· 22 + 1· 21 + 1· 2°. 
The maximal power of 2 in these representations of Si does not exceed the 
length of each of these numbers. Therefore, to describe these variables, we will 
introduce auxiliary variables dt, dt, ... , Jt, Jt, ... , dö, d1, ... , and Jö, J1, ... 
with the intended meaning dt = ~+ = 2i and d; = ~- = _2 i . The number of 
these auxiliary variables is equal to the largest length of the numbers SI, ... , Sn. 
The following equations guarantee the desired values for Xi: 
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• First, the equations 

+ - -+--da + 1 = 0, da + 1 = 0, do + do = 0, and do + do = 0 

guarantee that da = da = -1 and dt = dt = -(-1) = 1. 

• Then, for every i ~ 1, fOUl equations 

df + d-:- 1 + J-:- 1 = 0 Jf + d-:- 1 + d-:- 1 = 0 , ,- ,- " ,- ,- , 

d; + dt-1 + Jt_1 = 0, and l;+ + dt_1 + l;+-1 = 0, 

guarantee that if dt-1 = l;+-1 = 2i - 1 and di"-l = l;--1 = _2i - 1 , then 

df = Jf = 2i and d-:- = J-:- = - 2i 
I I I I • 

Then, for every i from 1 to n, to guarantee that Vi = Si, we add the following 
equation: 

• If Si ~ 0, then we take the binary representation of Si: 

and add an equation 

Vi + co . da + Cl . d~ + ... + ci . d; + ... = 0 

• If Si < 0, then we take the binary representation of -Si: 

and add an equation 

Vi + CO . dt + cl . dt + ... + ci . dt + ... = 0 

In the resulting system of equations, we have Vi = Si and therefore, the equation 
V1 • Xl + ... + vn . x n = 0 is equivalent to sl . Xl + ... + Sn • x n = O. 

Thus, the new system of quadratic equations, in which all polynomials are 0-
1-polynomials, is equivalent to the original one; hence, solving an instance of 
the PARTITION problem is equivalent to this problem. Therefore, we have 
reduced the PARTITION problem to the problem of solving systems of 0-1-
quadratic equations and so, the problem of solving these equations is indeed 
NP-hard. The theorem is proven. 
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Proof of Theorem 18.4 is similar to the proofs from Chapter 4. 

Proof of Theorem 18.5. A linear equation ao + al . Xl + ... + an . Xn = 0 is 
solvable if either one of the coeflicients al, ... ,an is different from 0, or all the 
values al, ... , an, ao are equal to O. 

• In the first case, if ai 'I 0, we can take Xi = -aO/ai, and Xj = 0 for all 
j 'I i. 

• In the second case, arbitrary values Xl, ... ,Xn form a solution, so we can 
take, e.g., Xl = ... = Xn = O. 

This algorithm takes linear time. 

The possibility of checking solvability of quadratic and cubic equations 
I(Xl' ... , xn) = 0 follows from Theorem 17.2: Indeed, due to continuity of 
a a polynomial I(Xl, ... , xn), solvability of this equation is equivalent to the 
condition 0 E [inf I, sup J]. According to Theorem 17.2, for a quadratic or cu
bic polynomial, we can compute the values inf 1 and sup 1 in polynomial time 
and thus, check, in polynomial time, whether the corresponding polynomial 
equation is solvable. 

Let us prove that for quartic polynomials, solving a polynomial equation is NP
hard. We will prove it by reducing the same PARTITION problem as we did 
in the proof of Theorem 18.2. Namely, for each 'instance of the PARTITION 
problem, we can consider the equation I(Xl,"" xn) = 0, where I(xl!"" X n)·= 
(Xl + 1)2 . (Xl - 1)2 + ... + (Xn + 1)2 . (zn - 1)2 + (SI' :1:1 + ... + Sn • :l:n )2. 
Since this quartic polynomial is a sum of squares, it is equal to 0 if and only 
if all the squared terms are equal to 0, i.e., if (Xi + 1) . (Xi - 1) = 0 for all i 
and E Si • xi = O. We already know (from the proof of Theorem 18.2) that the 
solvability of this system is equivalent to the "yes" answer to the given instance 
of the PARTITION problem. Thus, the equation I(Xl"'" xn) = 0 is solvable 
if and only if the answer to this instance is "yes". This reduction shows that 
solvability of quartic equations is NP-hard. The theorem is proven. 
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APPROXIMATION OF INTERVAL 

FUNCTIONS 

Another problem where interval computations are used is a problem of approx
imating functions with simpler ones. In this chapter, we show that already the 
problem of optimal (narrowest) approximation of a quadratic interval function 
f(Xb ... ' xn ) bya linear one is NP-hard. For a practically important lD case 
(n = 1), an efficient approximation is possible. 

This chapter was written in collaboration with M. Koshelev and L. Longpre. 

19.1. Introduction: whyapproximation? 

In many practical problems, we know that a quantity y depends on the quanti
ties Xl, .. . ,;/;n (i.e., that y = !(Xl' ... , X n ) for some function 1), but we do not 
know the exact form of this dependence; instead, for every X = (Xl, • .• , X n ), 

we know an interval y = [lt' Yl of possible values of y. 

For example, to determine the desired dependence, we may: 

• measure the value of y at certain points x(l), ... , x(M), thus getting the 
intervals f(x(l)), ... , f(x(M)), and then 

• use the apriori known bounds Di on the rate 01 change of I, i.e., on the 
partial derivatives: 

I:~I ~ Di, 

to estimate the val ues of 1 ( x) for all other x. 

207 
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If we make only one measurement, then we get a piece-wise linear estimate 

f(xl, ... , Xn) = [[(Xl, ... , Xn), 7(Xl, ... , Xn)], 

where 

[(Xl, ... , Xn) = [(x~l), ... , x~l» - D l . lXI - xP) 1- ... - Dn . IXn - x~l)l; 

-f( ) - -f( (1) (1» D I (1)1 D I (1)1 Xl, ... , Xn - Xl' ... , Xn + 1· Xl - Xl + ... + n· Xn - Xn • 

For several measurements (M > 1), we get a slightly more complicated hut still 
piece-wise linear hounds on f(xl, ... , xn). 

The case n = 1 is especially practically important, hecause it represents the 
dependence on time Xl = t: 

• we measure the values of physical quantities at different moments of time 
and then 

• we use apriori hounds on the time derivative to estimate the values of 
these quantities at intermediate moments of time. 

In particular, in Lhomme et al. [252, 253] and in Loiez et al. [256, 257], 
such piece-wise linear interval functions were effectively used in electrical and 
electronic engineering: namely, in analysis of circuits with linear elements. 

In many real-life applications, we need to process the resulting values y, and 
the data processing algorithms are often non-linear. As a result: 

• if we start with the intervals for y( x) that are piece-wise linear in x, 

• we end up with intervals for the result r of data processing whose depen
dence on X is much more complicated. 

For example: 

• if we add or subtract two interval functions whose endpoints are piece-wise 
linear in x, we still get the result that is piece-wise linear in X; hut 

• if we multiply two intervals that are linear in x, then their endpoints also 
get multiplied, and, as a result, we get an interval function in which the 
endpoints are quadratic functions of X (i.e., we get quadratic interval !unc
tions). 
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If we multiply more, we get cubic, quartic, etc. functions; see, e.g., Loiez et 
al. [257]. In principle, there is nothing wrong with this complexity, except for 
the fact that, e.g., while a linear interval function of one variable requires only 
4 numbers to store (2 coefficients of the lower endpoint and 2 coefficients of 
the upper endpoint), quadratic functions require 6 coefficients, cubic functions 
require 8, etc. The more complicated the function becomes, the more memory 
we need to store these coefficients, and the longer it takes to process these 
functions. 

Thus, since we are often limited both in processing time and in memory (espe
cially ifthe processing is done in an on-board computer), we must approximate 
the given complicated interval function by a simpler one. 

In other words, ifwe have an interval function y(x) = [y(x), y(x)] that is known 
to contain the actual value y(x), we want to be able to find a simpler interval 
function z(x) = ~(x), z(x)] that, for each x, contains the entire interval y(x) 
and is, thus, guaranteed to contain the actual value y(x). 

Of course, this approximation comes at a trade-off: we simplify the expres
sion, but we make the interval wider (and therefore, lose some information). 
Therefore, the narrower the approximating interval function, the better. 

The simplest approximation problem of this type is the problem of approximat
ing a quadratic interval function by linear ones. Due to the practical impor
tance, this problem has been analyzed in several papers; see, e.g., Schmitgen 
[379], Oelschlägel et al. [314, 315, 313, 316], Rokne [363], Beaumont [22]. 

In this chapter, following Koshelev et al. [183, 182]: 

• we show that, in general, this problem is computationally intractable (NP
hard); and 

• we will present an efficient optimal solution to the practically important 
lD case of this problem. 
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19.2. When is an approximation optimal? 
Mathematical formulation of the problem 

Definition 19.1. Let a box X = ~l,Zl] X ... X ~,zn] be Jixed. Byan 
interval function, we mean a mapping y that puts into correspondence to each 
element z E X an intervaly(z) = l1l(z),y(z)]. 

Definition 19.2. Hboth functions 1[(z) andy(z) are linearfunctions ofz, i.e.: 

• 1[( z) = 'l!..o + L J!.; . Zi for some constants 'l!..o and J!.;, and 

• y(z) = Yo + LYi . Zi, 

we say that the interval function y(z) = [1[(z) , y(z)] is linear. 

Definition 19.3. If both functions 1[(z) and y(z) are quadratic functions of z, 
i.e., 

• y(z) = Yn + Ly . . Zi + Ly .. . Zi' Zj for some constants Yn' y., and y .. , 
- --u ""4 ""4J --u ""4 ""4J 

and 

we say that the interval lunction is quadratic. 

Definition 19.4. We say that a linear interval lunction z(z) = [!.(Z) , z(z)] 
approximates a quadratic interval function y(z) = l1l(Z) , y(z)] (or is an approx
imation oly) ily(z) ~ z(z) lor all z. 

Comment. The narrower the intervals, the better. So, our goal is to minimize 
the worst-case width of the approximating interval, Le., the value W(z) 
m8.Xa;(z(z) - ~(z». 

We will see that in some cases, for a given quadratic interval function y(z), 
there are several approximating linear interval nmctions z with the same value 
of W(z). If two different approximating functions have the same worst-case 
widths, then it is reasonable to choose the one for which the best-case width 
w(z) = mina,(z(z) - ~(z» is the smallest. Thus, we arrive at the following 
definition: 
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Definition 19.5. 

• For every interval function z(x): 

by its worst-case width, we mean the value 

W(z) = m~z(x) - ~(x)). 
zEX 

- by its best-case width, we mean the value 

w(z) = min(z(z) - ~(x)). 
zEX 

• Let a quadratic interval function y be fixed on a box X. We say that a lin
ear function z is an optimal approximation of y if the following conditions 
are satisfied: 

- first, z approximates y; 

- second, among all linear approximations to y, the function z has the 
smallest value of the worst-case width W(z); 

- third, if there exist several linear approximations u to y, with the 
same smallest value ofthe worst-case width W(u), the function z has 
the smallest value ofthe best-case width w(z). 

19.3. Results 

In general, this problem is computationally intractable (NP-hard): 

Theorem 19.1. (Koshelev et al. [182]) The problem of computing the optimal 
linear approximation to a given quadratic interval function is NP-hard. 

For a practically important ID case (n = 1), an efficient algorithm is possible: 

Proposition 19.1. (n = 1; Koshelev et al. [183,182]) The following Algorithm 
19.1 computes the optimal linear approximation to a given quadratic interval 
function of one variable. 

The resulting complexity of the approximation problem can be represented by 
the following table: 
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I n = 1 I n fixed and finite I general case I 
I Feasible I ? I NP-hard I 

CHAPTER 19 

Gomment. If we are given a piece-wise quadratic function, then we can apply 
this algorithm to each quadratic piece and thus, get the optimal piece-wise 
linear approximation. 

Algorithm 19.1. (Koshelev et al. [183, 182]) We start witb a quaclratic 
interval function 

y(t) = ~ + 1l.1 . t + 1l.2 . t2 , Yo + Yl . t + Y2 . t2] 

defined on an interval [1, t]. Tbe formulas for tbe optimal linear approximation 
z(t) = ~(t), z(t)] depend on tbe signs of tbe coefficients (1l.2 and Y2) at tbe 
quadratic term t 2 • 

• Gase 1: '!!.2 ~ 0, Y2 ~ O. 
In tbis case, tbe function ~(t) is tbe secant ofy(t), i.e., a straigbt line wbose 
endpoints are tbe endpoints oftbe quaclratic function y(t) on tbis interval. 
Similarly, z(t) is asecant ofy(t), i.e., -

z(t) = (t) + y(~ - y(t) . (t - t) 
- 1l.- t-1 -, 

~(t) = y(t) + y(~ = :(t) . (t - 1). 

• Gase 2: '!!.2 ~ 0, Y2 < O. 

(2) 

(3) 

In trus case, tbe lower line ~(t) is asecant (2). To determine tbe upper 
line z(t) , we apply tbe formula 

(4) 

to compute tbe value tm. Tben: 

- lftm E [1, t], we take z(t) = ~(t) + (y(tm) - ~(tm». 

- lftm > t, then z is tbe tangent to y a.t t: 

z(t) = y(t) + (Yl + 2Y2 . t)(t - t). (5) 

- H tm < 1, then z is tbe tangent to Y a.t 1: 

z(t) = y(t) + (Yl + 2Y2 . 1)(t - 1). (6) 
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• Gase 3: 11..2 > 0, "112 ~ o. 
In this case, the upper line z(t) is asecant (3). To determine the lower 
line ~(t), we compute the value tm = -(11..1 - zr)/(211..2). Then: 

- Htm E [t, t), we take ~(t) = z(t) - (z(tm) - 1I..(tm)). 

- lftm > t, then ~ is the tangent to 11.. at t: 

(7) 

- lEtm < t, then ~ is the tangent to 1!.. at t: 

(8) 

• Gase 4: 1!..2 > 0, '112 < o. 
In this case, we first compute tM = -Oh -1!..1)/[2(Y2 -1!..2)]. Then: 

- H tM E [t, t), then ~ is the tangent to y at tM, and z is the tangent 
to Y at tM: ~(t) = 1!..(tM) + (1!..1 + 21!..2 .tM )(t - tM); z(t) = y(tM) + 
(1J1 + 2Y2· tM)(t - tM). 

- lEtM > t, then ~ is the tangent (7) to 11.. at t, and z is the tangent (5) 
to y att; 

- HtM < t, then ~ is the tangent (8) to 11.. at t and z is the tangent (6) 
toyaq. 

Proofs 

Proof of Theorem 19.1. To show that our problem Pis NP-hard, we will 
reduce a problem Valready known to be NP-hard to P. As such a problem V, 
we will take the problem of minimizing a given non-negative quadratic Eunction 
y(x) on a given box X. (The fact that the problem V is NP-hard was shown 
in Chapter 3.) 

Indeed, let us assume that an algorithm U solves all particular cases of our 
problem P in polynomial time. Then, we can find the minimum m of a given 
non-negative quadratic function y( x) as folIows: 

1. We compute an upper bound B for the quadratic function y( x) on a box 
X. This upper bound can be obtained, e.g., by using naive interval COffi

putations. 
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2. We apply the algorithm U to a quadratic interval function 

y(x) = [0, B - y(x)]. 

As a result of applying this algorithm, we get the linear interval function 
z( x) = ~(x), z( x)] that is the optimal approximation of y( x). 

3. We compute the worst-case width W = W(z) ofthe linear interval function 
z( x), i.e., the maximum of a linear function 

Z(x) = z(x) - ~(x) = Zo + Zl . Xl + ... + Zn . X n 

on a box X = ~l' Xl] x ... x ~,Xn]. This maximum is easy to compute: 

W = z(mid(X)) + IZll . half(xd + ... + IZn I . half(xn ), 

where 
·d(X) = (!:l + Xl ~ + Xn) 

IDl 2 , ... , 2 

is the midpoint of the box, and 

Xi - x· 
half(~,xi]) = ~ 

is the radius (half-width) of the corresponding interval. 

4. Finally, we take the difference B - W as the desired value of the minimum 
m. 

Let us show that the value B - W computed by our algorithm is indeed the 
minimum of the original function y( x): 

• First, we will show that m ~ B - W. 

Indeed, since the function z( x) is an approximation to y( x), we have y( x) ~ 
z(x)j hence, for every x, the interval z(x) is wider than or equal to the 
interval y(x). Therefore, the worst-case width W(z) is greater than or 
equal to the worst-case width W(y) of the quadratic interval function 
y(x): W = W(z) ~ W(y). To use this inequality, we must find the value 
W(y). 

For every x, the width y(x) - y(x) of the interval y(x) = [0, B - y(x)] 
is equal to B - y(x). Therefor~ the largest possible value W(y) of this 
width is attained when B-y(x) is the largest possible, i.e., when y(x) is the 
smallest possible. Hence, W(y) = max(B-y(x)) = B-min y(x) = B-m. 

So, W = W(z) ~ W(y) = B - m, and therefore, m ~ B - W. 
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• On the other hand, since z is the optimal approximation to y, its worst-case 
width W = W(z) must be the smallest possible of the worst-case widths 
W(u) of all linear interval approximations u(z) to the function y(z). 

In particular, since y(z) ~ m for all z, we have B - y(z) $ B - m and 
therefore, a linear interval function u(z) = [0, B - m] is an approximation 
for y(z) = [0, B - y(z)]. The worst-case width W(u) is equal to 

W(u) = max(B - m) = B - m. 

Therefore, W = W(z) $ W(u) = B - m, i.e., W $ B - m and thence, 
m$B-W. 

So, m ~ B - Wand m $ B - Wand hence, m = B - W. The reduction is 
proven, so, our problem is indeed NP-hard. The theorem is proven. 

Proof of Proposition 19.1. Let us present the proofs for all 4 cases. 

Case 1: 1[2 $ 0, Y2 ~ 0. In this case, both functions 1[(z) and y(z) are 
''pointing inward" . 

If z( t) is a linear interval approximation to the given quadratic interval function, 
then, from y(t) ~ z(t), it follows, in particular, that ~(t) $ y(t) for all t E [!, tlj 
therefore, ~(!) $1[(!) and ~(t) $]l(t). -

Since 1la $ 0, the quadratic function 1[(t) is concave and hence, from ~(!) $1[(0 
and ~(t) $ y(t), i.e., from the fact that the line ~(t) lies below the two endpoints 
of the graph of y(t), it automatically follows that the entire graph of y(t) is 
above the line ~(t). So, it is sufficient to guarantee that at the endpoints, the 
values ~(:O and ~(t) do not exceed the corresponding values of]l(!) and ]let). 

For fixed z(t), the resulting intervals are the narrowest when the line ~(t) is at 
the highest possible location. Thus, to minimize the widths of the intervals, 
we must move both points ~(!) and ~(t) up as much as possible. The highest 
possible location for ~(!) is y(!), and the highest possible location for ~(t) is 
]let). Thus, ]let) is a a straight line going through ]l(!) and 1[(t), i.e., asecant. 

Similarly, z(t) is asecant of y(t). 

Case 2: ]l2 $ 0, Y2 < 0. The arguments given for Case 1 show that in this 
case, the function ~(t) is still the secant. With ~(t) fixed, it is sufficient to find 
the upper function z(t) for which the resulting approximation is optimal. 
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Let us first guarantee that the worst-case width is indeed the smallest possible'. 
Let us denote the worst-case width by Wo. By definition, for every t, we have 
z(t) ~ .f(t) + Wo, and therefore, y(t) ~ z(t) ~ .f(t) + Wo. Thus, to guarantee 
that Wo takes the smallest possible values, we must choose Wo as the smallest 
possible value for which y(t) ~ .f(t) + Wo for all t E [t, t]. In other words, as 
Wo, we take the maximum of the function y( t) - .f( t) on the interval [t, t]. 

The maximum of the concave quadratic function 

is attained at the point where its derivative is equal to 0, i.e., at the point t m 

determined by the formula (4). If this maximum is attained at the internal 
point tm ofthis interval, then at tm, the line .f(t) + Wo is a tangent to y(t), and 
therefore, there is no way to find a lower line without increasing the worst-case 
width W(z). So, in this case, z(t) = .f(t) + Wo. 

If the maximum is attained in one of the endpoints, e.g., at t, then, we can, 
keeping the straight line z(t) at the point (t, y(t)) , lower its other end and 
still get the same worst-case width. The lowest value of the best-case width is 
attained when we lower the other end to the lowest possible position in which 
it is still above y(t), i.e., to the position of a tangent to y(t). 

Case 3: 112 > 0, Y2 ~ 0. This case is similar to case 2. 

Case 4: 112 > 0, Y2 < 0. In this case, both functions ll(z) and y(z) are 
"pointing outward" . 

As a first step of constructing the optimal linear approximation z(t), let us first 
make sure that we have the smallest possible value of the worst-case width. For 
every t E [t, t], from y(t) ~ z(t), we can conclude that the width of z(t) is at 
least as large as the width of the interval y(t). Thus, the worst-case width 
W(z) of the approximating linear function z(t) cannot be smaller than the 
worst-case width W(y) of the original (quadratic) interval function y. Since 
we are minimizing W(z), it is therefore desirable to choose z in such a way that 
its worst-case width is exactly equal to W(y). 

The worst-case width W(y) is a maximum of the quadratic width function 
y(t) - y(t) on the interval [t, t]. By differentiating this difference, one can easily 
get an -explicit expression for this maximum point tM (this expression is given 
in the formulation of the algorithm). 
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If this maximum point tM is inside the interval [!, ~, then at this point tM, 
both approximating lines .&:.(t) and z(t) must be tangent to the corresponding 
functions y(t) and y(t), because otherwise, in at least one of the directions, the 
width wilEncrease. 

If this maximum tM is attained at one the endpoints, e.g., for 1, then we must 
have .&:.(t) = y(t) and z(t) = Y(l). In this case, to guarantee the smallest possible 
best-case width, we must place z(t) as low as possible (i.e., along the tangent 
to 11), and .&:.(t) as high as possible, i.e., similarly, along the tangent to J!..(t). 

As a result, we arrive at the formulas given in the algorithm. Proposition is 
proven. 
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20 
SOLVING DIFFERENTIAL 

EQUATIONS 

Yet another problem where interval computations are used is a problem oE 
solving differential equations. In this chapter, we show that in general, this 
problem requires at least exponential time, and briefly describe the heuristics 
that are used to solve important particular classes oE differential equations in 
polynomial time. 

Trus chapter was written in collaboration with M. Berz. 

20.1 In General, Solving Differential Equations 
is Exponentially Hard 

In the previous chapters, we have shown that even simple problems, such as 
solving a system of polynomial equations or optimizing a polynomial objective 
function, are, in general, NP-hard or even exponentially hard (i.e., require at 
least exponential running time for some instances). It is therefore natural to 
expect that if, instead of the simple static problems, we consider more realistic 
dynamic problems (e.g., if we solve differential equations instead of simpler 
algebraic equations), then the required computation time will only increase. 
Indeed, solving even the simplest linear differential equations is, in general, 
exponentially hard: 

219 
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Definition 20.1. By e-approximately solving systems of polynomial differential 
equations, we mean the following problem: 

GWEN: 

• an integer nj 

• a finite sequence of polynomials ft(XlJ ... ,xn), ... ,fn(xl. ... ,xn) 
with rational coefIicientsj 

. al b (0) (0) • n ratlon num ers Xl , ... , Xn j 

• rational numbers to < T j and 

• a rational number e > O. 

COMPUTE: rational numbers il. ... , in that are e-close to the values 
of xi(T), where X1(t), ... , xn(t) are a solution to the system of differential 
equations 

dXi "'dt = fi(X1, . .. , Xn) (20.1) 

for which Xi(tO) = x~O) (i = 1, ... , n). 

Comment. In particular, when n = 1, i.e., when the system consists of only 
one differential equation, we will talk about e-approximately solving polynomial 
differential equations. Already this problem is exponentially hard: 

Theorem 20.1. For every e > 0, an arbitrary algorithm that e-approximately 
solves all linear differential equations requires, for some equations, at least ex
ponential time. 

This is indeed much WOISe than for systems of algebraic equations: 

Systems of algebraic Systems of differential 
equations equations 

Linear Polynomial time Exponential time 
fi(X1"'" xn) (or worse) 
Quadratic Exponential time Exponential time 
fi(X1, ... , xn) (or wOISe) (or worse) 
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20.2. Important Heuristics: Traditional Nu
merical Methods and Taylor Series Methods 

It may be possible to have a feasible heuristie. As we can see from 
the proof, the exponential running time appears if we allow arbitrarily large 
values of integration time T - to and of the right-hand sides fi(Z1, ... , zn). 
It is, therefore, reasonable to fix some To and B and consider only systems 
of equations for which IT - tol ~ To and Ifi(zl, ... , zn)1 ~ B. With this 
restriction, we can hope to have reasonable algorithms or at least reasonable 
heuristics. 

Traditional numerieal methods, and why, unfortunately, their worst
ease eomputational eomplexity is still exponential. People have been 
solving differential equations for more than three ~enturies, and many good 
practical methods have ·been designed. So, the first natural idea is to check 
the computational complexity of the known methods. Alas, it turns out that 
although these methods are very good in many practical problems, their worst
case computational complexity is still exponential. 

Indeed, most of these methods are based on a step-by-step integration of the 
system (20.1). The exponential complexity can be illustrated on the simplest 
example of Euler integration, in which we choose some computation step ll.t 
and sequentially compute, for t1 = to + ll.t, t2 = to + 2ll.t, etc., the values 

until we reach tk ~ T. This method requires T / ll.t iterations. 

The accuracy of such an integration scheme is proportional to ll.t, so to attain 
the desired accuracy c, we need to make ~ l/c computation steps. For Al-digit 
values, e.g., for c = 2-k , this means that we need a number of computational 
steps that exceed an exponent 21: of the length of the input. In other words, 
these methods require exponential time. 

The same exponential lower bound for computation time holds for more so
phisticated methods, for which the accuracy is proportional to (ll.t)a for some 
a: to achieve the desired accuracy c > 0, we need to take ll.t ~ c1/a , i.e., for 
c = 2-1:, still exponential time. 
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This worst-ease behavior of traditional methods is areal phe
nomenon. The exponential-time behavior of traditional methods is, unfor
tunately, not just a purely theoretieal phenomenon. It is indeed happening for 
some real-life differential equations. Let us give two examples. 

When we design a particle accelerator, we must guarantee that the particles 
will not get out of the eamera after billions of eycles. To do this, we must solve 
systems of differential equations. With particles moving at approximately the 
speed of light, and the resulting fast ehanges, traditional methods of solving 
differential equations would require millions of years to eompute. 

Another example is geophysics, when we want to simulate long-time behavior 
of eomplex interaeting geophysieal system. In this ease, too, traditional meth
ods do not work if we want to prediet what will happen after (a geologieally 
meaningful period of) millions of years. 

How to avoid exponential time: Taylor series methods. If the right
hand sides !,(Zl, ... , Zn) ofthe differential equations (20.1) are polynomials, or, 
more generally, analyticalfunctions, then the well-known Cauehy theorem says 
that the solution is also analytieal. We ean, therefore, represent eaeh solution 
as a Taylor series. If we take only first d terms of this expansion, we get an 
expression Zi(t) = aw + ail . t + ai2 . t 2 + ... + aid . t d with unknown eoeffieients 
aij. We ean find these eoeffieients if we substitute these expressions into the 
original system (20.1) (and apply known automatie differentiation techniques). 
As a result, we get a system of n x (d + 1) algebraic equations with n x (d + 1) 
unknowns, a system whieh is often easy to solve (and whieh, at least, is not 
doomed to exponential eomputation time). 

How many terms do we need to achieve the given accuraey? If we restriet our
selves to d-th order terms in Taylor series, then the remainder is, crudely speak
ing, proportional to (T / R)d+1 , where R is the radius of convergenee. Therefore, 
to achieve an aeeuraey c = 10-1:, we must choose d for whieh (T / R)d+1 :::::I 10-1:, 
i.e., for whieh d:::::l eonst . k. Thus, the number of terms is bounded by a poly
nomial of the length of the input. If we are in a situation where solving the 
resulting system of algebraic equations is feasible (i.e., polynomial time), we 
have thus redueed the original ezponential time to polynomial time. 

Comment. From the eomputational eomplexity viewpoint, these methods were 
first deseribed in Longpre et al. [258] and Kreinovieh et al. [230]. 
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Taylor series methods indeed lead to practically feasible algorithms. 
The Taylor series methods indeed work weH for many practical problems, in 
particular, for the particle accelerator example; see, e.g., Berz et al. [38, 39, 
40, 42, 41], Makino et al. [267, 268]. 

Proofs 

Proof of Theorem 20.1. Indeed, for to = 0 and z~o) = 1, a system dz/dt = 
C· z has a solution z(t) = exp(C· t) for which z(T) = exp(C· T). Thus, ifwe 
are given k-digit numbers C and T, the resulting value requires an order of 21: 
digits to describe. Thus, we need exponentially many computational steps just 
to write down the solution. Similarly to the previous chapters, requiring that 
the solution be e-approximate does not eliminate this exponential time. The 
theorem is proven. 

rohn@cs.cas.cz



21 
PROPERTIES OF INTER VAL 

MATRICES I: MAIN RESULTS 

In the previous chapters, we analyzed the computational complexity and Eeasi
bility oE the problems in which the main goal was to compute a number (or an 
interval). In many practical situations, however, we are not interested in the 
exact value oE this number; all we need to know is whether a certain property 
is true or not: e.g., whether a given controlled system is stable, etc. It turns 
out that the most interesting practical problems oE this type relate to numer
ical and interval-values matrices: to check whether a given matrix is regular, 
positive definite, stable, etc. 

In this chapter, we describe the main results related to computational com
plexity and Eeasibility oE such problems. ProoEs and several important auxiliary 
results are presented in the next chapter. 

21.1. Properties of Interval Objects: Informal 
Introduction 

"Checking" problems and why they are practically important. In 
the previous chapters, we analyzed the computational complexity and fea
sibility of the problems in which the main goal was to compute a number 
y = f(XI,".,X n ), or, to be more precise, to find the set of all possible val
ues of the function y = f(XI, ... , xn ) when its inputs Xi take values from given 
intervals Xi. In many practical situations, however, we are not interested in the 
exact value of this number; all we need to know is whether a certain property 
is true or not. 

225 
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For example, in environmental applications, we may want to know whether the 
pollution level exceeds the legal limit or not; in control applications, we may 
want to know whether the given controlled system is stable or not, etc. 

"Checking" problems are (somewhat) simpler than the correspond
ing computation problems. In most problems of this type, the condi
tion that we want to check can be re-formulated as an inequality of the type 
f(Xl, ... , xn ) 2: Yo for a given value Yo (or as several inequalities of this type). 
For example, the problem of checking the pollution level is already given in this 
form; the problem of checking stability of a controlled system is formulated in 
a much more complicated form, but, as we will see later in this chapter, it can 
also be reduced to checking inequalities of this type. 

Since we only know intervals Xj of possible values of x j, we can only get a 
interval y = [y, YJ of possible values of y. Depending on the values y and y, we 
can have three different possibilities: -

• If y 2: Yo, this means that all possible values of y = f(Xl,"" xn) (i.e., 
all-values y from the interval [y, y]) satisfy the desired inequality, so the 
desired property is guaranteed to be true. 

• If y < Yo, this means that none of possible values of y = f(Xl,"" xn) 
satisfy the desired inequality, so the desired property is guaranteed to be 
false. 

• If y < Yo ~ y, this means that some possible values of y = f(Xl,"" xn) 
safIsfy the desired inequality, while some other possible values do not sat
isfy this property. In this case, based on our information (as described by 
the intervals Xl, ... , xn ), we cannot decide whether the desired property 
is satisfied or not, so, additional information is needed. 

When there exists a feasible algorithm for computing the interval y = 
f(Xl, ... , xn ), we can thus check the desired property in reasonable time. How
ever, as all the previous chapters show, in many cases, the problem of computing 
the interval y is computationally intractable (NP-hard). In these cases, we can
not simply compute the interval y and then check whether elements of this 
interval are larger than or equal to Yo. The fact that we cannot compute the 
endpoints y and y of the interval y in reasonable time does not necessarily 
mean that -we cannot check the desired property in reasonable time by using 
sorne feasible algorithm: for this checking, we do not need the exact values of y 
and y, we do not even need c-approximations to these endpoints: all we need to 

rohn@cs.cas.cz



Properties 0/ Interval Matrices I: Main Results 227 

know is whether y ~ Yo and whether y ~ Yo. Since the desired output consists 
of a single bit oflnformation (yes or no), this problem is clearly simpler than 
the corresponding comp1J.ting problem in which the desired output (a number) 
consist of several bits. 

Due to this relative simplicity, in some cases, this simpler "checking" problem 
becomes feasible even when the corresponding computational problem is NP
hard. 

For example, if f(xt, ... , x n ) is a non-linear polynomial, then, in general, 
computing the exact range y is NP-hard. On the other hand, we can apply 
naive interval computations or some more sophisticated interval technique 
and get a reasonable enclosure Y ::> y. If allthe values y from this enclosure 
are greater than or equal to Yo, then the desired property is guaranteed to 
be truej if all the values from Y are smaller than Yo, then we can guarantee 
that the desired property is false. 

In some other cases, the "checking" problem is still NP-hard. However, since 
checking problem is, in general, simplerthan the computing problem, we cannot 
simply deduce this NP-hardness from the NP-hardness of the corresponding 
computational problem: we have to prove it anew. 

The main goal of this chapter is to analyze computational complexity and 
feasibility of the "checking" problems. 

21.2. Practically Important Properties of Inter
val Objects: Informal Introduction Continued 

Three basic stages of solving practical problems: abrief reminder. 
To describe practically important properties of interval objects, let us recall 
the basic stages of solving a generic practical problem: 

• At first, we determine the current state of the system and, ideally, its 
dynamics. 

• Then, we use the known dynamics to predict the future states of the system. 

• Finally, ifwe are not satisfied with this prediction, we try to find the control 
that leads to, say, the largest possible value of the objective function. 
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Let us briefly recall the computational problems related to each of these three 
stages, and describe natural "checking" problems that appear on each of these 
stages. 

First stage: Determining the current state. To determine the current 
state ofthe system, we must undertake some measurements. In some situations, 
we can directly measure the values of the variables Xl, ••• ,Xn that describe the 
system's state. In other situations, we cannot directly measure the values Xj 

(or at least cannot easily directly measure these values). In such situations, 
we measure some other quantities Y1, ... ,Ym (that are related to the desired 
quantities Xj), and use the results Yi of measuring Yi and the known relations 
between X j and Yi to reconstruct the values of the desired quantities X j. 

In some cases, we have explicit formulas that describe Xj in terms of Yi: Xj = 
h (Y1, ... , Ym). In such cases, from the computational viewpoint, all we need 
to do to compute estimates Xj is to perform some explicit computations: Xj = 
h(Y1," .,Ym). If we take interval uncertainty into consideration, i.e., if we 
take into consideration that we only know the intervals Yj of possible values 
of Yi, then we get the above basic problem of interval computations: given the 
intervals Yi, compute the range li (Y1 , ... , Y m). In these cases, this problem is 
a purely computational problem, with no significant "checking" component. 

In other cases, we only have implicit formulas that relate x j and Yi: 

(21.1) 

In such cases, to find Xj, we must actually solve the system of equations (21.1). 
The corresponding functions F" can be arbitrarily complicated. Usually, we 
know the approximate values X)O) of the measured quantities Xj. If this knowl-

edge is accurate enough, i.e., if the differences 6xj = Xj - X)O) are smalI, we 
can simplily these equations if we expand the functions 

F,,(X1,"" Xn, Yl.· .. , Ym) = F,,(x~O) + 6X1,"" x~O) + 6xn , Yt, ... , Ym) 

into Taylor series in 6xj and retain only the first few main terms in this ex
pansion. In particular, if we only retain linear terms, we get a system of linear 
equations 

(21.2) 

(where 
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d b -" . (0) ( (0) (0) ) ) . an A: - i..J aA:J • Zj - FA: zl , •.. , Zn ,Yl,"" Ym' If we take mterval un-
certainty into consideration, then, as we have shown in the previous chapters, 
even in this simplest case, the problem of estimating Zj is NP-hard. 

"Checking" problems emerging from the first stage. If the relations 
(21.1) or (21.2) are absolutely true (and the measuring instruments that measure 
Yi are functioning correctly), then we have to solve the system (21.1) or (21.2) 
(or its interval analogue) anyway, because this is how we determine Z j. In this 
case, there is no checking problem. However, in reality, it happens sometimes 
that the relations (21.1) that we assumed to be (absolutely) true are only 
approximately true or, even worse, these relations are only true for some values 
Zj and Yi (induding an the values for which they have been tested before) and 
not true for the values Zj and Yi that we are currently measuring. It can also 
happen that one of the measuring instruments is bro~en, and the values Yi that 
we get from this instrument are way off. In these cases, the system (21.1) may 
have no solution at al1. If this is the case, we must re-analyze the situation: 
e.g., replace the sensors, make new measurements of Yi, and try again to solve 
the system (21.1). 

Since solving a system of nonlinear equations is a computationally ham problem, 
the algorithms that solve such systems are often very time-consuming. Since 
there is a risk that the original system is not solvable at all (and thus, the 
time spent on trying to solve this system is wasted), it is desirable, before 
starting this time-consuming algorithm, to check whether the system (21.1) 
has a solution. Thus, on the first stage of practical problem solving, we have 
an important "checking" problem: to check whether a given system 0/ equations 
(21.1) has a solution. 

In the ideal (numerical) case when an the intervals are degenerate (i.e., numbers) 
and all the measurements are precise (i.e., when the measured values Yi coincide 
with the actual values Yi ofthe directly measured quantities), we should expect 
that not only the system has a solution, but that there should be a unique 
solution. In this ideal case, in order to determine n values Zl, •.• , Zn, we 
need only n equations, Le., n relations (21.1); every other relation would be 
redundant and extra measurements used to establish this relation unnecessary. 
So, we have a system of n equations with n unknowns. 

For the simplest case of a linear system, the requirement that the resulting 
n x n system of linear equations (21.2) has a unique solution can be easily re
formulated in purely algebraic terms: it is equivalent to the requirement that 
the matrix A formed by the coefficients aA:j is regular (Le., invertible). 
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Thus, the first stage of problem solving leads to the following important "check
ing" problem: to check whether a given matrix is regular (non-singular). 

Comment. To be more precise: the general problem is to check solvability of a 
system of equations. Regularity of a matrix is only the simplest case of the gen
eral problem; more complicated (and more general) cases are also practically 
interesting. However, as we will show, in the presence of interval uncertainty, 
already this simplest case is NP-hard; so there is no need to consider computa
tional complexity of other, more general and more complicated cases: all these 
more general and more complicated cases are NP-hard too. 

Second stage: Predicting the future states. On the second stage of 
practical problem solving, we use the known initial state of the system and its 
known dynamics to predict the future states of the system. There are two basic 
ways to describe the dynamies: 

• Traditionally, in fundamental physics, we describe the dynamics in such a 
way so as to be able to predict what is happening after an arbitrary period 
oftime .6.t. In particular, we must be able, knowing the state Xi(t) at the 
initial moment oftime t, to predict the state Xi(t+.6.t) for arbitrarily small 
values .6.t. For small.6.t, we have Xi(t+ .6.t) ~ Xi(t) +.6.t· Zi(t) (where Zi(t) 
denotes the time derivative). Therefore, being able to predict the values 
Xi(t + .6.t) is equivalent to being able, knowing the values Xl, .•• , Xn, to 
predict the values ofthe derivatives Xi(t). Hence, we describe the dynamics 
in terms of a system of differential equations: 

dXi(t) ---;;:t = fi(Xl(t), ... , xn(t)). (21.3) 

• In many practical problems, we are only interested in the state Xi(t) for 
discrete moments of time: e.g., in daily temperatures, yearly crop, etc. In 
other words, we know the values Xi(t) at a certain initial moment of time 
t, and we are interested in the values Xi(t + .6.t), Xi(X + 2.6.t), ... , where 
.6.t> 0 is a given positive constant (observation period). 

- In principle, we can still describe the dynamies in terms of differential 
equation (21.3), solve this differential equations (i.e., find the values 
Xi(t) for all t), and then extract the desired values of Xi(t) from the 
resulting solutions. 

- However, from the computational viewpoint, this is a waste of comput
ing resources, because, in addition to the states Xi(t+.6.t), xi(t+2.6.t), 
etc., in which we are really interested, we compute all intermediate 
states Xi(t) as weIl. 
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To make computations more efficient, it is desirable to directly describe 
the transition from the state z;(t) in the initial moment of time to the 
state z;(t + 6.) in the moment of time t + 6.t: 

(21.4) 

If we know the exact initial values of the parameters z;(t) that characterize the 
initial state and the exact functions f; that describe the dynamics, then we can 
explicitly solve the corresponding system of equations «21.3) or (21.4» and get 
the desired prediction. 

These prediction problems are doable, although often they are time-consuming, 
especially Ü n is large, and we want to predict a reasonably distant future. For 
example, weather prediction requires a significant amount of time on modern 
supercomputers that perform 109 to 1012 operations per second, and still the 
results of modern computer weather prediction are still far from being perfect. 

Similarly to the first stage, we can simplify the equations (21.3) and (21.4) by 
retaining only the first few terms in the Taylor expansion of the functions f; or 
F;. In particular, in the simplest case when we only retain linear terms (and 
thus, approximate the original functions f; or F; by linear functions), we get 
the following linear equations: 

,. 
z;(t + 6.t) = ao + I: a;j . Zj(t). 

j=l 

(21.5) 

(21.6) 

"Checldng" problems emerging from the second stage. In real lüe, 
there are inevitable measurement errors in the initial values of z;(t): the actual 
values z;(t) are slightly different from the measured values z;(t). As a result, 
sometimes, the prediction process becomes unstable: as we try to predict the 
states at the times t -+ 00, even small errors 6.z;(to) = z;(to) - z;(to) at the 
initial moment of time to exponentially increase as t -+ 00. In this case, due to 
the possibility of large prediction errors 6.z;(t) = i;(t) - z;(t), the results i;(t) 
of integrating the equations (21.3) or (21.4) do not lead to any meaningful 
information ab out the desired actual future values z;(t). Since prediction is 
often very time-consuming, it is desirable to avoid unnecessary computations 
and check beforehand whether the given prediction problem is stable or not. 
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From this computational viewpoint, stability means that small initial deviations 
äx.(t) do not grow exponentially to 00 as t - 00, but remain reasonably small. 

Stability checking is also very important for control applications, where the 
equations (21.3) or (21.4) characterize the dynamics of the controlled system. 
The typical goal of control is to stabilize the system, i.e., to make sure that 
an arbitrary initial deviation x.(to) f. xfes(to) of the actual trajectory Xi(t) 
from the ideal (desired) trajectory xfe8(t) will eventually get corrected, i.e., the 
deviations äXi(t) = Xi(t) - xfes(t) from the desired trajectory tend to 0 as 
t - 00. 

N otice that control applications motivate a stronger stability requirement than 
computational applications: 

• In computational applications, we only required that the deviations do not 
grow too fast. 

• In control applications, we want the deviations to decrease and tend to O. 

For non-linear systems, checking each of these stability properties can be very 
complicated, but for linear systems, the problem is much easier: there exist 
explicit formulas for solving the systems (21.5) and (21.6), and these formulas 
lead to explicit formulas for checking stability. Let us briefly describe how this 
is done; a detailed description can be found, e.g., in Chorlton [67] and Bellman 
[25]. 

Indeed, in both problems, we are interested in the ditference äXi(t) between 
the two solutions of the corresponding equation (21.5) or (21.6): 

• In the computational applications, äXi(t) is the difference between the 
trajectory Xi(t) based on the approximate initial state Xi(tO) and the tra
jectory Xi(t) based on the exact (unknown) initial state x.(to). 

• In the control applications, äx.(t) is the difference between the actual 
trajectory x.(t) and the ideal (desired) trajectory xfes(t). 

From the fact that both solutions satisfy the equation (21.5) (or (21.6)), it 
follows that the difference äx.(t) between these two solutions satisfies one of 
the following equations: 
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d~Xi(t) = ~ a .. . ~x.(t). --'d:-'-t':""':" L..J '} }, 
j=1 

(21.7) 

n 

~Xi(t + ~t) = L aij . ~Xj(t). (21.8) 
j=1 

These equations are the easiest to solve when n = 1, then the first equation 
leads to ~X1(t) = ~X1(to)'exp(al1 .(t-to», and the second to ~x1(to+k·~t) = 
~X1(tO) . atl' For n > 1, we can try to find partialsolutions of the similar type 
Xi(t) = Ci·exp(A·t) or Xi(t) = Ci'At, and then use the fact that the equations are 
linear to describe the general solution as an arbitrary linear combination of these 
partial solutions. If we substitute the desired partial solution into the equations 
(21.7) or (21.8), we get the system Lj aijCj = A . Ci. In other words, Ais an 
eigenvalue of the matrix aij, while Ci is the corresponding eigenvector. So, if 
a matrix aij has n different eigenvalues, then we have n linearly independent 
partial solutions of this type, and an arbitrary solution can be represented as 
a linear combination of these partial ones. The degenerate case when two or 
more eigenvalues are equal (A' = A) can be treated as the limit case of the 
non-degenerate case A' = A + ~ when ~ -+ 0: 

• For the system of differential equations (21.7), in the non-degenerate case, 
we have an arbitrary linear combination of exp(A . t) and exp«A + ~) . t). 
In the limit ~ -+ 0, in addition to exp(A . t), we also have a solution 

li exp«A+~).t)-exp(A·t) d (') (') m = -exp /I·t =t·exp /I·t. 
e_O E dA 

If we have three coinciding eigenvalues, then we, similarly, get solutions 
proportional to t 2 • exp(A . t), etc. 

• Similarly, for the equation (21.8), we get solutions of the type t· Ak , t 2 . At, 
etc. 

In general, an arbitrary solution ~Xi(t) ofthe system (21.7) can be represented 
as a linear combination of the terms xP . exp(A . t), where p is a non-negative 
integer and A is an eigenvalue, and an arbitrary solution of the system (21.8) 
can be represented as a linear combination of the terms xP . Ak for similar p 
and A. This explicit description of all possible solutions of these systems leads 
to explicit conditions for stability; in deriving these conditions, we must take 
into consideration that eigenvalues A are, in general, complex numbers: 
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• To describe stability conditions for the system (21.7), we can use the fact 
that 

tP . exp(.\· t) = tP . exp«Re.\ + i· IffiA) . t) = 

tP . exp(Re.\· t)· (cos(Im.\· t) + i· sin(IffiA. t)). 

This term tends to 0 if and only if Re.\ < 0, and it does not increase 
exponentially if and only if Re.\ ~ O. Thus: 

- Stability needed for control applications is equivalent to the require
ments that Re.\ < 0 for each eigenvalue .\ of the matrix aij. Matrices 
that satisfy this property are called stable, or Hurwitz stable, after the 
mathematician who first analyzed this type of stability. 

- Stability needed for computational applications is equivalent to the 
requirements that Re.\ ~ 0 for each eigenvalue .\ of the matrix aij. 

Matrices that satisfy this property are called semi-stable, or Hurwitz 
semi-stable. 

• To describe stability condition for the system (21.7), we used a stan
dard representation of a complex number in terms of two real numbers: 
.\ = Re.\ + i .IffiAj in the standard geometric representation of complex 
numbers as points on aplane, this representation corresponds to Carte
sian coordinates. For the system (21.8), it is more appropriate to use an 
alternative (polar-coordinate) representation .\ = 1.\1 . exp(i . <,0). We can 
now UBe the fact that 

tP . .\1: = tP ,1.\11: . exp(i. k· <,0) = tP ,1.\11: . (cos(k. <,0) + i· sin(k . <,0)). 

This term tends to 0 when k -+ 00 if and only if 1.\1 < 1, and it does not 
increase exponentially if and only if 1.\1 ~ 1. Thus: 

- Stability needed for control applications is equivalent to the require
ments that 1.\1< 1 for each eigenvalue.\ ofthe matrix aij. Matrices 
that satisfy this property are called Schur stable, after the mathe
matician who first analyzed this type of stability. 

- Stability needed for computational applications is equivalent to the 
requirements that 1.\1 ~ 1 for each eigenvalue .\ of the matrix aij. 

Matrices that satisfy this property are called Schur semi-stable. 

Thus, the second stage of problem solving leads to the following important 
"checking" problem: to check whether a given matrix is stable (see, e.g., 
Barmish [16]). 
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Third stage: Optimization. Finally, if we are not satisfied with this predic
tion, we try to find the alternative that leads to the smallest (or the largest) 
possible value of some objective function y = l(zl, ... , Zn): 

(21.9) 

The objective function can be very complicated, but ifwe know the approximate 
values z~O) of the desired parameters Zi, we can expand the objective function 
into Taylor series in 6Zi = Zi - z~O) and keep only a few main terms in the 
expansion. 

In our analysis of the first two stages of problem solving, we kept only linear 
terms in the corresponding Taylor expansions. For unconstrained optimization, 
keeping only linear terms in the expansion of I( Zl, ... , zn) does not make sense, 
because a linear function does not have any minima or maxima at all. Thus, 
we need to keep at least quadratic terms as weIl. H we keep quadratic terms,· 
we get the following (approximate) optimization problem: 

n n n 

ao + Lai· Zi + LLaij· Zi· Zj -+ min. (21.10) 
i=l i=l j=l 

"Checking" problems emerging from the third stage. In many real-life 
situations, we only have an approximate information about how the desired 
objective (e.g., cost or time) depend on the controlled parameters Xi. Due to 
this approximate character of the objective function, it may happen (and it 
does happen sometimes) that the resulting optimization problem (21.9) does 
not have a solution at all. If this turns out to be the case, this means that we 
need to make a more accurate description of the objective function and repeat 
the computations. 

We already know, from the previous chapters, that optimization is, in general, 
a computationally difficult problem .. Thus, it is desirable, before we start the 
actual optimization, to check whether this optimization problem has a solution 
at all. 

Optimization problems also lead to another, related "checking" problem: H the 
original optimization problem has a single solution, i.e., a unique combination 
of parameters Zl, ... , Zn that minimizes the objective function (21.9), then we 
simply choose these values Zi. But what if the same smallest value of the 
objective function is attained for several different combinations of parameters? 
There exist two p08sible approaches to this situation: 
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• A pragmatic approach is to pick one of these combinations and use it. 

• On the other hand, if the practical problem is really important, the exis
tence of several solutions to the optimization problems means that we can 
do some further optimization. 

For example, let us assurne that we are designing a super-computer, 
and our initial goal is to achieve the fastest speed. If it turns out that 
several different designs guarantee the best possible speed, then we 
can use this non-uniqueness to select, e.g., the least costly design. 

In other words, in this second approach, we change the objective function 
and re-solve the optimization problem. 

Since we are solving the second optimization problem anyway, it makes sense to 
avoid the (often time-consuming) process of solving the original optimization 
problem. In other words, it is desirable to be able, given an optimization 
problem, to check whether it has a unique solution or not. 

For quadratic objective functions (21.10), these two "checking" problems can 
be easily reformulated in terms of the corresponding matrix aij : 

• the (unconstrained) minimization problem (21.10) has a solution if and 
only if the matrix aij is positive semi-definite, i.e., if L: aij . Xi . Xj 2: 0 for 
every vector i = (Xl,"" Xn); 

• the (unconstrained) minimization problem (21.10) has a unique solution if 
and only if the matrix aij is positive definite, i.e., if E aij . Xi . Xj > 0 for 
every vector i = (Xl, ... , Xn) :f. Ö = (0, ... ,0). 

Auxiliary "checking" problems. We already know, from the previous chap
ters, that many problems of interval computations are NP-hard. This means, 
crudely speaking, that no algorithm is likely to exist that would solve all in
stances of these problems in feasible time. There are, however, feasible algo
rithms that solve some instances. For many such algorithms, we know con
ditions that guarantee the algorithm's usefulness. Often, these conditions are 
formulated in theoretical terms, without a ready-made algorithm for checking. 
In such cases, we have an important practical problem of checking whether these 
conditions are true. Let us give two important examples of such properties: 
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• In interval computations, many computational problems are difficult to 
solve. One practically useful case when they are relatively easy to 
solve is the case of monotonie functions: if we know that a function 
!(XI, ... , xn ) is non-decreasing in each of its variables Xi, then its range 
y = !(XI, ... , Xn ) over the intervals Xi = ~i' Xi] is simply equal to 
y = [!(~l' ... ' b.), !(Xl, ... , Xn )]. (Examples of successful applications 
of monotonicity were given and cited in Chapter 16.) In particular, for 
the problem of solving a sys~em o~ linear equat~ons l:j aij X j ~ bi , we have 
Xj = l:i mjibi, where mji IS an Inverse matrIX to the matrIx aij. Each 
of the resulting linear functions bi --+ X j is non-decreasing in each of the 
variables bj if and only if all the .coefficients mji of the inverse matrix are 
non-negative. Matrix aij with this property are called non-negative in
vertible. So, we arrive at the problem of checking whether a given matrix 
is non-negative invertible. 

Real good algorithms for solving linear interval systems are known for the 
case when an additional condition is satisfied: that aij ~ 0 for all i =I j; 
such matrices are called M-matrices (see, e.g., Neumaier [303]). So, it is 
also reasonable to check whether a given matrix is an M-matrix. 

• Since even unconstrained optimization problems are difficult to solve, con
strained optimization problems are often even more difficult. One dass of 
constrained optimization problems for which reasonable algorithms exist 
is a dass of linear complementarity problems (see, e.g., Murty [297]), i.e., 
problem of finding a solution to the system of equations Xi - l: aij Yj = bi 

for given b; and aij under the conditions that for every i, both values Xi 

and Yi are non-negative and one of them is equal to O. This algorithm 
is useful, e.g., for solving linear programming problems (which can be re
formulated in this form). It is known that this problem is guaranteed to 
have exactly one solution for all bi if and only if all the principal minors of 
the matrix aij are positive; such matrices were introduced by Fiedler and 
Ptak [107] under the name of P-matrices. Thus, we get another "checking" 
problem: check wh ether a given matrix is a P-matrix. 

Summarizing: practically important "checking" problems. Let us sum
marize the important "checking" problems that we have described so far: given 
a matrix, check whether this matrix is: regular, stable, semi-stable, Schur 
stable, Schur semi-stable, positive semi-definite, positive definite, nonnegative 
invertible, an M-matrix, or a P-matrix. These are the problems whose compu
tational complexity and feasibility we will analyze in this chapter. 
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We will show that for numerical matrices, almost all these problems are feasible, 
while for interval matrices, almost all these problems are NP-hard. For such 
NP-hard problems, we also describe finitely verifiable necessary and sufficient 
conditions that help in solving these problems for small n (but whose worst
case checking time grows exponentially with n). For some ofthese problems, we 
also describe feasibly verifiable sufficient conditions that may help in practical 
applications. 

A comment ab out eigenvalues. Most of the matrix properties in which we 
are interested are invariant with respect to arbitrary linear change of variables 
:Ci. Therefore, they can be re-formulated in terms of the characteristics of the 
matrix that are invariant with respect to such transformations. Since every 
matrix can be represented in a standard (Jordan) form, that is determined 
only by its eigenvalues and their multiplicity, we can, therefore, re-formulate 
the desired properties in terms of eigenvalues. We have already done that for 
stability propertiesj other properties can also be re-formulated in this form: 
e.g., regularity means that there is no vector :Ci for which I: aij:Cj = 0, i.e., 
that 0 is not an eigenvalue. 

In view of this importance of eigenvalue-related properties of matrices, we will 
also analyze the computational complexity and feasibility of computing eigen
values and of checlring whether all eigenvalues of a given matrix satisfy a certain 
property. 

Let us now summarize definitions of the matrix properties in which we are 
interested: 
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21.3. For numerical matrices, almost all "check
ing" problems are feasible 

Definition 21.1. An n X n matrix A witb elements aij is called: 

• regular if tbis matrix bas an inverse; 

• stable (or Hurwitz stable) ifReA < 0 for all its eigenvalues A; 

• semi-stable (or Hurwitz semi-stable) ifReA $ 0 for all its eigenvalues A; 

• Schur stable if lAI< 1 for all its eigenvalues A; 

• Schur semi-stable if lAI $ 1 for all its eigenvalues A; 

• positive semi-definite if E aij . Zi . Zj ~ 0 for all z = (Z1, ... , zn); 

• positive definite if E aij ·Zi·Z; > 0 for all z = (Zl. ... , zn) :# Ö = (0, ... ,0); 

• nonnegative invertible if tbere exists an inverse matrix mij, and all tbe 
elements of tbis inverse matrix are non-negative; 

• an M-matrix if it is nonnegative invertible and aij $ 0 for all i :# j; 

• a P-matrix if all its principal minors (i.e., determinants of square subma
trices formed from rows and columns witb tbe same indices) are positive. 

How eomplieated is it to eheek these properties? 

For numerieal matriees, there exist a polynomial-time algorithm for eomputing 
its eigenvalues with an arbitrary aeeuraey (see, e.g., Schrijver [382], Cormen 
[76]); therefore, we ean check, in polynomial time, whether a matrix is stable, 
semi-stable, Schur stable, or Schur semi-stable. Several other matrix properties 
ean be easily reformulated in terms of eigenvalues: 

• A matrix is regular if an only if 0 is not its eigenvalue. 

• A matrix ai; is positive semi-definite if all eigenvalues of its symmetrie part 
a:rm = (1/2) . (ai; + a;i) are non-negative. 

• A matrix ai; is positive definite if all eigenvalues of its symmetrie part are 
positive. 
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Therefore, the corresponding three matrix properties are also easy to check. 

Computing the inverse matrix can be done, e.g., by (modified) Gaussian elim
ination, in polynomial time (see, e.g., Edmonds [98], Schrijver [382], Cormen 
[76]). After computing this inverse matrix, we can check whether each of the 
resulting elements is non-negative. Thus, checlring whether a given numeri
cal matrix is nonnegative invertible is also a feasible problem. Thus, checking 
whether a given matrix is an M-matrix is also feasible. 

The only remaining property is the property of being a P-matrix. 

• A symmetrie matrix A is a P-matrix if and only if it is positive defi
nite (Wilkinson [429]), hence for symmetrie matrices, P-property can be 
checked in polynomial time. 

• For generie matrices, this problem was shown by Coxson [77] to be NP
hard (the proof will be given in the Proofs section). 

Summarizing, we arrive at the following result: 

Theorem 21.1. 

• There exist polynomial-time algorithms that check, given a numerieal ma
trix A with rational elements aij, whether tbis matrix is regular, stable, 
semi-stable, Schur stable, Schur semi-stable, positive semi-definite, positive 
definite, nonnegative invertible, or an M-matrix. 

• There exists a polynomial-time algorithm that checks, given asymmetrie 
matrix aij, where this matrix is a P-matrix. 

• The problem of eheeking whether an arbitrary matrix aij with rational 
elements is a P-matrix is NP-hard. 

In the previous section, we promised to try to describe, for all NP-hard matrix 
"checking" problems, how to check the corresponding properties for small n. 
For numerical matrices, the only such problem is whether a given matrix is in
deed a P-matrix. By definition, P-property means that all principal minors are 
positive. Since there exist feasible algorithms for computing the determinant 
of a numerical matrix, we can check this property as follows: For every non
empty set S ~ {I, 2, ... , n}, we take a matrix formed by the elements aij with 
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i, j E S, and check whether the determinant of this matrix is indeed positive. 
Since there are 2n - 1 possible non-empty subsets, we thus need to check 2n - 1 
submatrices. 

Comment. For other examples of NP-hard matrix problems, see, e.g., Brimkov 
et al. [59] and references therein. 

21.4. For interval matrices, almost all "check
ing" problems are NP-hard 

Let us start with the necessary definitions (the first definition was already given 
in Chapter 11): 

Definition 21.2. 

• A collection of intervals Ilij = ~j, aij] is called an interval matrix. We 
will denote interval matrices by bold capitalletters, e.g., A = LA, A]. 

• We say that a numerical matrix A with elements aij belongs to an interval 
matrix A with elements aij (and denote it by A E A) if aij E Ilij for all i 
and j. 

• We say that an interval matrix A satisfies a property P if all (numerical) 
matrices A that belong to A satisfy this property. 

For example, an interval matrix A is called regular if all matrices A E A are 
regular (i.e., non-singular); an interval matrix Ais called stable if all matrices 
A E Aare stable, etc. 

Terminological comment. Non-regular numerical matrices are also called sin
gular. Similarly, an interval matrix that is not regular is also sometimes called 
a singular interval matrix. To avoid potential confusion, we want to mention 
that although the resulting definition of a singular interval matrix seems quite 
natural, it does not follow the general pattern established by Definition 21.2: 
namely, contrary to Definition 21.2, a singular interval matrix is defined not as 
an interval matrix for which all numerical matrices A E A are singular, but as 
an interval matrix for which some numerical matrix A E A is singular. 
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Comment. Some interval algorithms originate from measurement applieations, 
where an interval x is of the form [z - d, Z + d], where z is the measurement 
result and d is the upper bound on the measurement errors. To apply these 
algorithms to a general interval x = k, x], we must represent it in this form. 
This is easily done by taking the center z = (1/2) . (~ + x) and the radius 
d = (1/2) . (x - ~). Similarly, for an arbitrary interval matrix A = LA, Al, it is 
often useful to represent it in the form [1 - d, 1 + d], where: 

• 1 = (1/2)· (A + A) is the center matrix, with elements 
aij = (1/2) . {!!ij + aij)j and 

• d = (1/2) . (A - A) is the radius matrix, with elements 
dij = (1/2) . (aij - !!ij)' 

Theorem 21.2. 

• For each of the following six properties, the problem of checking whether 
a given interval matrix satisfies the property is NP-hard: regularity, sta
bility, semi-stability, positive semi-definiteness, positive definiteness, and 
P-matrix property. 

• There exist polynomial-time algorithms that check, given a interval matrix 
A, whether A is nonnegative invertible, and whether A is an M-matrix. 

Comments. We will see from the proof that all six NP-hardness results hold 
even if we restriet ourselves to symmetrie interval matriees (i.e., matriees for 
whieh 8.ij = 8ji for all i and j), and to matriees formed by narrow intervals, 
i.e., matriees for whieh, for a given rational number 6 > 0, aij - !!ij :::; 6 for aH 
i and j. 

Historical comments. 

• The result about NP-hardness of regularity of interval matriees was pub
lished by Poljak and Rohn in areport form [328] in 1988 and in a journal 
form [329] in 1993. This result was proved independently (and also pub
lished in 1993) by Nemirovskü [300]. 

• NP-hardness of eheeking stability was proven in Nemirovskü [300] for gen
eral (not neeessarily symmetrie) interval matriees and in Rohn [351] for 
symmetrie ones. 
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• NP-hardness of checking positive semi-definiteness was proven by Ne-
mirovskii [300]. 

• NP-hardness of checking positive definiteness was proven by Rohn [351]. 

• NP-hardness of checking P-property was proven in Rohn and Rex [361]; 

• Feasibility of checking nonnegative invertibility and M-matrix property 
easily follows from a result of Kuttler [242]. 

In some practical situations, we know that the (unknown) matrix aij is sym
metrie. In such situations, we may want to check a property not for all matrices 
A E A, but only for all symmetrie ones: 

Definition 21.3. We say that asymmetrie interval matrix A s-satisfies a 
property P if all symmetrie numerieal matriees A that belong to A satisfy trus 
property. 

Theorem 21.3. 

• For each of the following eight properties P, the problem of eheeking 
whether a given interval matrix s-satisfies the property is NP-hard: !egu
larity, stability, semi-stability, Schur stability, Schur semi-stability, posi
tive semi-definiteness, positive definiteness, and P-matrix property. 

• There exist polynomial-time algorithms that check, given an interval ma
trix A, whether A s-satisfies the nonnegative invertibility property, and 
whether A s-satisJies the M-matrix property. 

Historieal eomment. NP-hardness of checking s-Schur stability was proven in 
Rohn [351]. 

The results on computational complexity of "checking" problems can be repre
sented by the following table: 
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Numerical Numerical Interval Interval 
matrices matrices matrices matrices 
(general) (symmetrie) (general) (symmetrie) 

Regular Polynomial Polynomial NP-hard NP-hard 
time time 

Stable Polynomial Polynomial NP-hard NP-hard 
time time 

Semi-stable Polynomial Polynomial NP-hard NP-hard 
time time 

Schur stable Polynomial Polynomial ? NP-hard 
time time 

Schur Polynomial Polynomial ? NP-hard 
semi-stable time time 
Positive Polynomial Polynomial NP-hard NP-hard 
semi-defini te time time 
Positive Polynomial Polynomial NP-hard NP-hard 
definite time time 
Nonnegative Polynomial Polynomial Polynomial Polynomial 
invertible time time time time 
M-matrix Polynomial Polynomial Polynomial Polynomial 

time time time time 
P-matrix NP-hard Polynomial NP-hard NP-hard 

time 

21.5. How to Check Properties of Interval Ma
trices of Small Size 

Let us describe, for all NP-hard matrix "checking" problems, how to check the 
corresponding properties for small n. 

21.5.1. Regularity 

In view of the NP-hardness result of Theorem 21.2, no easily verifiable neces
sary and sufficient regularity conditions may be expected to exist. Indeed, 13 
such conditions are proved in Theorem 5.1 in Rohn [341], all of which exhibit 
exponential behavior. Probably the most easily implementable criterion is that 
one by Baumann [20] (Theorem 21.4 below) which employs matrices A(Y'z), de
fined for an n x n interval matrix A = [..4 -~, A +~] = [4 A] and for vectors 
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Y = (Yl, ... , Yn) E {-I, l}n and Z = (Zl, ... , Zn) E {-I, l}n by the formula 

It is easy to check that 

if Yi . Zj = -1, 
if Yi . Zj = 1 

(21.11) 

(21.12) 

for each i,j, hence A(Y'z) E A. Baumann's criterion employs a finite set oftest 
matrices A yz for Y,z E {-I,l}n of cardinality at most 22n - 1. (We have 2n 
possible vectors Y E {-I, l}n and 2n 'possible vectors Z E {-I, l}n, so, totally, 
we have 2n ·2n = 22n pairs, but due to A( -y,-z) = A(y,z), it is sufficient to 
check only half of these pairs.) 

Theorem 21.4. An interval matrix A is regular i/ and only i/ determinants 
0/ all the matrices A(Y'z\ Y, Z E {-I, l}n are nonzero and 0/ the same sign. 

In view of the exponentiality inherent in the necessary and sufficient conditions, 
in practical computations we must resort to verifiable sufficient conditions (that 
are not necessary conditions). These conditions are usually formulated in terms 
ofthe spectral radius g(A), minimal and maximal singular values umin(A) and 
umax(A), and similar characteristics of a matrix A. The most useful sufficient 
conditions are given by the following theorem (in this theorem, lAI is a matrix 
with elements lalij = laij \, and A ~ 0 means that all elements aij ofthe matrix 
A are non-negative): 

Theorem 21.5. _Each ol the /ollowing two conditions implies regularity 0/ the 
interval matrix [A - Ä, A + Ä]: 

(i) e(IÄ-1IÄ) < 1, 

(ii) umax(Ä) < Umin(Ä). 

Each 0/ the /ollowing two conditions implies that the interval matrix 
[Ä - Ä, Ä + Ä] is not regular: 

(iii) m8.Xj(~IÄ-l\)jj ~ 1, 

(iv) (Ä - IÄ\)-l ~ O. 
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Historieal eomment. The condition (i), which is most frequently used, is due 
to Beeck [23]; an interval matrix satisfying this eondition (i) is ealled strongly 
regular (Neumaier [303]). The seeond condition is due to Rump [370]. The 
eondition (iii) is proved in Rohn [347], and (iv) comes from Rohn [359]. 

21.5.2. Stability 

The following theorem establishes a link with another matrix property: 

Theorem 21.6. (Rohn [350]) Asymmetrie interval matrix A = 61, A] is stable 
if and only ifthe symmetrie interval matrix -A = [-A, -AI is positive definite. 

Consider now the matriees A(Y'z) defined by the formula (21.12) with y = -Z, 

i.e. the matriees for which 

(-z,z) _ {aij if Zi . Zj = 1, 
a·· - .f 

'1 ~j 1 Zi· Zj = -1 

(i,j = 1, ... , n). Each ofthese matrices A(-z,z) is symmetriefor asymmetrie A. 

Theorem 21. 7. Asymmetrie interval matrix A is stable if and only if eaeh 
of the matrices A(-z,z), Z E {-I, l}n is stable. 

Historieal comment. Each matrix A(-z,z),z E {-I,I}n is a so-ealled vertex 
matrix, Le., a matrix for which for a.ll i and j, the eorresponding value a~iz,z) 
is either equal to ~j' or equal to aij. The first attempt to use vertex matrices 
for eharaeterization of stability was made by Bia.las [45] who eonjeetured that 
a general interval matrix A is stable if and only if all the vertex matriees are 
stable. His eonjeeture, however, was shown to be erroneous by Karl, Gresehak 
and Verghese [168] and by Barmish and Hollot [18], see also Barmish, Fu, and 
Saleh [17]. Soh proved later [400] that for symmetrie interval matriees this 
result is true: namely, asymmetrie interval matrix is stable if and only if all 
the 2n(n+l)/2 symmetrie vertex matriees are stable. Theorem 21.7, where the 
number of vertex matriees to be tested is redueed to 2n - 1 (sinee A(-z,z) = 
A(z,-z», was proven (in a slightly different form) by Hertz [149] and by Wang 
and Miehel [424], and in the present form by Rohn [350]. A branch-and-bound 
algorithm for eheeking stability of symmetrie interval matriees, that is based 
on Theorem 21.7, was given in Rohn [361]. 

For practieal purposes we may use the following suffieient eondition that is for
mulated in terms of the largest eigenvalue Amax of a related symmetrie matrix; 
this eondition is valid both for symmetrie and non-symmetrie interval matriees 
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(Rohn [350], Delgado-Romero et al. [88]). It is formulated in terms of a sym
metrization A sym of an interval matrix A that is defined as an interval matrix 
with elements 

sym [1 ( ) 1 (_ _)] s,j = '2.!!ij + !!ji ''2. aij + aji . (21.13) 

For the symmetrization, the center matrix Asym and the radius matrix ~sym 
are defined, eorrespondingly, by the formulas 

Theorem 21.8. An interval matrix [A - ~,A +~] is stahle if 

Amax(Asym) + (1(~sym) < o. 

21.5.3. Positive definiteness 

Positive definiteness of interval matriees is closely related to regularity: 

(21.14) 

Theorem 21.9. (Rohn [350]) An interval matrix A is positive definite if and 
only if its symmetrization A sym is regular and contains at least one positive 
definite matrix. 

It is known that a numerieal matrix Ais positive definite if and only if its 
symmetrization Asym is positive definite. Theorem 21.9 now implies that the 
same relationship holds for interval matriees: 

Theorem 21.10. An interval matrix A is positive definite if and only if its 
symmetrization A sym is positive definite. 

A finite characterization of positive definiteness of interval matriees was first 
given by Shi and Gao [395] who proved that asymmetrie interval matrix A = 
[d, Al is positive definite if and only if each symmetrie vertex matrix A E A 
of the form aii = !!i i , aij E {!!ij, 'iiij} for i i: j, is positive definite. There are 
2n (n-l)/2 such matriees. In [350] it was shown that the number of test matriees 
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may be redueed down to 2n - 1 if we employ instead the set of matriees A(z,z) 

defined for Z E {-I, I}n by 

(z,z) _ {aij if ZiZj = -1, 
a·· -

'3 !!ij if ZiZj = 1 
(21.15) 

(i, j = 1, ... , n). These are exaetly the matriees A(II,z) (see (21.12» used in the 
Baumann regularity eriterion (Theorem 21.4), with y = z. Eaeh matrix A(z,z) 

is symmetrie if Aissymmetrie. 

Theorem 21.11. An interval matrix A is positive definite if and only if each 
of the matrices A(z,z), Z E {-I, I}n is positive definite. 

In praetieal eomputations we may use the following suffieient eondition (where 
~min denotes the minimal eigenvalue of a symmetrie matrix and (! is the speetral 
radius): 

Theorem 21.12. (Rohn [350]) An interval matrix A = [1 - Ll,1 + Ll] IS 

positive definite if (!(Ll8ym) < ~min(18ym). 

21.5.4. P-property 

The following theorem is due to Bialas and Garloff [46], reformulation using 
matriees A(z,z) eomes from Rohn and Rex [361]. 

Theorem 21.13. An interval matrix A is a P-matrix if and only if each matrix 
A(z,z),z E {-I,I}n is a P-matrix. 

For symmetrie matriees we also have the following useful reduetion: 

Theorem 21.14. Asymmetrie interval matrix A is a P-matrix if and only if 
it is positive definite. 

21.6. Related computational problems are also 
NP-hard 

If an interval matrix does not satisfy a eertain property, it is desirable to eal
eulate how close it is to matriees that do. In this seetion, we will show that the 
eorresponding eomputational problems are also NP-hard. 
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21.6.1. Problems related to regularity I: Computing de
terminants 

In linear algebra, several criteria are known that determine when a given (nu
merical) matrix is regular. The most weIl known criterion is that a matrix 
A is regular if and only if its determinant det A is not equal to O. Similarly, 
an interval matrix A is regular if and only if the range of the determinant 
function det A = {detAIA E A} does not contain O. Thus, one way to check 
regularity of an interval matrix is to compute the endpoints of this interval 
det A = [det(A), det(A)] and to check whether 0 is indeed located between 
these endpoints. It turns out that the problem of computing these endpoints 
is NP-hard: 

Theorem 21.15. The problem of computing the endpoints det(A) and det(A) 
of the determinant interval det A of a given rational-valued interval matrix A 
is NP-hard. 

For small n, we can use the following result to compute these endpoints: 

Theorem 21.16. (Rohn [344]) For every interval matrix A = [A, Al, each of 
the endpoints det(A) and det(A) of the determinant interval det A is attained 
at one of the vertex matrices. 

Thus, to find the desired end points, it is sufficient to compute det A for all 2n ~ 
vertex matrices A, for which, for every i and j, aij = !!ij or aij = aij. 

21.6.2. Problems related to regularity 11: Computing 
eigenvalues 

We have already mentioned that most checking problems can be re-formulated 
in terms of eigenvalues; in particular, a numerical matrix is non-regular if and 
only if 0 is its eigenvalue, and an interval matrix is non-regular if and only if 0 
belongs to its set of possible eigenvalues. Therefore, from the fact that checking 
regularity of an interval matrix is NP-hard, it follows that: 

Theorem 21.17. The problem of checking, for a given interval matrix A and 
a given rational number A, whether A is an eigenvalue of one of the matrices 
A E A, is NP-hard. 
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Comment. It is interesting that, in contrast to eigenvalues, rational eigenveetors 
can be checked in polynomial time (Rohn [348]). 

In view of the relation between regularity and eigenvalues, an alternative way 
to check whether an interval matrix is regular or not is to find its p088ible 
eigenvalues. Let U8 show that this problem is also NP-hard. 

For an interval matrix A define 

1(A) = max{ReAIA is an eigenvalue of some A E A}. 

We will show that computing 1(A) approximately with relative error less than 
1 is NP-hard: 

Theorem 21.18. Suppose there exists a polynomial-time algorithm whieh for 
eaeh symmetrie interval matrix A eomputes a rational number :\(A) for whieh 

I :\(A) - X(A) I 1 
A(A) < 

if1(A) :F 0 and :\(A) ~ 0 otherwise. Then P=NP. 

In general, an eigenvalue can be a complex number. Let us show that the 
problem of computing eigenvalues is NP-hard even if we restriet ourselves to 
symmetrie numerical matrices, for which all eigenvalues are real numbers. Be
fore formulating the result, let us show that the corresponding set of p088ible 
values is indeed an interval: 

Theorem 21.19. For asymmetrie interval matrix A, the set 

Amax(A) = Pmax(A)IA symmetrie, A E A} 

is a (finite and closed) interval. 

It is not only NP-hard to compute the endpoints of this interval, hut it is also 
NP-hard to check whether a given interval (!!, Ci) is indeed an enclosure for the 
interval Amax(A): 

Theorem 21.20. The following problem is NP-hard: given asymmetrie in
terval matrix A and an interval (!!, Ci), eheek whether Amax(A) C (!!, Ci). 

How can we actually compute the endpoints of the interval Amax(A), at least 
for small n? By definition, the desired interval is a set of all values Amax(A) 
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for all symmetrie matriees A E A. Some simplifieation comes from the fact 
that to eompute theses endpoints, it is not neeessary to eonsider all symmetrie 
matriees A E A, only so-ealled edge matrices: 

Definition 21.4. Let A = [A, A] be an interval matrix. A numerical matrix 
A E A is called its edge matrix jf lor all pairs (i, j) except lor maybe one pair, 
either ai; =~; or Cli; = Cii; . 

This name comes from the foHowing geometrie representation: Every numerieal 
matrix ean be represented by a point in n2-dimensional spaee; an interval ma
trix A is then represented as a box (parallelepiped) in Rn2 , and "edge matriees" 
form edges of this box. 

Theorem 21.21. (Rohn [347]) I/ areal number..\ is an eigenvalue 0/ sorne 
A E A, then it is also an eigenvalue %ne 0/ A 's edge matrices. 

This result is not always true for complex eigenvalues: there exists an interval 
matrix A for whieh a eomplex eigenvalue ..\ of one of the matrices A E A is 
different from all eigenvalues of aH its edge matrices (Barmish, Fu, and Saleh 
[17); an appropriate modifieation of the "edge theorem" is, however, true for 
eomplex eignevalues as weIl (Hollot and Bartlett in [153]). 

21.6.3. Radius 0/ non-singularity (and subordinate ma
trix norms) 

We ean also describe a slightly different eomputational problem: assuming that 
a given numerieal matrix A is regular, how accurately do we need to deseribe 
it so that the resulting matrix will still be guaranteed to be regular? In other 
words, for eaeh "direetion" , how wide, in this "direetion" , ean an interval matrix 
eentered in A be that it will still be regular? 

Formally, given an n x n matrix A and a nonnegative "directional" n x n matrix 
Ll, the radius 0/ non-singularity is defined by 

d(A, Ll) = inf{e ~ OI[A-eLl, A+eLl] is not 'a regular interval matrix} (21.16) 

(d(A, Ll) = 00 if no such e exists; if d(A, Ll) < 00, then the inflmum is attained 
as minimum). This notion was, to the best of our knowledge, first formulated 
by Neumaier [302] and was sinee studied by Poljak and Rohn [328, 329], Dem
mel [89], Rohn [348] and Rump [372], [371] (Demmel and Rump use the term 
"componentwise distanee to the nearest singular matrix"). 
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This problem is NP-hard even for the special case when all the values of äij 
are equal to 1, i.e., when ä coincides with the matrix E all of whose elements 
are equal to 1. We will denote the radius d(A, E) by d(A). This radius d(A) 
is always finite and d(A) = 0 if and only if Ais singular. For regular matrices, 
the radius d( A) can be explicitly described in terms of one of the known matrix 
norms. To describe this result, let us recall how matrix norms are defined. 

Given two vector-space norms IIzlla in Rn and IIzllß in Rm, a subordinate matrix 
norm in R mxn is defined as 

IIAlla,ß = max IIAzlIß IIxll .. =! 

(see Golub and van Loan [130] or Higham [151]). IIAlla,ß is a matrix norm, i.e., 
it possesses the three usual properties: 

1) IIAlla,ß ~ 0 and IIAlla,ß = 0 if and only if A = 0, 

2) IIA + Blla,ß ~ IIAlla,ß + IIBlla,ß' 

3) IIAAlla,ß = IAI·IIAlla,ß· 

It is worth mentioning, however, that generally, such a norm does not satisfy 
the property IIABlla,ß ~ IIAlla,ßIIBlla,ß (it does satisfy this property, e.g., if 
a = ß). 

By combining the three most frequently used norms 

we get nine sub ordinate norms, including the three usual norms 

IIAII2 = IIA1I2,2 = JAmax(AT A), 

IIAlloo = IIAlloo,oo = miax L laijl· 
j 

It turns out that the radius d(A) is related to one of these nine norms, namely, 
to the norm 

rohn@cs.cas.cz



Properties 0/ Interval Matrices I: Main Results 253 

Theorem 21.22. (Poljak et al. [329]) For each non-singular matrix A, 

1 
d(A) = IIA-1Iloo,1' (21.17) 

This norm has an exceptional behavior in the sense that it is much more difficult 
to compute than the other ones: 

Theorem 21.23. Computing IIAlloo,l is NP-haro. 

Comment. In sharp contrast to this result, the norm IIAII1,oo (with indices 
swapped) can be computed in polynomial time (see Higham [151]): 

(21.18) 

As an immediate consequence of Theorem 21.23, we obtain the following result 
Poljak et al. [329]: 

Theorem 21.24. Computing the radius of non-singularity d(A,~) is NP-haro 
(even in the special case ~ = E). 

Not only computing this norm, but even computing an approximation to it or 
checking whether a given interval is an enclosure for the norm are NP-hard 
problems: 

Theorem 21.25. 

• Checking whether IIAlloo,l ~ 1 for a given matrix A is NP-hard. 

• Checking whether d(A) ::; 1 for a given matrix A is NP-hard. 
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Theorem 21.26. 

• For every 6 > 0, computing a rational number that is 6-close to IIAlloo,1 is 
NP-hard. 

• Suppose there exists a polynomial-time algorithm which for each nonneg
ative symmetrie positive definite rational matrix A eomputes a rational 
approximation d(A) to d(A) satisfying 

Id(A) - d(A) I _1 
d(A) ~ 4n2 ' 

where n is the size of A. Then P=NP. 

How can we actually compute the radius of non-singularity for small n? A 
general formula for d(A, A) was given in Poljak and Rohn [329]: 

1 
d(A, A) = max{l?0(A-ITIAT2)IITI I = IT2 1 = I}' (21.19) 

where 1 is the unit matrix, l?o denotes the real spectral radius defined as l?o(A) = 
max{I"II" is areal eigenvalue of A} (and as l?o(A) = 0 if a matrix A has no real 
eigenvalues). A matrix T satisfying ITI = 1 is obviously a diagonal matrix with 
±1 entries on the diagonaL There are 2n such matrices, hence the formula 
(21.19) enables us, for small n, to compute the radius of non-singularity in 
finitely many steps. 

For A = E, we can compute the radius d(A) = d(A, E) as follows: 

• first, we compute the matrix norm of a matrix A by trying all 2n vectors 
z E {-I, I} n and using the following theorem; 

• then, we use the formula (21.17) that relates the desired radius to this 
matrix norm. 

Theorem 21.27. For each A E R mxn we have 

IIAlloo,1 = max IIAzIII . 
zE{ -l,l}" 

1f A is symmetrie positive semidefinite, then 

IIAlloo,1 = max zT Az. 
zE{ -l,l}" 

(21.20) 

(21.21) 
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The above method ean be used for small n, when it is still eomputationally 
feasible to analyze all 2n possible veetors z E {-I, l}n. For larger n, this is 
not possible; for such n, bounds on the radius of non-singularity ean be derived 
from suffieient regularity or singularity eonditions. E.g., from Theorem 21.5, 
we eonclude that 

Using a more sophistieated reasoning, Rump [372], [371] reeently proved a 
"symmetrie" estimation 

Comment. Related to the radius of non-singularity is the structured singular 
value introdueed by Doyle [97]. The NP-hardness ofits eomputation was proved 
by Braatz, Young, Doyle, and Morari [56] and independently by Coxson and 
DeMarco [79, 80]. 

21.6.4. Radius 0/ stability 

Similarly to the radius of non-singularity d(A, ~), we may define radius 01 
stability as 

s(A,~) = inf{c ~ OI[A - c~, A + c~] is unstable}. 

Henee, [A-c~, A+c~] is stable ifO ~ c < s(A,~) and unstable if c ~ s(A, ~). 
These two radii are related: 

Theorem 21.28. 11 A is asymmetrie stable matrix, and ~ is asymmetrie 
matrix, then s(A,~) = d(A, ~). 

Henee, we may apply the results of the previous subseetion to the radius of 
stability. In partieular: for asymmetrie stable matrix A we have 

1 
s(A, E) = IIA- 11Ioo,1' 

and computing s(A, E) is NP-hard (even approximately). 
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PROPERTIES OF INTERVAL 
MATRICES 11: PROOFS AND 

AUXILIARY RESULTS 

In this chapter, we prove the results about computational complexity and Eea
sibility oE properties oE interval matrices that were Eormulated in the previous 
eh apter. Along the way, we also describe some important auxiliary results. 

22.1. Notations 

In the proofs, we will use the following notations. 

• For two matriees A, B of the same size, inequalities like A ~ B or A < B 
are understood eomponentwise. A is ealled nonnegative if A ~ 0 and 
symmetrie if AT = A (AT is the transpose of A). The absolute value of 
a matrix A = (aij) is defined by lAI = (Iaij 1); properties like IA + BI ~ 
lAI + IBI or IABI ~ IAIIBI are easy to prove. 

• The same notations also apply to veetors that are treated as one-column 
matriees. In partieular, for veetors a = (ai) and b = (bi), aTb = Ei aibi is 
the sealar produet, whereas abT is the matrix (aibj). 

• Amin(A) , Amax(A) denote, eorrespondingly, the smaHest and the largest 
eigenvalue of a symmetrie matrix A. As is weH known, Amin(A) = 
minll",112=1 'J:T A'J: and Amax(A) = maxll"'112=1 'J:T A'J:. 

• O"min(A), O"max(A) denote the minimal and maximal singular value of a 
matrix A, and e(A) is the spectral radius of A. 

• I denotes the unit matrix, ej is the jth eolumn of land e = (1, ... , 1f is 
the veetor of all ones, E = eeT is the matrix of all ones. 

257 
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22.2. The norm IIAlloo,l 
22.2.1. Properties 01 the norm 

Proof of Theorem 21.27. Many results will use properties of the norm 
IIAlloo,l. So, let us start the proofs with proving Theorem 21.27 that provides 
an explieitly computable (although not feasibly eomputable) expression for this 
matrix norm: IIAlloo,l = maxz IIAzlh, where max is taken over all z E {-1, l}n 
(i.e., over all ±l-veetors), and IIAlloo,l = maxz zT Az for symmetrie positive 
semidefinite matriees A. 

If IIxlloo = 1, then x belongs to the unit eube {xl- e ~ x ~ e}, whieh is a 
eonvex polyhedron, therefore x ean be expressed as a eonvex eombination of 
its vertiees whieh are exaetly the points in {-1, l}n: 

x = L AzZ, 
zE{ -l,l}" 

(22.1) 

where Az ~ 0 for eaeh z E {-1, l}n and LZE{-l,l}" Az = 1. From (22.1), we 
get 

IIAxlh = 11 ~ AzAzlh ~ max IIAzIIl, 
L...J zE{-ll}" 

zE{-l,l}" ' 

henee 
max IIAxlh::; max IIAzlh::; max IIAxlh 

11"'1100=1 zE{ -l,l}" 11"'1100=1 

(sinee IIzlloo = 1 for eaeh z E {-1, l}n) and (21.20) follows. 

Let now A be symmetrie positive semidefinite and let z E {-1, l}n. Define 
y E {-1, l}n by Yj = 1 if (Az)j ~ 0 and Yj = -1 if(Az)j < 0 (j = 1, .. . ,n), 
then IIAzill = yT Az. Sinee Ais symmetrie positive semidefinite, we have (y
zf A(y - z) ~ 0, whieh implies 

henee 

and 

2yT Az ~ yT Ay + zT Az ~ 2 max zT Az, 
zE{ -l,l}" 

IIAzih = yT Az ~ max zT Az 
zE{ -1,1}" 

IIAI/oo,l = max I/Azlh ~ max zT Az. 
zE{ -l,l}" zE{ -1 ,I}" 

(22.2) 
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Conversely, for each z E {-I, l}n we have 

hence 
max zT Az ~ IIAlloo,l, 

zE{ -l,l}" 

which together with (22.2) gives (21.21). The theorem is proven. 

22.2.2. Computing IIAlloo,l is NP-hard 

259 

In order to prove the NP-hardness for a possibly narrow dass of matrices, we 
introduce the following concept (first formulated in Rohn [351]): 

Definition 22.1. A numerieal symmetrie n x n matrix A = (aij) is ealled an. 
MG-matrix if it is of the form 

{ =n ifi=j 
aij E{O,-I} ifii:j 

(i,j = 1, ... ,n). 

Gomment. MC comes from "maximum cut" (see the proof of Theorem· 22.2 
below) 

Since an MC-matrix is symmetrie by definition, there are altogether 2n(n-1)/2 

MC-matrices of size n. The basic properties of MC-matrices are summed up in 
the following proposition: 

Theorem 22.1. An MG-matrix A E Rnxn is symmetrie positive definite, 
nonnegative invertible and satisfies 

and 

IIAlloo,1 = max zT Az, 
zE{ -l,l}" 

n ~ IIAlloo,1 ~ n(2n - 1) 

(22.3) 

(22.4) 
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Proof. A is symmetrie by definition; it is positive definite since for Z =1= 0, 

ZT Az ~ nllzII~ - E IZiZjl = (n + l)IIzII~ - IIzII~ ~ IIzII~ > 0 
i#j 

(lizih ~ VnllzII2 by Cauchy-Schwartz inequality; see, e.g., Golub and van Loan 
[130]). Hence (22.3) holds by Theorem 21.27. Since laijl ~ 1 for i =1= j, for each 
Z E {-1, l}n and i E {1, .. . ,n} we have 

hence 

zi(Az)i = n+ EaijZiZj E [1,2n-1], 
j#i 

n ~ zT Az ~ n(2n - 1) 

for each Z E {-1, l}n, and (22.3) implies (22.4). By definition, A is ofthe form 

1 
A = nI - Ao = n(I - -Ao) 

n 

where Ao = nI - A ~ 0 and II~Aolll ~ n;;-l < 1, hence 

and 

The theorem is proven. 

The following basic result is due to Poljak and Rohn [329] (given there in a 
slightly different formulation without using the concept of an MG-matrix). 

Theorem 22.2. The following decision problem is NP-complete: 
Instance. An MG-matrix A and a positive integer i. 
Question. Is zT Az ~ i for some Z E {-1, l}n? 

Proof. Let n be a positive integer, and let (V, E) be an arbitrary graph whose 
vertices are integers 1 through n; in this proof, we will denote its set of vertices 
by V (Le., take V = {l, ... ,n}) and its set ofedges by E. Let A = (aij) be 
given by aij = n if i = j, aij = -1 if i =1= j and the nodes i, j are connected by 
an edge (i.e., if (i, j) E E), and aij = 0 if i =1= j and i, j are not connected. Then 
A is an MC-matrix. For an arbitrary set S ~ V, define the cut c(S) as the 
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number of edges in C whose one endpoint belongs to the set Sand the other 
one does not belong to this set. We will prove that 

IIAlloo,l = 4T-~a:c(S) - 2Card(C) + n2 

holds. Given a S ~ V, define a z E {-1, l}n by 

Then we have 

hence 

{ lifiES 
Zi = -1 if i rt S. 

ZT Az = 4c(S) - 2Card(C) + n2 . 

(22.5) 

(22.6) 

Conversely, given a z E {-l,l}n, then for S = {i E VIZi = 1} the same 
reasoning implies (22.6). Taking maximum on both sides of (22.6), we obtain 
(22.5) in view of (22.3). 

Hence, given a positive integer L, we have 

c(S) ~ L (22.7) 

for some S ~ V if and only if 

zT Az ~ 4L - 2Card(C) + n2 

for some z E {-l,l}n. Since the decision problem (22.7) is NP-complete 
("simple max-cut problem", Garey, Johnson and Stockmeyer [122]), we obtain 
that the decision problem 

(22.8) 

(f positive integer) is NP-hard. It is NP-complete since for a guessed solution 
z E {-1, l}n the validity of (22.8) can be checked in polynomial time. The 
theorem is proven. 
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In this way, we have also proven that eomputing IIAlloo,l is NP-hard for MC
matriees, and thus, we have proven Theorem 21.23. 

To faeilitate formulations of some subsequent results, it is advantageous to 
remove the integer parameter i from the formulation of Theorem 22.2. This 
ean be done by using M-matriees instead of MC-matriees. Let us reeall that 
A = (aij) is ealled an M-matrix if aij ~ 0 for i =1= j and A-l ~ 0 (a number of 
equivalent formulations may be found in Berman and Plemmons [33]); henee 
eaeh MC-matrix is an M-matrix (Theorem 22.1). Sinee asymmetrie M-matrix 
is positive definite Berman and Plemmons [33], this property is not explieitly 
mentioned in the following theorem: 

Theorem 22.3. The following deeision problem is NP-hard: 
Instanee. An n x n symmetrie rational M -matrix A with IIAIIt ~ 2n - 1. 
Question. Is IIAlloo,l ~ I? 

Proof. Given an MC-matrix A and a positive integer i, the assertion 

zT Az ~ i for some z E {-I, l}n 

is equivalent to IIAlloo,l ~ i and thereby also to 

where jA is a symmetrie rational M-matrix with IItAlil ~ IIAlil ~ 2n - 1. 
Henee the deeision problem of Theorem 22.2 ean be redueed in polynomial 
time to the eurrent one, whieh is then NP-hard. The theorem is proven. 

Thus, we have also proven the first statement of Theorem 21.25, that eheeking 
whether IIAlloo,l ~ 1 for a given matrix A is NP-hard. 

Finally we will show that even eomputing a sufficiently elose approximation of 
IIAlloo,l is NP-hard: 

Theorem 22.4. Suppose there exists a polynomial-time algorithm whieh for 
eaeh MG-matrix A eomputes a rational number II(A) satisfying 

Then P=NP. 

1 
III(A) -IIAlloo,ll < 2' 
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Proof. If such an algorithm exists, then IIAlloo,l < v(A) + ~ < IIAlloo,l + 1, 
therefore, 

IIAlloo,l = lV(A) + ~J 
(since IIAlloo,l is integer for an MC-matrix A, see (22.3», hence the NP-hard 
problem of Theorem 22.3 can be solved in polynomial time, implying P=NP. 
The theorem is proven. 

By considering matrices 20 . A for MC-matrices A, we thus prove the first 
statement of Theorem 21.26, that for every 0 > 0, computing a rational number 
that is o-close to IIAlloo,l is NP-hard. 

22.3. Regularity 

22.3.1. Checking regularity is NP-hard 

The basic relationship of regularity to the previous section is provided by the 
following equivalence: 

Theorem 22.5. For a symmetrie positive definite matrix A, the following 
statements are equivalent to eaeh other: 

(i) IIAlloo,l ~ I, 

(ii) the interval matrix 
(22.9) 

is not regular, 

(üi) the interval matrix (22.9) eontains a symmetrie singular matrix A' of the 
form 

for some z E {-I, l}n. 

T 
A'=A-l_~ 

zTAz 

Proof. (i):::?(üi): Due to Theorem 21.27, if (i) holds, then 

IIAlloo,l = max zT Az ~ 1, 
zE{ -l,l}" 

(22.10) 
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henee zT Az ~ 1 for some z E {-I, l}n. Sinee 

the matrix A' defined hy (22.10) belongs to [A -1 - E, A-1 + E] and satisfies 

A'A _ z(zT Az) _ 
z - z - zT Az - 0, 

where Az =I 0 (A is nonsingular sinee it is positive definite), henee A' is singular, 
and obviously also symmetrie. 

(iii):::}(ii) is obvious. 

(ii):::}(i): Let A"x = 0 for some A" E [A-1 - E,A-1 + E] and x =I O. Define 
z E {-I, l}n by Zj = 1 if Xj ~ 0 and Zj = -1 otherwise (j = 1, ... , n). Then 
we have 

henee 
1 ~ IzT Ale = IIAzll 1 ~ IIAlloo,l, 

whieh is (i). The theorem is proven. 

Theorem 22.6. The following problem is NP-eomplete: 
Instanee. A nonnegative symmetrie positive definite rational matrix A. 
Question. Is [A - E, A + E] non-regular? 

Proof. For a symmetrie rational M-matrix A (whieh is positive definite [33]), 

IIAlloo,l ~ 1 (22.11) 

is aeeording to Theorem 22.5 equivalent to non-regularity of 

where A-1 is rational, nonnegative and symmetrie positive definite. Sinee 
eomputing A -1 ean be done (hy a modified Gaussian elimination) in polynomial 
time (Edmonds [98]), we have a polynomial-time reduetion of the NP-hard 
problem (22.11) (Theorem 22.3) to the eurrent problem, whieh is thus also 
NP-hard. 
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If [A - E, A + E] is not regular, then it contains a rational singular matrix of 
the form 

ZZT 
A - --=--:--:--zTA-lz 

for some z E {-l,l}n (Theorem 22.5, (ii)<=>(iii» which can be guessed (gen
erated by a nondeterministic polynomial-time algorithm) and then checked for 
singularity by modified Gaussian elimination in polynomial time [98]. Thus the 
problem is in the class NP, hence it it NP-complete. The theorem is proven. 

This result immediately implies NP-hardness of checking regularity (Theorem 
21.2); to be more precise, we have the following result: 

Theorem 22.7. The following problem is NP-hard: 
Instance. A nonnegative symmetrie positive definite rational matrix A. 
Question. Is [A - E, A + E] regular? 

As a by-product of the equivalence (ü)<=>(iii) of Theorem 22.5 we obtain that 
the problem of checking regularity of all symmetrie matrices contained in 
[A - E,A + E] is also NP-hard (Theorem 21.3). 

22.3.2. Necessary and/or sufficient conditions 

Let us prove the results ab out checking regularity for small n (that were for
mulated in Chapter 21). These results are based on the following corollary of 
the Oettli-Prager theorem [311]: 

Theorem 22.8. An interval matrix A = [1 - ä, 1 + ä] as not regular if and 
only if the inequality 

(22.12) 

has a nontrivial solution. 

Proof. If A contains a singular matrix A, then Ax = 0 for some x 'I 0, which 
implies 

IAxl = I(A - A)xl $ älxl· 
Conversely, let (22.12) hold for some x 'I O. Define y ERn and z E {-1, l}n 
by 
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and 
1 if Xj ~ 0, 

-1 if Xj < 0 

CHAPTER 22 

(i, j = 1, ... , n). In Chapter 21, we have used the formula (21.11) to define, for 
each interval matrix A, and for each pair of vectors y, z E {-I, l}n, a numerical 
matrix ACl/,z). We can use the same formula (21.11) to define a matrix ACl/,z) 
for arbitrary vectors y and z. For thus defined matrix, we have 

for each i, hence A(Y'z) is singular, and since ly,1 ::; 1 for each i due to (22.12), 
from (21.11) it follows that A(Y'z) E A, hence A is not regular. The theorem 
IS proven. 

Proof of Theorem 21.4. Let us prove that an interval matrix A is regular if 
and only if determinants of all the matrices A (y ,z), y, z E {-I, l}n are nonzero 
and of the same sign. 

Let A be regular and assurne that 

(detA(y,z»)(detA(YI,z'»::; 0 

holds for some y, z, 11 , z' E {-I, l}n. Define areal function t.p of one real 
variable by 

t.p(t) = det(A(Y'z) + t(A(YI'Z') - A(Y'z»), tE [0,1]. 

Then t.p(0)t.p(1) ::; 0, hence there exists arE [0,1] with t.p(r) = O. Thus the 
matrix A(Y'z) + r(A(YI'z') - A(Y'z» is singular and belongs to A (due to its 
convexity), which is a contradiction. Hence 

holds for each y, z, y', z' E {-I, l}n. 

Conversely, let A be not regular. From the proof of Theorem 22.8 we know that 
there exists a singular matrix of the form A(Y'z) for some lyl ::; e, z E {-I, l}n. 
Let us introduce the function 

/(8) = detA("z) 

for 8 E Rn, and define a vector y = (Yj) E {-I, l}n componentwise by induction 
on j = 1, ... , n as follows: if the function of one real variable 

(22.13) 
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is increasing in t, set Yj = 1, otherwise set Yj = -1. Since the function (22.13) 
is linear in t due to (21.11), we have 

J(Y1'···' Yj-1' Yj, Yj+l,···, Yn) ~ J(Y1'···' Yj-1, Yj' Yj+l,···, Yn) 

for each j, and by induction 

0= detA(Y'z) = J(Y1, ... , Yn) ~ I(Y1' ... ' Yn) = detA(il,z), 

hence 0 ~ det A (y,z) , y, z E {-I, l}n. In an analogous way we may construct a 
1!.. E {-I, l}n satisfying detA(!'z) ~ O. Hence 

(detA(!,z»(detA(Y'z» ~ 0 

for some y, y, z E {-I, l}n, which concludes the proof ofthe second implication. 
The theorem is proven. 

Proof of Theorem 21.5. Let us show that the conditions described in The-· 
orem 21.5 indeed imply that the matrix A is, correspondingly, regular or not 
regular. 

(i) Let condition (i) hold, i.e., let e(l.J-11.6.) < 1. Assume to the contrary that 
Aisnot regular, then 

for some z # 0 (Theorem 22.8), hence 

Iz'l ~ .6.1..4-1z'l ~ .6.1..4-11Iz'l 

holds for z' = ..4z # 0, which implies 

1 ~ e(äIÄ-11) = u(IÄ-11.6.) 

(Neumaier [303]), a contradiction. 

(22.14) 

(ii) Let now condition (ii) hold, i.e., ITmax(.6.) < ITmin(..4). Agam assuming to 
the contrary that Aisnot regular, we have that (22.14) holds for some z # 0 
which may be normalized so that IIzll2 = 1, hence also 

which implies 

2 -ITmin(A) 

IÄzlTIÄzl ~ (.6.lzI)T(.6.lzl), 

Amin (AT A) = min zTATAz ~ (Az)T(Az) 
113>1I~=1 

< IAzlTIAzl ~ (.6.lzI)T(.6.lzl) = IzIT.6.T .6.lzl 

< max zT.6.T.6.z = Amax (.6.T.6.) = lT!ax(.6.), 
113>1I~=1 
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hence 

which is a contradiction. 

(iü) Let condition (iü) hold, Le., maxj(~IA-1I)jj ~ 1. This means that 
(~IA-1I)jj ~ 1 for some j and let ej denote the jth column ofthe unit matrix 
I. Then 

ej $ ~IA-1Iej = ~IA-1ejl 
holds, hence for z = A-1ej =f:. 0 we have 

and A is not regular due to Theorem 22.8. 

(iv) Let condition (iv) hold, i.e., (~ - IAI)-l ~ O. Then for z = (~ -IAI)-le 
we have z > 0 and (~-IADz = e > 0, hence 

and Theorem 22.8 implies that the matrix A is not regular. The theorem is 
proven. 

22.3.3. Radius 0/ non-singularity 

Let U8 now prove results ab out the radius of non-singularity, the first being 
Theorem 21.22 about the relation between this radius and the matrix norm. 

Proof of Theorem 21.22. Let U8 prove that d(A) = 1/IIA-1 Iloo ,1' 

Since IIAIh.oo = m8.Xij la;jl (see (21.18», Kahan's theorem [166] gives 

d(A) = min{c ~ 01[A - cE, A + cE] is not regular} 

= min{IIA - A'1I1,ooIA' is singular} 
1 

= IIA-111°o,1 . 

The theorem is proven. 

This theorem implies the foUowing complexity result: 
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Theorem 22.9. The following problem is NP-hard: 
Instanee. A nonnegative symmetrie positive definite rational matrix A. 
Question. Is d(A) :::; 1? 

Proof. For asymmetrie M-matrix A, 

IIAlloo,l ~ 1 

is aeeording to Theorem 21.22 equivalent to 

where A-l is rational, nonnegative symmetrie positive definite, henee the NP
hard problem ofTheorem 22.3 ean be redueed in polynomial time to the eurrent 
one, whieh is thus NP-hard as weIl. The theorem is proven. 

As an immediate eonsequenee we obtain Theorem 21.24 (that eomputing the 
radius of non-singularity d(A,.6.) is NP-hard even in the special ease .6. = E) 
and the seeond statement of Theorem 21.25 (that eheeking whether d(A) :::; 1 
for a given matrix A is NP-hard). 

Proof of the second statement of Theorem 21.26. Let us prove that the 
existenee of a polynomial-time algorithm whieh for eaeh nonnegative symmetrie 
positive definite rational matrix A eomputes a rational approximation d(A) to 
d(A) satisfying 

d(A) - d(A) < _1 . 
d(A) - 4n2 ' 

implies P=NP. 

Let A be an n x n Me-matrix, then A-l is rational nonnegative symmetrie 
positive definite, henee we have 

Sinee IIAlloo,l :::; n(2n - 1) by Theorem 22.1, there holds 211Alloo,1 + 1 :::; 4n2 -

2n + 1< 4n2 , henee 

d(A- 1) 1 1 1 
d(A-l) - 1 :::; 4n2 < 211Alloo,1 + 1 < 211Alloo,1 - l' 
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which implies 

211Alloo,1 _ 1 d(A -1 ) 
211Alloo,1 + 1 - 1- 211Alloo,1 + 1 < d(A-1) < 

1 + 1 = 211Alloo,1 
211Alloo,1 - 1 211Alloo,1 - 1 

and by Theorem 21.22, 

and 

Id(~-1) -IiAlloo,11 < ~. 
Hence we have a polynomial-time algorithm for computing IIAlloo,1 with accu
racy better than ~, which according to Theorem 22.4 implies that P=NP. The 
theorem is proven. 

22.4. Positive deflniteness 

22.4.1. Positive definiteness and regularity 

Proof of Theorem 21.9. Let us prove that an interval matrix Aispositive 
definite if and only if its symmetrization A sym is regular and contains at least 
one positive definite matrix. 

Let A = [A - a, A + a], so that 

We will first prove that if Ais positive definite, then Asym is also positive defi
nite. Assume to the contrary that A sym is not positive definite, so that zT A' z < 
o for some A' E Asym and z =1= O. Since IzT(A' - ASym)zl ~ IzlT asymlzl, ~ 
have 

ZT Az -lzlT alzl = zT Asym z -lzlT asymlzl ~ 

zT Asymz + zT(A' - Asym)z = zT A'z ~ O. (22.15) 
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Define a diagonal matrix T by tjj = 1 if Zj ~ ° and tu = -10therwise. Then 
Izl = Tz, and from (22.15) we have 

zT(A - TAT)z ~ 0, 

where IT ATI = A, henee the matrix A - TAT belongs to A and is not posi
tive definite. This eontradietion shows that positive definiteness of A implies 
positive definiteness of A sym, and thereby also regularity of A sym . 

Conversely, let A sym be regular and eontain a positive definite matrix Ao. 
Assume to tl.!..e eontrary that some Al E ~ is notyositive definite. Let Ao = 
!(Ao+Aif), Al = !(A1 +Af), henee both Ao and Al are symmetrie and belong 
to A sym, Ao is positive definite whereas Al is not. Put 

'T' = sup{t E [0, I]1Ao + t(A1 - Ao) is positive definite}. 

Then 'T' E (0,1], henee the matrix 

belongs to Asym (due to its eonvexity) and is symmetrie positive semidefinite, 
but not positive definite, henee Amin(A*) = 0, whieh shows that A* is singular 
eontrary to the assumed regularity of Asym. Henee A is positive definite, whieh 
eompletes the proof. The theorem is proven. 

Proof of Theorem 21.10. Let us now prove that a matrix A is positive 
definite if and only if Asym is positive definite. 

Indeed, aeeording to Theorem 21.9, Ais positive definite if and only Ü Asym ia 
regular and eontains a positive definite matrix. If we apply the same theorem 
to Asym instead of A, in view of the obvious faet that (Asym)sym = Asym we 
obtain that ASym is positive definite if and only if Asym is regular and eontains 
a positive definite matrix. These two equivalenees show that Aispositive 
definite if and only if Asym is positive definite. The theorem is proven. 

22.4.2. Checking positive definiteness is NP-hard 

To prove NP-hardneas of ehecking positive definiteness (Theorems 21.2 and 
21.3), we will use the following auxiliary result: 

Theorem 22.10. Let A be a symmetrie positive definite matrix. Then the 
interval matrix [A - E, A + E] is positive definite if and only if it is regular. 
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Proof. Under the assumption, the interval matrix A = [A - E, A + E] sat~ 
isfies A sym = A and eontains a symmetrie positive definite matrix A. Henee 
aeeording to Theorem 21.9, A is positive definite if and only if it is regular. 
The theorem is proven. 

As a direet eonsequenee we prove NP-hardness of eheeking positive definiteness: 

Theorem 22.11. The following problem is NP-hard: 
Instanee. A nonnegative symmetrie positive definite rational matrix A. 
Question. Is [A - E, A + E] positive definite? 

Proof. In view of Theorem 22.10, such an interval matrix is positive definite if 
and only if it is regular. Cheeking regularity was proved to be NP-hard for this 
dass of interval matriees in Theorem 22.7. Henee the same is true for eheeking 
positive definiteness. The theorem is proven. 

22.4.3. N ecessary and/or sufficient conditions 

Proof of Theorem 21.11. Let us show that A is positive definite if and only 
if eaeh A(z,z), Z E {-I, l}n is positive definite. 

The "only ir' part is obvious sinee A (z ,z) E A for eaeh z E {-1, l}n. The 
"ir' part was proved in the first part of the proof of Theorem 21.9 (a matrix 
A-Tll.T is ofthe form A(z,z) where z is the diagonal veetor ofT). The theorem 
is proven. 

Proof of Theorem 21.12. Let us prove that an interval matrix 
A = [A -ll., A + ll.] is positive definite if e(ll.sym) < Amin(Asym). 

Indeed, for eaeh A E A and x with IIxll2 = 1 we have 

xT Ax + xT (A - A)x ? xT Ax - IxlT ßlxl 
xT Asymx -lxlT ßsymlxl 

> Amin(Asym) - Amax(ll.sym) = Amin(Asym) - e(ßsym) > 0, 

henee A is positive definite. The theorem is proven. 
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22.5. Positive semi-definiteness 

Let us prove that eheeking positive semi-definiteness of an interval matrix is 
NP-hard (Theorems 21.2 and 21.3). By definition, all elements of an MC-matrix 
Aare integers. Therefore, due to the the seeond part of Theorem 21.27, its 
norm IIAlloo,1 is also an integer. Due to Theorem 22.2, it is NP-hard to deeide, 
for any given f, whether this norm is ~ f or < f. If it is < f, then, sinee this 
norm is an integer, we conclude that it is ~ f - 1. Aeeording to the formula 
(22.5), this norm eannot exeeed twiee the total number of edges plus n2 . Sinee 
the number of edges, in its turn, eannot exeeed the total number of pairs n2 , 

we eonclude that the norm eannot exeeed 3n2 . Thus, it is suflieient to eonsider 
only the values f ~ 3n2 . 

For a given MC-matrix A, and for a given f, either IIAlloo,1 ~ f or IIAlloo,1 ~ 
f-l, and it is NP-hard to tell whieh is the ease. Thus, for an MC-related matrix 
B = f- 1 A, either IIBlloo,1 ~ 1 or IIBlloo,1 ~ 1-I/f, and it is hard to tell whieh 
is the ease. Sinee f ~ 3n2 , in the seeond ease, we have IIBlloo,1 ~ 1 - 1/(3n2 ). 

Aeeording to Theorem 22.5, IIAlloo,1 ~ 1 if and only if the interval matrix 
[A -1 - E, A -1 + E] is not regular. Thus, in the first ease, the interval matrix 
M = [M -E,M +E], where M = B-1 , is not regular (and henee, the smallest 
eigenvalue Amin of symmetrie matriees from this interval matrix is non-positive), 
while in the seeond ease, this interval matrix regular (henee, Amin> 0). 

To prove our result, we will eonsider an auxiliary matrix 

B' - B . 
- 1 - 1/(6n2 ) ' 

its inverse is 

M' = (B')-l = (1 __ 1 ) . B- 1 = (1 __ 1 ) . M. 
6n2 6n2 

Let us show that in the first ease (when IIBlloo,1 ~ 1), the interval matrix 
M' = [M' - E, M' + E] is not positive semi-definite, while in the seeond ease, 
it iso Then, from the NP-hardness of distinguishing between these two eases, 
we would eonclude that eheeking positive semi-definiteness is also NP-hard. 
Indeed: 

• In the first ease, when IIBlloo,l ~ 1, then [M - E, M + E] is not a regular 
interval matrix, whieh means that it eontains a singular symmetrie numer
ieal matrix S, i.e., a symmetrie matrix for whieh 0 is an eigenvalue. If we 
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multiply a singular matrix 8 E [M - E, M + E] by a positive constant 
1 - 1/(6n2), we get a new singular symmetrie matrix 

81 = (1 - _1 ) .8 E [MI _ (1 __ 1 ) . E, M' + (1 __ 1 ) . E] , 
6n2 6n2 6n2 

for which A = 0 is also an eigenvalue. Hence, for a matrix 

1 82 = 81 - _.[ 
6n2 

which still belongs to the desired interval matrix M' = [M' - E, M' + E], 
one of the eigenvalues is negative (equal to -1/(6n2)), and therefore, this 
interval matrix is not positive semi-definite. 

• In the second case, when IIB1l00,1 ~ 1 - 1/(3n2 ), then 

I _ IIB1l00,1 1 - 1/(3n2) . 
IIB 1100,1 - 1 _ 1/(6n2) ~ 1 _ 1/(6n2) < 1, 

therefore, due to Theorem 22.5, the interval matrix M' = [M'-E, M' +E] 
is regular and hence, positive definite. 

The NP-hardness is proven. 

22.6. P-property (for interval matrices) 

22.6.1. Necessary and sufficient conditions 

Proof of Theorem 21.13. Let U8 prove that A is a P-matrix if and only if 
each A(z,z), Z E {-1, l}n is a P-matrix. 

Indeed, if Ais a P-matrix, then each A(z,z) is a P-matrix since A(z,z) E A, Z E 
{ -1, l}n. Conversely, let each A (z ,z) , Z E {-1, l}n be a P-matrix. Fiedler and 
Ptak proved, in [107], that A is a P-matrix if and only if for each x =I 0 there 
exists an i E {1, ... , n} such that xi(Ax)j > O. Take A E A, x =I 0, and let Z E 
{-l,l}n be defined by Zj = 1 ifxj ~ 0 and Zj = -1 otherwise (j = 1, ... ,n). 
Since A(z,z) is a P-matrix, according to the Fiedler-Ptak theorem there exists 
an i E {1, .. . ,n} such that xi(A(z,z)X)i > O. Then we have 

xi(Ax)i = L'iiijXiXj + L(aij - aij)xiXj 
j j 
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> ~aijXiXj - ~L\ijlxillxjl 
j j 

~(aij - L\ijZiZj)XiXj = xi(A(z,z)X)i > 0, 

j 
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henee A is a P-matrix by the Fied1er-Pt8.k theorem. This proves that A is a 
P-matrix. The theorem is proven. 

22.6.2. P-property and positive definiteness 

Proof of Theorem 21.14. Let us now prove that asymmetrie interval matrix 
A is a P-matrix if and only if it is positive definite. 

Indeed, al1 the matriees A(z,z), Z E {-I, l}n defined by (21.15) are symmetrie 
for asymmetrie interval matrix A. Benee, A is a P-matrix if and on1y if eaeh 
A(z,z), Z E {-I, l}n is a P-matrix, whieh is the ease ifandon1y ifeaeh A(z,z), Z E 
{-I, l}n is positive definite, and this is equivalent to positive definiteness of A 
(Theorem 21.11). The theorem is proven. 

22.6.3. Checking P-property is NP-hard 

As a result, we get NP-hardness of eheclring P-property of interval matriees 
(Theorems 21.2 and 21.3): 

Theorem 22.12. The following problem is NP-haro: 
Instanee. A nonnegative symmetrie rational P-matrix A. 
Question. Is [A - E, A + E] a P-matrix? 

Proof. Sinee A is symmetrie positive definite, [A - E, A + E] is a P-matrix if and 
only if it is positive definite (Theorem 21.14). Checking positive definiteness 
ofthis dass ofinterval matriees was proved to be NP-hard in Theorem 22.11. 
The theorem is proven. 
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22.7. Stability 

22.7.1. Checking stability is NP-hard 

Proof of Theorem 21.6. Let us show that asymmetrie interval matrix A is 
stahle if and only if -A is positive definite. 

First notiee that A E A if and only if -A E -A. Let A he stahle, and eonsider 
a symmetrie matrix A E -A. Then -A E A is symmetrie and stahle, henee 
Amax(-A) = -Amin(A) < 0, so that Amin(A) > 0, whieh means that A is 
positive definite. Henee eaeh symmetrie A E -A is positive definite, whieh in 
view of Theorem 21.11 implies that -A is positive definite. 

Conversely, let -A he positive definite. Then a similar argument shows that 
eaeh symmetrie matrix in Ais stahle, and from Bendixson's theorem (see Stoer 
and Bulirseh [404]) we have that eaeh eigenvalue A of eaeh A E A satisfies 

ReA ~ Amax (~(A + AT») < 0 

(sinee ~(A + AT) E A), henee Ais stahle. The theorem is proven. 

NP-hardness of eheeking stahility (Theorems 21.2 and 21.3) now follows easily: 

Theorem 22.13. The /ollowing problem is NP-hard: 
Instanee. A non-positive symmetrie stable rational matrix A. 
Question. Is [A - E, A + E] stable? 

Proof. By Theorem 21.6, [A - E, A + E] is stahle if and only if 

[-A-E,-A+E] 

is positive definite, where -A is a nonnegative symmetrie positive definite ra
tional matrix. Henee the result follows from Theorem 22.11. The theorem is 
proven. 

22.7.2. Necessary and/or sufficient conditions 

Proof of Theorem 21. 7. Let us prove that asymmetrie A is stahle if and 
only if eaeh A( -z,z), Z E {-1, l}n is stahle. 

Indeed, A is stahle if and only if -A is positive definite whieh, in view of 
(already proven) Theorem 21.11, is the ease if and only if eaeh _A(-z,z), Z E 
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{-I, l}n is positive definite, and this is equivalent to stability of all A(-z,z), Z E 
{ -1, l}n. The theorem is proven. 

Proof of Theorem 21.8. Let us prove that an interval matrix [1 -.6.,1 +.6.] 
is stahle if Amax(1sym) + e(.6.sym) < o. 

Indeed, ifthe inequality holds, then e(.6. sym) < Amin ( - 1 sym), henee [-1 sym -
.6.sym , _1sym + .6.sym] is positive definite by (already proven) Theorem 21.12, 
and [1sym - .6.sym , 1 sym + .6.sym] is stable by Theorem 21.6. Stability of [1 -
.6.,1+.6.] then follows by using Bendixson's theorem as in the proof ofTheorem 
21.6. The theorem is proven. 

22.7.3. Radius 0/ stability 

Proof of Theorem 21.28. Let us prove that if Aissymmetrie stable and .6. 
is symmetrie nonnegative, then the radius of stability s(A,.6.) is equal to the 
radius of non-singularity d(A, .6.). 

Indeed, an interval matrix [A - e:.6., A + e:.6.] is stable 
if and only if [-A - e:~, -A + e:~] is positive definite (Theorem 21.6) 
if and only if [-A - e:~, -A + e:.6.] is regular (Theorem 21.9) 
if and only if [A - e:~,A + e:.6.] is regular. Therefore the values of s(A,~) and 
d(A,.6.) are equal. The theorem is proven. 

22.8. Semi-stability 

NP-hardness of semi-stability (Theorems 21.2 and 21.3) is proven by a reduetion 
to positive semi-definiteness that is similar to the above deduetion of stability 
to positive definiteness. 

22.9. Schur stability 

NP-hardness of s-Sehur stability (Theorem 21.3) is proven by using the following 
reduetion to stability: 
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Theorem 22.14. Asymmetrie interval matrix [A, A] is stable if and only if 
the symmetrie interval matrix 

[I + aA, I + aAl 

is s-Sehur stable, where 

2 
a = ----=----

II AII! + IIA - Alh + 2 
(22.16) 

Proof. Let [A, A] be s-stable. Then for eaeh symmetrie A' E [I + aA, I + aAl 
we have A' = I + aA for some symmetrie A E [A, A], henee Amax(A') = 
1 + aAmax(A) < 1. Furthermore, from 

- 2 
IAmin(A)1 ~ e(A) ~ IIAII! ~ IIAlh + IIA - Alh < -

a 

we have 
Amin(A') = 1 + aAmin(A) > -1, 

henee A' is Schur stable and thereby [I + aA, 1+ aAl is s-Sehur stable. 

Conversely, if [I + aA, 1+ aAl is s-Sehur stable, then eaeh symmetrie A E [A, A] 
is of the form A = ~(A' - I) for some symmetrie A' E [I + aA, 1+ aAl, henee 
Amax(A) = ~(Amax(A') - 1) < 0, and Ais stable. Stability of all symmetrie 
matriees in [A, Al implies stability of [A, Al due to Theorem 21.7. The theorem 
IS proven. 

As a eonsequenee of Theorem 22.14 we obtain the desired NP-hardness result: 

Theorem 22.15. The following problem is NP-hard: 
Instanee. Asymmetrie Sehur stable rational matrix A with A ~ I, and a 

rational number a E [0,1]. 
Question. Is [A - aE, A + aE] s-Sehur stable? 

Proof. For a non-positive symmetrie stable rational matrix A, the symmetrie 
interval matrix [A-E, A+E] is stable ifand onlyif [(I+aA)-aE, (I+aA)+aE] 
is s-Sehur stable, where a is given by (22.16). Here 1+ aA is asymmetrie 
Sehur stable rational matrix with 1+ aA ~ I, and a E [0,1]. Henee we have 
a polynomial-time reduetion of the NP-hard problem of Theorem 22.13 to the 
eurrent problem, whieh shows that it is NP-hard as weIl. The theorem is proven. 

Comment. This result differs from the previous results where NP-hardness was 
established for the dass of interval matriees of the form [A - E, A + E]. This 
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is explained by the faet that regularity, positive definiteness and stability are 
invariant under multiplieation by a positive parameter wher~as Sehur stability 
is not. This same invarianee explains why in Theorem 21.2 we ean take interval 
matriees with narrow intervals and still keep NP-hardness: beeause a matrix 
A has the desired property if and only if a "narrow" matrix 6 . A has it. 

22.10. Schur semi-stability 

NP-hardness of eheeking s-Sehur semi-stability (Theorem 21.3) ean be proven 
by redueing this problem to (already proven) semi-stability. This reduction is 
similar to the one used in Theorem 22.14. 

22.11. Checking eigenvalues 

22.11.1. Checking eigenvalues is NP-hard 

Theorem 21.17 follows from the following result: 

Theorem 22.16. The following problem is NP-hard: 
Instanee. A nonnegative symmetrie positive definite rational matrix A 

and a rational number 'x. 
Question. 1s'x an eigenvalue of some symmetrie matrix in [A-E, A+E] '? 

Proof. [A - E, A + E] is not regular if and only if 0 is an eigenvalue of 
some symmetrie matrix in [A - E, A + E] (Theorem 22.5). Henee the NP-hard 
problem of Theorem 22.7 ean be redueed in polynomial time to the eurrent 
problem, whieh is thereby NP-hard. The theorem is proven. 

Proof of Theorem 21.18. Suppose there exists a polynomial-time algorithm 
whieh for eaeh symmetrie interval matrix A eomputes a rational number ~(A) 
for whieh 

:X(A) - X(A) 1 
'x(A) < 

if X(A) =1= 0 and :X(A) ~ 0 otherwise. Let us prove that P=NP. 
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Indeed, under the assumptions, 1(A) < 0 if and only if X(A) < 0, and this 
is equivalent to stability of A. Henee we have a polynomial-time algorithm 
for solving the NP-hard problem of Theorem 22.13, whieh implies P=NP. The 
theorem is proven. 

22.11.2. Computing the maximal eigenvalue is NP-hard 

Proof of Theorem 21.19. Let us prove that for asymmetrie interval matrix 
A, the set Amax(A) of all values of Amax(A) for all symmetrie matriees A E A 
is an interval (i.e., a finite and closed interval). 

Indeed, let 

~(A) = minPmax(A)IA symmetrie, A E A}, 

X(A) = maxpmax(A)IA symmetrie, A E A}. 

By eontinuity argument, both bounds are attained, henee ~(A) = Amax(AI) 
and X(A) = Amax(A2) for some symmetrie Al, A2 E A. Define areal function 
I() of one real variable by I()(t) = f(A I + t(A2 - Al», tE [0,1], where 

!(A) = max zT Az. 
1Ia;1I2=1 

This function I() is eontinuous sinee !(A) is eontinuous (Rohn [350]), and I()(O) = 
!(AI ) = Amax(At} = ~(A), 1()(1) = !(A2) = Amax(A2) = X(A), henee for eaeh 
A E [4(A) , X(A)] there exists a t>.. E [0,1] such that 

A = cp(t>..) = !(A I + t>..(A2 - At}) = Amax(A I + t>..(A2 - Al». 

Henee eaeh A E [4(A) , X(A)] is the maximal eigenvalue of some symmetrie 
matrix in A, and we have Amax(A) = [4(A) , X(A)]. The theorem is proven. 

22.11.3. Checking enclosures is NP-hard 

Finally, Theorem 21.20 is a eorollary of the following result: 

Theorem 22.17. The following problem is NP-hard: 
Instanee. A non-positive symmetrie stable rational matrix A, and rational 

numbers a, b, a < b. 
Question. Is Amax([A - E, A + E]) C (a, b)? 

Proof. For eaeh symmetrie A' E [A - E, A + E] we have 

IAmax(A')1 ::; e(A') ::; IIA'I\! ::; IIAlh + IIElh = IIAlh + n < a, 
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where we denoted a = !lAll! +n+1. Henee due to Theorem 21.7, [A-E,A+E] 
is stable if and only if 

Amax([A - E, A + E]) C (-a, 0) 

holds. This shows that the NP-hard problem of eheeking stability of 
[A - E, A + E] (Theorem 22.13) ean be redueed in polynomial time to the 
eurrent problem, whieh is thus NP-hard. The theorem is proven. 

22.12. Determinants 

22.12.1. Computing extremal values 01 determinant 'ts 
NP-hard 

Proof of Theorem 21.15. Let us show that eomputing the exaet range of 
the determinant of an interval matrix is an NP-hard problem. 

Indeed, an interval matrix of the form A = [A - E, A + E], where A is a 
nonnegative symmetrie positive definite rational matrix, is not regular if and 
only if 

det(Ao) ~ 0, (22.16) 

where A o = A if det A < 0 and Ao is eonstrueted by swapping the first 
two rows of A otherwise (whieh ehanges the sign of the determinant). Here 
Ao = [Ao - E, Ao + E], where Ao is a nonnegative rational matrix. Henee 
the NP-hard problem of eheeking regularity (Theorem 22.7) ean be redueed in 
polynomial time to the deeision problem (22.16) whieh shows that eomputing 
det(A) is NP-hard in this class of interval matriees. The proof for det(A) is 
analogous. The theorem is proven. 

22.12.2. Edge theorem 

To prove other results about det(A), we will need the following auxiliary "edge 
theorem": 

Theorem 22.18. (Rohn [344]) Let A = [A, Al be an interval matrix, Then 
for each A E A there exists an edge matrix A' E A with the same value of the 
determinant (det A = det A'). 
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Proof. For each A E Adenote by h(A) the number of matrix entries with 
äij f/. {!!ij' CIij} , i,j = 1, ... , n. Given an A E A, let A' be a matrix satisfying 
A' E A, detA' = detA and 

h(A' ) = min{h(A) IA E A, detA = detA}. (22.17) 

If h(A' ) ~ 2, then there exist indices (p, q), (r, s), (p, q) =/; (r, s) such that a~q E 
(~q, äpq ), a~. E (!!,o" är ,). Then we can move these two entries within their 
intervals in such a way that at least one attains its bound, and the determinant 
is kept unchanged. Then the resulting matrix A" satisfies h(A") < h(A' ), which 
is a contradiction. Hence A' defined by (22.17) satisfies h(A' ) :::; 1 (i.e., A' is 
an edge matrix), and detA = detA' . The theorem is proven. 

As a corollary, for det A = 0, we have the following results: 

Theorem 22.19. (Rahn [347]) 1/ an interval matrix A is not regular, then it 
contains a singular edge matrix. 

Proof of Theorem 21.21. Let us prove that if areal number A is an eigenvalue 
of same A E A, then it is also an eigenvalue of same edge matrix. 

Indeed, if A is areal eigenvalue of some A E A = [A,A), then A - M is a 
singular matrix belanging to the interval matrix [A - M, A - Al], which is 
thus not regular; hence by Theorem 22.19 this new interval matrix contains a 
singular edge matrix A' - AI. Hence, A' is also an edge matrix of the matrix 
A, and A is an eigenvalue of A'. The theorem is proven. 

Proof of Theorem 21.16. Let us prove that for every interval matrix A = 
[A, Al, each of the extremal values of det A, A E A, is attained at one of the 
vertex matrices (as defined in Chapter 21; i.e., matrix for which for all i and j, 
the corresponding value aij is either equal to !!ij' or equal to CIij). 

Indeed, since the determinant is linear in each entry, Theorem 22.18 implies 
that the extremal values of the determinant are attained at same of the 2"2 

vertex matrices. The theorem is proven. 
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22.13. 
matrices 

Nonnegative invertibility and M-

Let us describe results that lead to feasible algorithms for checlcing whether a 
given interval matrix is nonnegative invertible or an M-matrix. This result was 
originally proven by Kuttler [242]; we will use an elementary proof from Rohn 
[346]. This algorithm is based on the following result: 

Theorem 22.20. An interval matrix A = [A, Al is nonnegative invertible if 
and only if A-l ~ 0 and A- l ~ o. 

Proof. The "only if" part is obvious. To prove the "if" part, denote Do = 
--1 -
A (A - A), then Do ~ 0 and 

(I - DO)-l = (Al Atl = A-lA = 1+ J.-l(A - A) ~ 0, 

--1 -
hence e(Do) < 1. Then for each A E A we have e(A (A - A)) ~ e(Do) < 1, 
and from the identity 

A = A(I - A\A - A)) 

we obtain 
00 

A -1 = ~)A -\A - A))iAl ~ o. 
i=o 

The theorem is proven. 

Hence, checking nonnegative invertibility of an interval matrix A with rational 
bounds can be performed in polynomial time (Edmonds [98]). For M-matrices, 
we have a similar result: 

Theorem 22.21. An interval matrix A = [A, Al is an M-matrix if and only if 
A and Aare M-matrices: 

Proof. The "only if" part is obvious. Conversely, if both A and Aare M
matrices, then A-l ~ 0 and Al ~ 0, hence each A E A satisfies A-l ~ 0 
(Theorem 22.20) and A'j ~ A'j ~ 0 for i i= j, i.e. A is an M-matrix. The 
theorem is proven. 
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22.14. P-property (for numerical matrices) 

Let us prove the last statement from Theorem 21.1, that checlring P-property 
for numerical matrices is NP-hard. This proof is based on an interesting equiv
alence of regularity of interval matrices and P-property of associated numerieal 
matrices. 

22.14.1. Regularity and P-property 

Consider an n x n interval matrix A = [A, Al = [A, A + 2~). Assuming non
singularity of A, for each i, j E {l, ... , n} define the vector 

(where we denoted M = A-1), and the matrix Cij = eijeT (where e is the 
n-vector of all ones). Hence, Cij is an n x n matrix whose all columns are 
identical and equal to the vector eij. Finally, define the numerical matrix 

o I ... 0 C21 C22 • • • C2n 
( 

I 0 . .. 0) (cn C12 • • • C1n) 

C(A) = . .. . +. .. .. " . .. .. . 
o 0 I Cn1 Cn2 Cnn 

This matrix consists of n x n blocks, each of which is a n x n matrix; therefore, 
C(A) is ofsize n 2 X n2 • For each y,z E {-l,l}n, let us define the yz-minor 
of C(A) as the determinant of the principal submatrix of C(A) consisting of 
rows and columns with indices (i - l)n + j, where Yi Zj = -1. 

Theorem 22.22. For an interval matrix A = [A, Al with A < A, the lollowing 
eonditions are equivalent: 

(i) A is regular, 

(ii) A is nonsingular and C(A) is a P-matrix, 

(iii) A is nonsingular and each yz-minor 01 C(A) is positive, y, z E {-I, l}n. 

Historieal eomment. The equivalence (i)<=>(ii) of the above theorem is due to 
Coxson [77], equivalence (i)<=>(iii) is added here as a consequence of the Bau
mann's Theorem 21.4 to show that the number of determinants to be checked 
for positivity can be decreased from 2n~ - 1 to 22n - 1 - 1. The specific feature 
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of this result consists in the fact that regularity of an n x n interval matrix A 
is characterized in terms of an n2 x n2 numerical matrix C(A). Nevertheless, 
the number of operations involved still remains exponential in n. 

Proof. (i){:>(ii): Let 

( 

eT OT ... OT) 
OT eT ... OT 

F= . . . . , . . . . . . . . 
OT OT ... eT 

where all the blocks are n-dimensional vectors, hence F is of size n x n2 , and 

G= ( 

~l1el ~12e2 . . . ~lnen) 
~21el ~22e2 . .. ~2nen 

. .., . . 

~nlel ~n2e2 ~nnen 

where ej denotes the jth column of the n x n unit matrix I, hence G is of 
size n2 x n. Consider any vertex matrix A of A, i.e. a matrix for which 
aij E {.f!&j' aij} for all i, j = 1, ... , n. A straightforward computation shows 
that A can be written in the form A = A + 2F DG, where D is the n2 x n2 

diagonal matrix satisfying 

DCi-l)n+j,Ci-l)n+j = { ~ 
(i, j = 1, ... , n). Then we have 

if aij = aij, 
if äij = flij 

detA = (detA)(det(I + 2A-1 FDG)). 

Since 
det(I + 2A-1 FDG) = det(In' + 2DGA-1 F) 

(see Gantmacher [119]; In' is the n2 X n2 unit matrix), and since 

2GA.- 1 F = C(A) - In' 

(as it can be easily verified), from (22.18)-(22.20) we obtain 

detA = (detA)(det(In' + D(C(A) - I n 2))), 

where 

(22.18) 

(22.19) 

(22.20) 

(22.21) 

(22.22) 
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is obviously the determinant of the principal submatrix formed from rows and 
columns of C( A) with indices (i - 1)n + j for which aij = aij. 

Now, if A is regular, then each principal minor of C(A) can be written 
in the form (22.22) for an appropriately chosen vertex matrix A. Since 
(detA)(detA) > 0 due to regularity, (22.21) implies that (22.22) is positive. 
Conversely, if each principal minor of C(A) is positive, then (det A)( det A) > 0 
for each vertex matrix A of A due to (22.21), which implies that Ais regular 
(Theorem 21.4). Hence (i) and (ii) are equivalent. 

To prove (i)<=>(iii), notice that each matrix A(Y'z) E A, y, Z E {-1, 1}n defined 
by (21.11) satisfies 

a (y,z) - A + (1 y.z.) A .. 
ij - =4j -. J ~'J' i,j = 1, ... ,n, 

hence it can be written as 

where Fand Gare as above and D(Y'z) is the n 2 x n 2 diagonal matrix for which 

d(y,z) - 1 y·z· 
(i-l)n+j,(i-l)n+j - - • J' i,j = 1, .. . ,n. 

Then we obtain as before that 

where 

det (In2 + ~D(Y'Z)(C(A) - In 2)) 

is exactly the yz-minor of C(A) defined earlier in this section. Hence an obvious 
reasoning based on Baumann's Theorem 21.4 leads to the conclusion that Ais 
regular if and only if all the yz-minors of C(A) are positive, y,z E {-1, 1}n. 
The theorem is proven. 

22.14.2. Checking P-property is NP-hard for numerical 
matrices 

Proof of Theorem 21.1. We have already shown, in the main text, that all 
the properties of numerical matrices except for the P-property can be checked 
in polynomial time. To complete the proof of Theorem 21.1, we must thus 
prove that checking P-property is NP-hard. 
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This is an immediate consequence of the previous characterization of P
property. Indeed, according to the equivalence (i)<:>(ii) of Theorem 22.22, the 
problem of checking regularity of an interval matrix A with rational bounds 
can be reduced in polynomial time to the problem of checking P-property of a 
rational matrix C(A). Since the former problem is NP-hard (Theorem 22.7), 
the same is true for the latter one as weH. The theorem is proven. 

22.14.3. Regularity and P-property: additional connec
tion 

It should be noted that there also exists another relationship between regularity 
and the P-property, which proved to be a very useful tool for deriving some 
nontrivial properties of inverse interval matrices and of systems of linear interval 
equations. The following theorem was published in areport form [342] in 1984 
and in a journal form [348] in 1989. 

Theorem 22.23. If A is a regular interval matrix and Al, A2 E A, then 
All A 2 is a P-matrix. 

Proof. Assume to the contrary that All A2 is not a P-matrix for some Al, A2 E 
A = [..4 - ~,..4 + ~]. Then according to the Fiedler-Pt8k characterization of 
P-matrices [107] (quoted in the proof of Theorem 21.13) there exists an z " 0 
such that zi(Al l A2z)i $ 0 for each i. Put z' = All A2z, then 

ZiZ~ $ 0 (i = 1, .. . ,n) (22.23) 

and 
(22.24) 

holds. In fact, since z " 0, there exists a j with zi " 0; then zJ > 0 whereas 
(22.23) implies zizj $ 0, hence zi "zj. Now we have 

1..4(z' - z)1 = 1(..4 - Al)Z' + (A2 - ..4)zl $ ~lz'l + ~Izl = ~Iz' - zl (22.25) 

since Iz'l + Izi = Iz' - zl due to (22.23). Hence Theorem 22.8 in the light of 
(22.25) and (22.24) implies that Aisnot regular, which is a contradiction. The 
theorem is proven. 

For applications of this result, see Rohn [347]. 
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23 
NON-INTERVAL UNCERTAINTY I: 

ELLIPSOID UNCERTAINTY AND 
ITS GENERALIZATIONS 

In the previous chapters, we considered the problem of estimating the range of 
a function f(Xl, ... , x,,) under the assumption that each variable Xi is known 
to belong to a given interval Xi = [Xi - di, Xi + di]. So far, we have analyzed 
trus problem under the assumption that we do not know of any dependency 
between the variables Xi. Under this assumption, the set of all possible values 
of i = (Xl, ... , X,,) forms a multi-dimensional interval (box) Xl x ... X X". 

In many practical cases, however, there is a known dependency between 
the variables Xi. For the simplest (quadratic) type of this dependency, the set 
of all possible values of i forms an ellipsoid. In this chapter, we analyze the 
computational complexity and feasibility of da ta processing under such ellipsoid 
uncertainty. 

23.1. Why non-interval uncertainty? 

So far, we considered the problem of estimating the range of a function 
f( Xl, ... , X,,) under the assumption that each variable Xi is known to belong to 
a given interval Xi = [Xi - di, Xi + di], and we have analyzed this problem under 
the assumption that we do not know of any dependency between the variables 
Xi. Under this assumption, the set of all possible values of i = (Xl, ... , X,,) 
forms a multi-dimensional interval X = Xl X ... X x", also called a box. 

In many practical cases, however, there is a known dependency between the 
variables Xi. As a result, not all vectors i from the box X are possible, and 
the set of all possible vectors forms a proper (non-interval) subset of this box. 

289 
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With this chapter, we will start to analyze the computational complexity and 
feasibility of data processing problems under such non-interval uncertainty. 

23.2. Why ellipsoids? 

23.2.1. In the Simplest Gase, Additional Information 
Leads to Ellipsoids 

Additional information ab out the values of Xi usually comes from additional 
measurements, i.e., from measuring an additional quantity z whose value is 
uniquely determined by the values of Xi'S: z = g(x!, ... , xn ). As a result of 
each measurement of this type, we get the value z with some measurement 
accuracy d. So, we can conclude that g(Xl"'" x n ) E [z - d, Z + d], i.e., that 

(23.1) 

If error bounds di in directly measuring Xi are small enough, then the actual 
errors of direct measurements dXi = Xi - dXi are smalI. Hence, we can expand 
the expression g(Xl"'" xn ) = g(Xl - dXl,"" xn - dxn ) into Taylor series 
and keep only quadratic terms in the resulting expansion. In other words, 
we replace the original function g(Xl"'" xn ) in the restriction (23.1) by a 
quadratic function g(Xl, ... , x n ). Hence, restrictions of the type (23.1) become 
inequalities of the type g(Xl'.'" xn ) ~ C or g(Xl, ... , xn ) ~ C for a quadratic 
function 9(Xl"'" xn ) and areal number C. Geometrically, depending on the 
quadratic function, each inequality describes an ellipsoid, or a hyperboloid, or 
a plane, etc. 

The simplest case is when we have only one such inequality, i.e., when the set 
of possible values of i = (Xl, ... , X n ) is described by a single inequality ofthis 
type. Geometrically, when a single quadratic inequality describes a bounded 
set, this set is an ellipsoid 

I: aij . Xi' Xj + I: ai . Xi + ao ~ C. (23.2) 
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23.2.2. In Addition to Error Bounds, We Often Know 
Probabilities 0/ Different Errors 

In many cases, in addition to the intervals, we know the probabilities of differ
ent values of errors. Measurement errors are usually assumed to be normally 
distributed. In other words, if we denote by x the (unknown) actual value of 
the physical quantity x, and if we denote by x the result of the measurement, 
then for a given x, the probability density of x is equal to 

_ ( (x-x)2) 
p(x) = const· exp - 2u2 (x) , 

where u(x) is the standard deviation. 

The errors of different measurements are usually assumed to be independent. 
As a result, ifwe make several measurements, then the prob ability density p(i) 
on the set of possible measurement results i = (Xl, X2, ... , Xn) is Gaussian 
(normal): 

p(i) = p(xt) . p(X2) ..... p(xn) = 

(constl . exp ( - ~~ ;;~;;) ) . (const2 . exp ( _ ~~ ;;~2;)2) ) ..... 
(constn . exp ( - ~~ U~(~n:)2) ) = const . exp ( - t ~~ ~~~;;), (23.3) 

where Xi is the (unknown) actual value of i-th physical quantity, Xi is the 
measured value of this quantity, and U(Xi) is its standard deviation. 

For Gaussian distribution, the prob ability density p(i) is everywhere positive; 
this means that, in principle, for any given set of measurement results i, an 
arbitrary tuple i is possible. In practical statistics, however, tuples with very 
low prob ability density p(i) are considered impossible. 

For example, in 1-dimensional case, we have a "three sigma" rule: values for 
which Ix - xl > 3u(x) are impossible. In multi-dimensional case, it is natural 
to choose some value a > 0, and consider only tuples for which 

(23.4) 

as possible ones. For Gaussian distribution, formula (23.4) can be simplified. 
Indeed, we can do the following: 
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• substitute formula (23.3) into the condition (23.4) that describes possible 
tuplesj 

• divide both sides of the resulting inequality by a positive constant const 
(from (23.4))j 

• take naturallogarithms of both sides, and 

• change the signs of both sides of the resulting inequalitYj 

then, we will arrive at the inequality 

n ( - )2 
'" Xi - Xi < C 
L....i 2. (72(x·) - , 
i=l • 

where by C, we denoted -ln(afconst). This inequality describes an ellipsoid. 
Therefore, for given measurement results Xl, ... , Xn , the possible set of values 
of i is an ellipsoid. 

Comment. If the measurement errors are not independent, then we also have 
an ellipsoid, but with a general quadratic form in the left-hand side of the 
inequality. 

23.2.3. Ellipsoids as an Optimal Approximation 

Ellipsoids are also known to be the optimal approximation sets for different 
problems [401, 109]. 

23.2.4. Ellipsoid Uncertainty '/,s Successfully Used '/,n 
Practical Problems 

Ellipsoid error estimates are actively used in different applicationsj see, e.g., 
Schweppe [386, 387], Fogel et al. [110], Belforte et al. [28], Norton [309], 
Chernousko [65,66], Soltanov [402], Utyubaev [416], Filippov [108], and refer
ences therein. 

rohn@cs.cas.cz



Non-Interval Uncertainty I: Ellipsoid Uncertainty 293 

23.3. Computational complexity and feasibility 
of data processing under ellipsoid uncertainty 

23.3.1. Why Ellipsoid Uncertainty May Be Computa
tionally Easier to Process Than Interval Uncertainty 

For a smooth function f(x) of one variable x, it is usually easy to find a max
imum on a given interval [a, b]: this maximum is attained either inside the 
interval, in which case it is a zero of the derivative f'(x) = 0, or at one of 
the endpoints (a or b). A similar result is true if we look for a maximum of 
a function f(XI, ... , xn ) of n variables on a box Xl X ... X Xn : this maximum 
is either inside the box, or on one of its faces. The only problem, as we have 
mentioned in Chapter 1, is that we have 2n possibie fa ces, so this approach 
leads to an exponentially long (thus, non-feasible) algorithm. An ellipsoid does 
not have many different faces, so for ellipsoids, the corresponding problem must 
be simpler. 

23.3.2. Definitions and Main Results 

Definition 23.1. By the ellipsoid computation problem, we mean the following 
problem: 

arVEN: 

• a positive integer n; 

• a polynomial f(XI, ... , xn ); and 

• an ellipsoid E defined by the formula (23.2) with rational coeflicients 
aij, ai, ao, and C. 

COMPUTE the values y = maxf(XI, ... , xn ) and y = minf(XI, ... , Xn ), 

where the maximum and minimum are taken ~ver all points i . = 
(xI, ... ,Xn)EE. 
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Definition 23.2. By the c-approximate ellipsoid computation problem, we 
mean the following problem: 

aIVEN: 

• a positive integer n; 

• a polynomial f(X1, ... , xn); 

• a rational number c > 0; and 

• an ellipsoid E defined by the formula (23.2) with rational coefflcients 
aij, ai, aa, and C. 

COMPUTE rational numbers y and 11 that are c-close to y = 
maxf(x1, ... , xn) and y = minf(x1, ... , x~), and the maximum and min
imum are taken over all points x = (Xl, ... , Xn) E E. 

Our first comment is that this problem is algorithmically solvable: 

Proposition 23.1. There exists an algorithm that solves an arbitrary ellipsoid 
computation problem. 

For example, we can use Tarski's algorithm (mentioned in Chapter 4) or one 
of its modern faster versions to compute the desired minimum and maximum. 

Theorem 23.1. 

• There exists a polynomial time algorithm that solves the ellipsoid compu
tations problem for all quadratic polynomials. 

• For quartic polynomials, and for every c > 0, the c-approximate ellipsoid 
computation problem is NP-hard. 

Historical comment. The first part of the theorem was proven in Vavasis [418]; 
the second part was (partly) announced in [204]. 

The resulting computations are clearly simpler than interval computations that 
are NP-hard already for quadratic polynomials: 
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Interval Ellipsoid 
computations computations 

Linear Linear time Polynomial time 
Quadratic NP-hard Polynomial time 
Cubic NP-hard ? 
Quartic NP-hard NP-hard 
5-th and higher degree NP-hard NP-hard 

23.3.3. A uxiliary Results 

In Theorem 23.1, we considered polynomials with arbitrary coefficients. It turns 
out that our computational complexity and feasibility results do not change if 
we impose apriori bounds on the values of these coefficients: 

Theorem 23.2. For quartic polynomials f(Xl, ... , x n ) with coefficients from 
the set {O, 1, 2, 3}, and for every c > 0, the c-approximate ellipsoid computa
tion problem is NP-hard. 

Theorem 23.1 shows what happens if we restrict the degrees of the polynomials. 
If, instead, we restrict the number of variables n, then we get the following 
results: 

Theorem 23.3. For every n, there exists a polynomial-time algorithm that 
solves the ellipsoid optimization problem for all polynomials of n variables. 

Comment. This algorithm is similar to the one presented in Chapter 4: it is 
polynomial time, but it is not yet practical. 

23.4. Linear systems under ellipsoid uncertainty 

In Chapter 11, we have considered systems of linear equations under interval 
uncertainty. Similarly, we can describe systems of linear equations under ellip
soid uncertainty. There are two possible definitions of such a system, and for 
each of these definitions, the resulting problem is NP-hard: 
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23.4.1. Ellipsoid Uncertainty: First Definition 

Definition 23.3. 

• Bya linear system under ellipsoid uncertainty, we mean a tuple (m, n, E), 
where m and n are positive integers, and E is a (m x n + m)-dimensional 
ellipsoid with rational coefIicients. 

• We say that a vector (Xl, ... , xn ) is a possib/e solution of a linear system 
(m, n, E) iffor some values 

and for all i = 1, ... , m, we have 

n 

Laij . Xj = bio 
j=l 

• We say that a linear system with ellipsoid uncertainty is consistent if it 
has a possible solution. 

Comment. If a system has a possible solution, there usually are several different 
possible solutions. When we talk about solving a linear system under uncer
tainty, we want to describe the entire solution, i.e., the entire set of possible 
solutions: 

Definition 23.4. By a problem of solving linear systems under ellipsoid un
certainty, we mean the following problem: 

GIVEN: 

• a linear system with ellipsoid uncertainty; and 

• a positive integer i ~ n; 

FIND: the largest Xi and the smallest ~ values of Xi for all possible solu
tions (Xl,"" Xi-1, Xi, Xi+l, ... , X n ) of the given linear system. 

Theorem 23.4. (Kreinovich et al. [222]) Checking consistency 0/ linear sys
tems under ellipsoid uncertainty (as described in Definitions 23.3-23.4) is NP
hard. 
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Theorem 23.5. (Kreinovich et al. [222]) The problem 0/ solving linear systems 
under ellipsoid uncertainty (as described in Definitions 23.3-23.4) is NP-hard. 

Comment. As we explained in Chapter 1, due to book size limitations, we had 
to omit some easily accessible proofs. In particular, we do not present the proofs 
of this and the following theorems. These proofs are described, in detail, in the 
papers Kreinovich et al. [222] and Lakeyev et al. [244] published in an easily 
accessible journals Linear Algebra and its Applications and Kluwer's Reliable 
Computing. 

23.4.2. Ellipsoid Uncertainty: Second Definition 

Definition 23.3'. 

• By a linear system under ellipsoid uncertainty, we mean a tuple 
(rn, n, Ea , Eh), where rn and n are positive integers, Ea is a (rn x n)
dimensional ellipsoid with rational coeflicients, and Eh is an rn-dimensional 
ellipsoid with rational coeflicients. 

• We say that a vector (Xl,"" X n ) is a possible solution of a linear system 
(rn, n, Ea , Eh) iffor some values (all, a12,"" aln ,.··, aml,"" a mn ) E Ea 

and (bl, ... , bm ) E Eh, and for all i = 1, ... , rn, we have 

n 

Laij . Xj = bio 
j=l 

• We say that a linear system with ellipsoid uncertainty is consistent if it 
has a possible solution. 

Theorem 23.4'. (Kreinovich et al. [222]) Checking consistency 0/ linear sys
tems under ellipsoid uncertainty (as described in Definitions 23.3'-23.4) is NP
hard. 

Theorem 23.5'. (Kreinovich et al. [222]) The problem 0/ solving linear sys
tems under ellipsoid uncertainty (as described in Definitions 23.3'-23.4) is NP
hard. 

Comment. Similar results hold when we consider the situations of combined 
interval and ellipsoid uncertainty: 
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23.4.3. Mixed Uncertainty: Ellipsoid Coefficients, In
terval Right-Hand Side 

Definition 23.5. 

• By a linear system with ellipsoid coefficients and interval right-hand side, 
we mean a tup1e (m, n, E a , b), where m and n are positive integers, Ea is a 
(m x n )-dimensional ellipsoid with rational coeflicients, and b = bt. ... , b m 

is an m-dimensional interval vector. 

• We say that a vector (ZI, ... , zn) is a possible solution ol a linear system 
(m, n, E a , b) if lor some values (an, a12,.·., aln,"" amt.· .. , amn ) E E a 

and b1 E b 1, ..• ,bm E b m , and lor al1 i = 1, ... ,m, we have 

n 

Laij 'Zj = k 
j=1 

• We say that a linear system with ellipsoid coeflicients and interva.J right
hand side is consistent il it ha.s a possib1e solution. 

Definition 23.6. By a problem ol solving linear systems with ellipsoid coeffi
eients and interval right-hand side, we mean the lollowing problem: 

GIVEN: 

• a linear system with ellipsoid coeflicients and interval right-hand sidej 
and 

• a positive integer i ~ nj 

FIND: the 1argest Zi and the smal1est ~ values ol Zi lor al1 possib1e solu
tions (Zl, ... , Zi-l, Zi, zi+l, ... , zn) ol the given linear system. 

Theorem 23.6. (Kreinovich et al. [222]) Checking consistency 0/ linear sys
tems with ellipsoid coefficients and interval right-hand side is NP-hard. 

Theorem 23.7. (Kreinovich et al. [222]) The problem 0/ solving linear systems 
with ellipsoid coefficients and interval right-hand side is NP-hard. 
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23.4.4. Mixed Uncertainty: Interval Coefficients, Ellip
soid Right-Hand Side 

Definition 23.7. 

• By a linear system with interval coejJicients and ellipsoid right-hand side, 
we mean a tuple (m, n, A, Eb), where m and n are positive integers, A is 
a (m x n )-dimensional interval matrix with rational elements Bij, and Eb 
is an m-dimensional ellipsoid with rational coefIicients. 

• We say that a vector (x!, ... , xn ) is a possible solution of a linear sys
tem (m, n, A, Eb) if for some values a11 E a11, ... , amn E amn and 
(bi, ... , bm ) E Eb, and for all i = 1, ... , m" we have 

n 

2: aij . x j = bi . 

j=l 

• We say that a linear system with interval coefIicients and ellipsoid right
hand side is consistent if it has a possible solution. 

Definition 23.8. By a problem of solving linear systems with interval coeffi
eients and ellipsoid right-hand side, we mean the following problem: 

GIVEN: 

• a linear system with ellipsoid coefficients and interval right-hand side; 
and 

• a positive integer i ~ n; 

FIND: the largest Xi" and the smallest i!Z4 values of Xi for all possible solu
tions (X!, ... , Xi-1, Xi, XH1, ... , Zn) ofthe given linear system. 

Theorem 23.8. (Kreinovich et al. [222]) Checking consistency 0/ linear sys
tems with interval coejJicients and ellipsoid right-hand side is NP-hard. 

Theorem 23.9. (Kreinovich et al. [222]) The problem 0/ solving linear systems 
with interval coejJicients and ellipsoid right-hand side is NP-hard. 
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23.5. Sets more general than ellipsoids 

23.5.1. Non-Gaussian Probability Distributions and 
Resulting Sets 

Why Gaussian? One of the reasons why ellipsoids provide an adequate de
scription of uncertainty is that ellipsoids naturally come from Gaussian dis
tributions, the error prob ability distributions that are most widely used in 
practice (see, e.g., Rabinovich [333]). The main fundamental motivation to use 
Gaussian distributions is that according to the central limit theorem, under 
reasonable assumptions, the distribution of the sum of several (N) indepen
dent small random variables tends to the Gaussian distribution as N -+ 00. 

Therefore, if we eliminate major error components in the measurement error, 
the resulting error will be caused by the cumulative effect of many independent 
small components, and hence, its distribution will be elose to Gaussian (see, 
e.g., [422]), Gnedenko et al. [129], and Arak et al. [14]). 

Sometimes, errors are not Gaussian. In many cases, error distribution is 
Gaussian. However, in other cases, the distribution is different (see, e.g., Novit
skii et al. [312], Orlov [320]. The reason why the above fundamental argument 
is not always applicable to measurements is that for some measurements, we 
know several major sources of error, but we cannot eliminate the corresponding 
error components. 

For example, in indirect geophysical measurements, without the very 
drilling that we are trying to avoid, we cannot measure the corresponding 
error-inducing characteristics. 

As a result, the actual error distribution is often far from being Gaussian. 

Weibull-type distributions: empirical fact. According to the experi
mental data analyzed in Novitskii et al. [312], for the majority of measur
ing instruments, the probability distribution of the measurement error Äx 
can be described by a Weibull-type distribution with the prob ability density 
const . exp( -k . IÄxIP) for some p > O. These distributions and the corre
sponding statistical methods are actively used in data processing, especially in 
geodesy and geophysics; see, e.g., Claerbout [68], Heindl et al. [145, 146, 147], 
Tarantola [407], Scales [374], Gomberg et al. [131], Gerstenberger [126], Doser 
et al. [95], and references therein. 
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Weibull-type distributions: theoreticaljustification. For a Weibull-type 
distribution, if we have several independent measurements x(1), ... , x(n) of the 
same quantity x, then for each x, the prob ability density is equal to the product 

p = (const . exp( -k(lx(l) - xIP)) ••••• (const . exp( -k(lx(n) - xIP)) = 

const . exp ( -k(lx(l) - xlP + ... + Ix(n) - xjP)) , 

and, as an estimate for x, it is natural to choose the most probable value, i.e., 
the value for which p ---+ max. In statistics, the choice of the most probable 
value is called the Maximum Likelihood Method. For Weibull distribution, the 
maximum likelihood method is equivalent to 

Ix(l) - xlP + ... + Ix(n) - xlP ---+ min. 

This condition is scale-invariant in the sense that it leads to the same x if we 
use a different unit for measuring x (i.e., if we replace x by A . x and xU) by 
A . x(j), where A is the ratio of the old and the new units). It turns out that 
the above-described Weibull-type distributions are the only distributions for 
which the corresponding maximum likelihood method lead to a scale-invariant 
formula Bickel [47], Kirillova et al. [197, 178], and Shevlyakov et al. [394]. 
Thus, we get a theoretical justijication for this dass of distributions. 

Sets resulting from Weibull-type distributions. If we make several in
dependent measurements of different quantities, and the probability density of 
each measurement error 6.xi = Xi - x; is distributed according to the Weibull
like distribution (with the same p but with probably different const; and k;), 
then the resulting prob ability density p(i) on the set of possible measurement 
results i = (Xl, X2, ... , in) has the following form: 

p(i) = const . exp (-t k; ·IXi - Xi IP) , 
.=1 

(23.5) 

Similarly to the Gaussian case, this prob ability density p(i) is everywhere pos
itive; this means that, in principle, for any given set of measurement results 
i, an arbitrary tuple i is possible. In practical statistics, however, tuples with 
very low probability density p(i) are considered impossible. It is natural to 
choose some value Cl( > 0, and consider only tuples for which p(i) ~ Cl( as possi
ble ones. For Weibull-type distribution (23.5), the resulting formula (23.4) can 
be simplified, by taking logarithms of both sides, into a formula 

n 

L k, . Ix; - Xi IP ~ c. (23.6) 
;=1 
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For p = 2, this formula turns into an ellipsoid; therefore, we will call the set of 
all vectors (Xl, ... , Xn) that satisfy this formula a p-generalized ellipsoid. 

Comment. If the measurement errors are not independent, then we get an even 
more general dass of sets. As we will show, the main computational problems 
of interval computations and data processing are NP-hard already for sets of 
type (23.5); therefore, they are NP-hard for more general sets as weIl. 

23.5.2. Definitions and the Main Results 

Definition 23.9. Let p ~ 1 be areal number, and let n be a positive integer. 
By a p-generalized ellipsoid in an n-dimensional space Rn, we mean a tuple 
(i, k, C), where fERn, a vector k = (k l , ... , kn) E Rn consists of positive 
values kj , and C > 0 is a positive real number. We say that a vector i = 
(Xl, ... , Xn) belongs to the generalized ellipsoid if the formula (23.6) holds. 

Comment. For p = 2, a generalized ellipsoid becomes a normal ellipsoid. 

Definition 23.10. By the c-approximate p-generalized ellipsoid computation 
problem, we mean the following problem: 

GIVEN: 

• a positive integer n; 

• a polynomial f(XI, ... , xn); 

• a rational number c > 0; 

• a rational number p ~ 1; and 

• a p-generalized ellipsoid E. 

COMPUTE rational numbers y and 11 that are c-close to y = 
maxf(XI, ... , Xn) and y = minf(XI, ... , x:), and the maximum and min
imum are taken over all points i = (Xl, ... , Xn) E E. 

Theorem 23.10. For quarlic polynomials, for every c > 0 and p ~ 1, the 
c-approximate p-generalized ellipsoid computation problem is NP-hard. 
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Definition 23.11. 

• By a linear system under (Pa,Pb)-generalized ellipsoid uncertainty, we 
mean a tuple (m,n,Pa,Pb,Ea,Eb), where m and n are positive integers, 
E a is a (m x n )-dimensional Pa-generalized ellipsoid with rational coefIi
cients, and Eb is an m-dimensional Pb-generalized ellipsoid with rational 
coeflicients. 

• We say that a vector (Xl, ... , X n ) is a possible solution of a linear system 
(m,n,Pa,Pb,Ea,Eb) ifforsome values (au, ... ,a1n, ... ,am1, ... ,amn ) E 
E a and (b1 , ... , bm ) E E b, and for all i = 1, ... , m, we have 

n 

~a;j . Xj = b;. 
j=l 

• We say that a linear system with ellipsoid uncertainty is consistent if it 
has a possible solution. 

Definition 23.12. By a problem of solving linear systems under (Pa,Pb)
generalized ellipsoid uncertainty, we mean the following problem: 

GIVEN: 

• a linear system with (Pa,Pb)-generalized ellipsoid uncertainty; and 

• a positive integer i ~ n; 

FIND: the largest Xi and the smallest!!1 values of X; for al1 possible solu
tions (x!, ... , X;-l, Xi, XI+1, ... , X n ) ofthe given linear system. 

Theorem 23.11. (Lakeyev et al. [244]) For every Pa and Pb, checking consis
tency 0/ linear systems under (Pa, pb)-generalized ellipsoid uncertainty is NP
hard. 

Theorem 23.12. (Lakeyev et al. [244]) For every Pa and Pb, the problem 
0/ solving linear systems under (Pa,pb)-generalized ellipsoid uncertainty is NP
hard. 
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23.5.3. Auxiliary Results: Linear Systems with Mixed 
Uncertainty 

Definition 23.23. Let Pa ~ 1. 

• By a linear system with Pa -generalized ellipsoid coefficients and interval 
right-hand side, we mean a tuple (m, n,Pa, Ea, b), where m and n are pos
itive integers, Ea is a (m x n)-dimensional Pa-generalized ellipsoid with 
rational coeflicients, and b = b 1, ... , bm is an rn-dimensional interval vec
tor. 

• We say that a vector (Xl,"" Xn ) is a possible solution of a linear system 
(m, n,Pa, Ea, b) if for some values (au, ... , aln ,"" amI,··., amn ) E Ea 
and b1 E b l , ... , bm E b m , and for all i = 1, ... , m" we have 

n 

Laij . Xj = bio 
j=l 

• We say that a linear system with Pa-generalized ellipsoid coeflicients and 
interval right-hand side is consistent if it has a possible solution. 

Definition 23.14. By a problem of solving linear systems with Pa-generalized 
ellipsoid coefficients and interval right-hand side, we mean the following prob
lem: 

GIVEN: 

• a linear system with Pa-generalized ellipsoid coeflicients and interval 
right-hand side; and 

• a positive integer i :::; n; 

FIND: the largest Xi and the smallest ~ values of Xi for all possible solu
tions (Xl,"" Xi-I, Xi, Xi+1"'" Xn ) ofthe given linear system. 

Theorem 23.23. (Lakeyev et al. [244]) For every Pa ~ 1, checking consistency 
0/ linear systems with Pa -generalized ellipsoid coefficients and interval right
hand side is NP-hard. 

Theorem 23.14. (Lakeyev et al. [244]) For every Pa ~ 1, the problem 0/ solv
ing linear systems with Pa-generalized ellipsoid coefficients and interval right
hand side is NP-hard. 
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Definition 23.15. Let Pb ~ 1. 

• By a linear system with interval coefficients and pb-generalized ellipsoid 
right-hand side, we mean a tuple (m, n,pb, A, Eb), where m and n are 
positive integers, A is a (m X n )-dimensional interval matrix with rational 
elements Bij, and Eb is an rn-dimensional Pb-generalized ellipsoid with 
rational coeflicients. 

• We say that a vector (Xl,"" X n ) is a possible solution of a linear sys
tem (m,n,pb,A,Eb) iffor some values a11 E au, ... ,amn E amn and 
(b1 , ... , bm ) E Eb, and for all i = 1, ... , rn" we have 

n 

Laij . Xj = bi . 
j=l 

• We say that a linear system with interval coeflicients and Pb-generalized 
ellipsoid right-hand side is consistent if it has a possible solution. 

Definition 23.16. By a problem of solving linear systems with interval co
efficients and pb-generalized ellipsoid right-hand side, we mean the following 
problem: 

GIVEN: 

• a linear system with Pb-generalized ellipsoid coeflicients and interval 
right-hand side; and 

• a positive integer i :::; n; 

FIND: the largest Xi and the smallest ~ values of Xi for all possible solu
tions (Xl, ... , Xi-1, Xi, Xi+1, .. ·, X n ) ofthe given linear system. 

Theorem 23.15. (Lakeyev et al. [244]) For every Pb ~ 1, checking consistency 
0/ linear systems with interval coefficients and Pb-generalized ellipsoid right
hand side is NP-hard. 

Theorem 23.16. (Lakeyev et al. [244]) For every Pb ~ 1, the problem 0/ solv
ing linear systems with interval coefficients and Pb-generalized ellipsoid right
hand side is NP-hard. 

rohn@cs.cas.cz



306 CHAPTER 23 

Proofs 

Proof of Theorem 23.1. Let us first show that the ellipsoid computation 
problem is leasible for quadratic functions I( Zl, ... , zn), i.e., that it is feasible 
to find the minimum and the maximum of a quadratic function I( zl, ... , zn) 
under a quadratic constraint g(Zl"'" Zn) ~ C. It is sufficient to consider the 
minimum, because the maximum can be found in a similar fashion. 

The minimum is attained either inside the ellipsoid, in which case all partial 
derivatives are equal to 0, and we have an easy-to-solve system of linear equa
tions, or on its border g(ZI, ... , zn) = C. To find the minimum of I(Zl, ... , zn) 
on the border g(Zl," .,zn) = C, we can use the Lagrange multiplier method, 
i.e., consider the unconstrained minimum/(zl,"" Zn)+A·g(Zl, ... , zn) -+ min 
and then find A from the condition that g(z}, ... , zn) = C. The new objective 
function I(Zl,"" Zn) + A . g(ZI, ... , zn) is also quadratic and therefore, to 
find a point Z = (ZI, ... , zn) where its unconstrained minimum is attained, we 
can equate all its partial derivatives to 0 and get a system of linear equations. 
The coefficients of this system linearly depend on the (unknown) parameter A; 
therefore, this system has the form (F + A . G)z = ! + A . 9 for some (known) 
matrices F, G, and vectors ! and g. Hence, z = (F + A . G)-l(f + A . g). 
Substituting this z into the equation g( Zl , ... , zn) = C, we get a polynomial 
equation with a single unknown A; so, we can use a known polynomial-time 
algorithm for solving such equations (see Chapter 18). Thus, we can feasibly 
compute all points z in which the minimum can be attained. By comparing 
the values of the function !(Zll ... , zn) in all these points, we get the desired 
minimum. 

A simple algorithm that we have described requires polynomial time but may 
not be very practical. Vavasis [418] describes somewhat more complicated 
polynomial-time algorithms for solving this problem that are already very prac
tical. 

The second part of the theorem follows from the fact that, according to The
orem 17.1, the unconditional minimization problem is NP-hard for quartic 
polynomials. For polynomials I( Zl, ... , zn) considered in the proof of that 
theorem, we can easily find the bound B such that the minimum of the func
tion !(ZI. ... , zn) is attained when each of the variables Zi is in the interval 
[-B, B]. The resulting box [-B, B] x ... x [-B, B] is contained in an ellipsoid 
z~+ ... +z~ ~ n·B2. Therefore, minimizingthe objective function I(Zl,"" zn) 
over this ellipsoid in equivalent to its unconditional minimization. Since we al-
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ready know that unconditional minimization is NP-hard, we can thus conclude 
that ellipsoid computations are NP-hard. The theorem is proven. 

Proof of Theorem 23.2. Theorem 23.2 follows from the first part of The
orem 17.3 in the same way as the first part of Theorem 23.1 follows from 
Theorem 17.1. 

Proof of Theorem 23.10. This theorem is proven similarly to the second 
part of Theorem 23.1. 
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24 
NON-INTERVAL UNCERTAINTY 11: 

MULTI-INTERVALS AND THEIR 
GENERALIZATIONS 

The basic problem of interval computations is to find all possible values of 
Y = /(Xl, ... , xn ) when we only have partial information about Xi. 

Traditional interval computation techniques deal with the situation in which 
the set of all possible values of each variable Xi is an interval Xi = [~, Xi] (where 
~i is the smallest possible value of Xi and Xi is the largest possible value of Xi), 

and all possible combinations of these values are possible. In this case, the set 
of all possible values of i = (Xl,"" X n ) is a multi-dimensional interval (box) 
Xl x ... X Xn . 

In the previous chapter, we considered the situations in which for each vari
able Xi, its set of possible values is (still) an interval, but not all combinations 
of Xi are possible. In this case, all possible values of i form a subset of the box, 
e.g., an ellipsoid. 

In this chapter, we consider the case in which for some variables Xi, not all 
values [rom the interval [~, Xi] are possible. In this case, the set of all possible 
values of each variable Xi becomes disconnected: it is, e.g., a union of two or 
more intervals. Such a union is called a multi-interval. 

We describe why such multi-intervals appear in practical problems, and 
analyze the computational complexity and feasibility of multi-interval (and 
more general) computations. 

309 

rohn@cs.cas.cz



310 CHAPTER 24 

24.1. Not Only Intervals: Practical Motivation 

Why non-interval sets: a theoretical possibility. The basic problem of 
interval computations is to find all possible values of y = l(x1, ... , xn) when 
we only have partial information about Xi. 

In the previous chapters, we considered the situations in which for each variable 
Xi, this uncertainty is of interval type, i.e., in which the set Xi of possible values 
of Xi coincides with the interval Xi = ~,Xi], where ~ is the smallest possible 
value of Xi and Xi is the largest possible value of Xi. 

In practice, however, sometimes we know not only the bounds ~ and Xi on 
the possible values on Xi, but we also know that some values from the interval 
~, Xi] are impossible. In this case, the set Xi of all possible values of Xi is 
not an interval. Let us give a few examples of different possible origins of such 
situations. 

Origin 1: non-interval noise. (Misane et al. [285], Nguyen et al. [306]) 
In computer engineering, especially in computer design and testing, we must 
perform measurements (of current, voltage, etc.) inside the computer. For each 
such measurement, we know the upper bound ~ on the measurement error, i.e., 
we know that the measurement error ~x is guaranteed to belong to the interval 
[-~, ~]. In many measurements, this error is mainly caused by the influence 
of a nearby magnetic memory element, which can be in two possible states 
(corresponding to "0" and "1"). In this case, the error is either positive, or 
negative (depending on the state), but never 0; actually, the error can never 
be smaller than some value 6. Hence, the set X of possible values of the error 
is not an interval, but a union of two intervals: X = [-~, -6] U [6, ~]. Such a 
union of several intervals is also called a multi-interval. 

Origin 2: measuring x 2 (or a more complicated function) instead of 
directly measuring x. Another case of a non-interval uncertainty is when we 
do not exactly measure Xi directly. This may sound somewhat strange because 
the entire reason for measuring the quantities Xi is that we can measure these 
quantities directly, as opposed to the desired quantity y that we cannot easily 
directly measure. In reality, there is no inconsistency here: yes, we can measure 
Xi directly, but there are several degrees of directness. To measure an arbitrary 
quantity Xi, we must generate an electric signal that represents its value; such 
generation is done by a sensor. 
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For example, a photo-sensor generates the signal representing the light's 
intensity, an accelerometer generates a signal characterizing acceleration, 
etc. 

In some (rare) cases, the signal coming from the sensor is exactly equal (or 
exactly proportional) to the measured value, but most often, the signal s is only 
a junction of the measured value s = g(x;); so, to reconstruct the desired value 
Xi, we must re-scale the signal 8 (i.e., compute Xi = g-1(8)). For intelligent 
sensors and measuring instruments, this re-scaling is performed by a built-in 
microprocessor and is, thus, hidden from uso All we get is the signal that is 
exactly equal to the measured value. From this viewpoint, this is truly a direct 
mea8urement. However, such a re-scaling is only possible when the function 
g(x) is one-to-one. In some cases, this function is not one-to-one, and thus, one 
and the same value of the observed signal can correspond to several different 
values of the measured quantity. 

For example, in computer engineering, it is very difficult to measure cur
rents inside the chip, because the currents are very weak and traditional 
measurement techniques would change these very currents that we are 
trying to measure (and thus, disrupt the microprocessor). Therefore, it is 
desirable to measure each current Xi by measuring some quantity that is 
related to the current but that is, by itself, not electromagnetic (and thus, 
does not interfere with the workings of the chip). One such possibility is 
to measure the heat caused by the current. It is known that the power of 
this heat is proportional to the square of the current: 8 = x 2. Thus, e.g., 
if we have measured that the heat is 8 E [1,4], then the only information 
that we have about the current x is that either x is between 1 and 2, or 
that xis between -2 and -1; in other words, the set of all possible values 
of the current is a union [-2, -1] U [1,2] of two (disjoint ) intervals. 

We can re-formulate this example in slightly different terms: we can assurne 
that the current is the desired quantity y, and that the heat Xl is the directly 
measured quantity. Similarly to the more traditional interval computation set
ting, there is a relationship between the quantity that we directly measure (i.e., 
xt) and the quantity that we want to reconstruct (i.e., y), but in contrast to 
that setting, the value y is not uniquely determined by Xl: instead of anormal 
(one-valued) function y = j(xt}, we have a two-valued "function" y = ±y'Xl. 
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Origin 3: automatie eontrol (Buridan's ass). An important praetieal 
situation in whieh multi-intervals appear is automated control (see, e.g., Yen et 
al. [434, 435, 436] and Nguyen et al. [304]). If the analyzed system includes 
an optimally eontrolled part, then it is not neeessary to actually measure all 
the parameters of this part (whieh may be fastly moving and thus diffieult to 
measure): it is often suffieient to measure the same parameters as the system 
measures, and then use our knowledge of the system's objective function to 
aeeurately deseribe its behavior. 

For example, when aspaceship re-enters the Earth's atmosphere, its out
side temperature gets so high that it is extremely diffieult to measure any 
eharaeteristies. However, if we know its initial position and veloeity and 
we know exaetly the objective function that its trajeetory optimizes, then 
we ean predict the trajectory of the spaeeship with a reasonable aeeuraey, 
and meet it at the desired plaee. 

Due to measurement uneertainty, we ean only make approximate predietions. 
In most eases, this uncertainty ean be weIl deseribed by intervals, but in some 
eases, multi-intervals are a more adequate deseription. To avoid the eomplexity 
of a spaeeship example, let us illustrate this "non-intervalness" on a mueh 
simpler example of a car. 

If a ear, traveling on a lonely road, is approaehing an obstacle, then we can 
either turn to the left, or turn to the right. If the situation is absolutely 
symmetrie, then, from the viewpoint of any reasonable objective funetion, 
both turns are equally good. If we knew the preeise values of all the 
parameters, then we would be able to reeommend the optimal turn angle 
i.p > 0, so that turning i.p or -i.p degrees would lead to an optimal obstacle
avoiding trajectory. In this ease, the set of possible angle values consists of 
two points {-i.p, i.p}. In reality, due to inevitable uneertainty, we ean only 
deseribe the interval [i.p, ~] of possible values of this angle. Thus, the set of 
possible values of the -;;:ctual turn angle is a two-eomponent multi-interval 
[-~, -!e] U [!e, ~]. 

This situation formalizes the famous 14th eentury Buridan's ass example: when 
eonfronted between two equally aeeessible and equally attractive bales of hay, 
an ass must make an unpredietable ehoiee between the two. 
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Comment. In addition to the above examples, there are numerous other prac
tical applications of multi-intervals in data processing; see, e.g., the survey 
Dmitriev et al. [92] and references therein. 

Multi-intervals are diflicult to process. In spite of the practical impor
tance of computations with multi-intervals, the existing techniques of process
ing multi-intervals require lots of computation time. It is not accidental that 
several methods of time-saving parallelization have been developed for compu
tations with multi-intervals; see, e.g., Yakovlev [433], Shvetsov et al. [397], and 
[213]. 

It is important to analyze computational complexity and feasibility 
of computations with multi-intervals. Since the existing methods of pro
cessing multi-intervals require a lot of computation time, it is very important 
to analyze whether the excessive computation time is caused by the inefficiency 
of the existing algorithms or by the complexity of the problem itself. In other 
words, it is necessary to analyze the computational complexity and leasibility 01 
computations involving multi-intervals. 

24.2. Multi-Interval Computations: Defini
tions, Computational Complexity, and Feasibil
ity 

Definition 24.1. By a multi-interval X, we mean a finite union oE intervals. 
Jf all these intervals have rational endpoints, then this multi-interval is called 
rational. Unions oE two intervals will be called two-component multi-intervals. 

Comment. The basic problem of interval computations is to compute the range 
of a given function I( Xl, ... , X n ) when Xi run over given intervals Xi. When 
the function I(XI, ... , Xn ) is continuous, this range y is itself an interval, and 
therefore, to describe this range, it is sufficient to describe its lower and upper 
endpoints y and y. If Xi belong to multi-intervals, then the set Y of possible 
values of ii is not necessarily an interval: it is not an interval even for the 
simplest possible function I( Xl) = Xl· Therefore, it is not sufficient to describe 
the endpoints y and y of the range, we must also describe which numbers from 
the corresponding interval [y, Y] belong to the range and which numbers don't. 
In other words, we must be ~ble to check, for each rational number y, whether 
y E Y or not. Thus, we arrive at the following definition: 
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Definition 24.2. By the basic problem of multi-interval computations, we 
mean the following problem: 

arVEN: 

• a positive integer n; 

• a polynomial f(:C1, ... , :Cn ) with rational coeflicients; 

• n rational multi-intervals Xl, ... , X n ; 

• a rational number y. 

CHECK: whether there exist real numbers :Cl, ... ,:Cn for which: 

• :Ci E Xi for all i = 1, ... , n; and 

• y=/(:C1, ... ,:Cn ). 

Theorem 24.1. For linear Junctions I, the basic problem of multi-interval 
computations is NP-hard. 

Comments. 

• From the proof, we will see that this problem is NP-hard even for the 
simplest non-interval multi-intervals: namely, for two-component ones. 

• Since this problem is NP-hard even for linear functions J, it is therefore 
NP-hard for any more general dass of functions, e.g., for quadratic func
tions I. 

• Since interval computations are feasible for linear functions 1(:C1, ... , :cn ), 

this result shows that multi-interval computations are more compli
cated than interval computations. Thus, this result explains the above
mentioned empirical fact: that multi-intervals are more difficult to handle 
than intervals. 

Interval Multi-interval 
computations computations 

Linear 1 Linear time NP-hard 
Quadratic 1 NP-hard NP-hard 
Cubic 1 NP-hard NP-hard 
(and higher order) 
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Definition 24.3. 

• By a multi-interval vector, we mean a sequence (Xl, ... , X n ) oE multi
intervals. 

• By a multi-interval matrix, we mean a collection oE multi-intervals X ij , 

1 ~ i ~ n, 1 ~ j ~ m. 

• By a multi-interval linear system, we mean a tuple (m, n, A, B), where 
m and n are positive integers, A is a (m x n )-dimensional multi-interval 
matrix with elements Aij, and B is an m-dimensional multi-interval vector 
with components Bi. 

• We say that a vector (Xl, ... , xn ) is a possible solution oEthe linear system 
(m, n, A, B) iE Eor some values 

au E Au, a12 E A12 , ... , aln E A ln , ... , amI E AmI. ... , amn E Amn , 

bl E BI," .,bm E Bm , 

and Eor all i = 1, ... , m, we have 

n 

Laij . Xj = bio 
j=l 

• We say that a multi-intervallinear system is consistent iE it has a possible 
solution. 

Definition 24.4. By a problem oE c- approximately solving multi-intervallin
ear systems, we mean the following problem: 

GIVEN: 

• a multi-intervallinear system; 

• a positive rational number c > 0; and 

• a positive integer i ~ n; 

COMPUTE the rational numbers i; and i that are c-close to, corre
spondingly, the largest Xi and the smallest ~ values oE Xi Eor all possible 
solutions (Xl,"" Xi-I, Xi, Xi+1. ... , X n ) oEthe given linear system. 
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Theorem 24.2. Checking consistency 0/ multi-intervallinear systems is NP
hard. 

Theorem 24.3. For every c > 0, the problem 0/ c-approximately solving 
multi-intervallinear systems is NP-hard. 

Comments. 

• Both results remain true if we only allow two-component multi-intervals. 

• We will see from the proof that both problems remain NP-hard even if we 
require that either A is a numerical matrix, or that B is a numerical vec
tor. For interval computations, if the matrix A is numerical, the problem 
becomes feasible (namely, it becomes a particular case of linear program
ming). Thus, for solving linear systems, multi-interval computations are 
also harder than interval computations. 

Interval Multi-interval 
computations computations 

N umerical A ij , Polynomial time Polynomial time 
numerical Bi 
Numerical Aij, Polynomial time NP-hard 
non-numerical Bi 

Non-numerical A ij , NP-hard NP-hard 
numerical Bi 
Non-numerical A ij , NP-hard NP-hard 
non-numerical Bi 

24.3. The General Case of (Bounded) N on
Interval U ncertainty 

In this section, we will show that if we add at least one non-interval multi
interval set to the family of all intervals, then some reasonable interval com
putation problems that were previously computationally feasible become in
tractable. Thus, we will provide a justification for using only intervals. 

We know that the basic problem of interval computations is NP-hard for poly
nomials, i.e., for functions that can be obtained from variables Xi by addition, 
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subtraction, and multiplication. We also know that if we only allow addition 
and multiplication, then we get linear functions f( Xl, ... , Xn) for which the 
basic problem of interval computations is feasible. 

A natural question is: What other operations can be added to addition and 
subtraction that still keep this computation feasible? If, in addition to + 
and -, we allow feasible monotonie functions of one variable g(x) (i.e., func
tions whose values can be computed in polynomial time), we get function 
f(X1"'" Xn) = gl(X1) + ... + gn(Xn ). For such functions f(X1,"" Xn) and 
for intervals Xl, ... , Xn , we can compute Y = [1!., y] = f(X1 , •.• , Xn ) in poly
nomial time; namely, 1!. = E!; and y.= E ti, where: 

• L = gi(~) if gi(X) is increasing, and L = gi(Zi) if gi(X) is decreasing; 

• tj = gi(Zi) if gi(X) is increasing, and ti = gi(~) if gi(X) is decreasing. 

Thus, for such functions, the basic problem of interval computation is also 
feasible. 

We will prove that adding at least one non-interval (closed bounded) rational 
multi-interval S to the family of intervals makes this problem NP-hard, even for 
the functions gi(X) that are piecewise-linear functions with rational coefficients. 

Definition 24.5. Let S be a (closed bounded) rational multi-interval. We say 
that a set X is given if either we know that this set is a rational interval (and 
we are given its endpoints), or we know that X = S. By Ps, we denote the 
following general problem: 

GIVEN: 

• n feasible pieee-wise linear functions gl(X), ... , gn(x) with rational 
eoelfieients; 

• n given sets Xl, ... , Xn ; 

• a rational number y; 

CHECK whether y E Y, where 

Y = f(X1, .. . ,Xn ) = {/(X1, .. "Zn)IX1 E Xl, .. . ,Zn E Xn }, 

and f(Zl,"" Xn) = gl(Xt} + ... + gn(Xn ). 
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Theorem 24.4. (Nogueira et al. [308]) 

• If the set S is an interval, then the problem Ps is solvable in polynomial 
time. 

• If the set S is not an interval, then the problem Ps is NP-hard. 

Comment. So, if we add even a single non-interval multi-interval to the family 
of all intervals, then a natural problem which was originally feasible becomes 
NP-hard. This result provides one more motivation for using the interval family: 
because ifwe increase this family, we lose computability. It should be mentioned 
that there are several alternative justifications of using intervals, such as: 

• computational simplicity of interval computations Misane et al. [285, 286]; 

• invertibility of interval arithmetic as opposed to arithmetic operations with 
non-intervals Bouchon-Meunier et al. [52, 53], Kosheleva et al. [187]; 

• intervals naturally appear when the error is a result of several small causes 
[210], etc. 

24.3. Infinite Multi-Intervals: Computational 
Complexity and Feasibility 

In some cases, we get infinite intervals and multi-intervals: e.g., if we measure 
the quantity I/x; and it turns out that I/x; E [-1,1], then the possible values 
of x; form an infinite multi-interval (-00, -1] U [1,00). 

When the set of possible values of each variable Xi is an infinite interval or multi
interval X;, then the range f(X1, ... , Xn ) ofmostfunctions f(X1, ... , x n ) is also 
infinite (and usually, simply coincides with the entire realline). Thus, after the 
corresponding indirect "measurement", arbitrary large and/or arbitrarily small 
values of the indirectly measured quantity y = f( Xl, •.• , X n ) are still possible. 
From the practical viewpoint, this is not what we would call a measurement. 

More meaningful problems appear when we consider linear systems in which, 
in addition to interval uncertainty, we allow infinite multi-interval coefficients: 
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Definition 24.6. 

• By an infinite multi-interval X, we mean a set (-00, g] U [a, +00). 

• If both endpoints ~ and ä are rational, then this infinite multi-interval is 
called rational. 

Definition 24.7. 

• By a mixed interval and infinite multi-inierval vector (or simply a mixed 
vector, for shortY, we mean a sequence (Xl, ... , X n ), in which each Xi is 
either a rational interval or a rational infinite multi-interval. 

• By a mixed interval and infinite multi-interval matrix (or simply a mixed 
matrix, for shorty, we mean a collection Xij, in which each Xi; is either a 
rational interval or a rational infinite multi-interval. 

• By a mixed interval and infinite multi-interval linear system (or simply a 
mixed linear system, for shorty, we mean a tuple (m, n, A, B), where m 
and n are positive integers, A is a (m x n)-dimensional mixed matrix with 
elements Ai;, and B is an rn-dimensional mixed vector with components 
Bi· 

• We say that a vector (Xl, •.. , X n ) is a possible solution of the linear system 
(m,n,A,B) ifforsome values 

b1 E B1 , ... ,bm E Bm , 

and for all i = 1, ... , rn" we have 

n 

La;; . Xj = bio 
;=1 

• We say that a mixed linear system is consistent if it has a possible solution. 
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Definition 24.8. By a problem of c-approximately solving mixed linear sys~ 
tems, we mean the following problem: 

GNEN: 

• a mixed linear system; 

• a positive rational number c > 0; and 

• a positive integer i ~ n; 

COMPUTE the rational numbers i. and i that are c:-close to, corre
spondingly, the largest Xi and the smallest ~ values of Xi for all possible 
solutions (x!, ... , Xi-i, Xi, Xi+l, ... , xn ) of the given linear system. 

Theorem 24.5. Checking consistency 0/ mixed interval and infinite multi
interval linear systems is NP-hard. 

Theorem 24.6. For every c: > 0, the problem 0/ c:-approximately solving mixed 
interval and infinite multi-intervallinear systems is NP-hard. 

Comments. We will see from the proof that both problems remain NP-hard 
even if we require that either A is a numerical matrix, or that B is a numerical 
vector. For interval computations, if the matrix A is numerical, the problem 
becomes feasible (namely, it becomes a particular case of linear programming). 
Thus, for solving linear systems, mixed computations are also harder than 
interval computations. 

Interval Mixed interval 
computations and infinite 

multi-interval 
computations 

Numerical A ij , Polynomial time Polynomial time 
numerical Bi 

Numerical Aij, Polynomial time NP-hard 
non-numerical Bi 

Non-numerical Aij, NP-hard NP-hard 
numerical Bi 

Non-numerical Aij, NP-hard NP-hard 
non-numerical Bi 
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Proofs 

Proof of Theorem 24.1. To prove this result, we will reduce the PARTITION 
problem (known to be NP-hard) to this problem. In the PARTITION problem, 
we are given a sequence of integers SI, ... , Sn, and we must check whether there 
exist values Y1, ..• , Yn for which Yi E {-I, I} and SI . Y1 + ... + Sn . Yn = 
O. This is exactly a multi-interval computation problem for a linear function 
!(X1, ... , x n ) = SI . Xl + ... + Sn . X n , (two-component) multi-intervals Xi = 
[-1, -1] U [1, 1], and Y = O. Thus, the multi-interval computation problem is 
indeed NP-hard. The theorem is proven. 

Proof of Theorem 24.2. For non-numerical Aij and numerical Bi, NP
hardness was proven (in the corresponding chapter) even for the case of in
tervals. Thus, it is sufficient to prove NP-hardness for numerical A ij and 
non-numerical Bi. This can be proven by a reduction from PARTITION 
similar to the reduction we used in the previous theorem. N amely, for ev
ery sequence SI, .•. , Sn, we consider the following equations: Xl = b1 , with 
BI = [-1, -1] U [1,1], ... , X n = bn , with B n = [-1, -1] U [1,1], and 
SI . Xl + ... + Sn . X n = bn +!, where B n +1 = [0,0]. This multi-interval system is 
consistent if and only if the original PARTITION problem has a solution. Thus, 
checking consistency. of multi-linear systems is indeed NP-hard. The theorem 
lS proven. 

Proof of Theorem 24.3. For this result, we will also use reduction to 
PARTITION, but the system will be slightly different: for every instance 
(SI, ... , Sn), we will consider the following system of equations with n + 1 
unknowns x!, ... , X n +1: 

• Xi = bi , Bi = [-1, -1] U [1, 1], 1 :::; i:::; n + 1; 

• SI· Xl + ... + Sn . X n + Sn+1 . X n +1 = Sn+1, where we denoted Sn+1 

-0.5· (SI + ... + Sn). 

This system has a possible solution Xl = ... = X n = 1, X n +1 = -1, and is, 
therefore, consistent. The variable X n +1 has two possible values: -1 and 1. 
The value -1 is always possible, but the value xn+! = 1 is possible if and only 
if SI . Xl + ... + Sn . X n = 0 for some Xl E {-I, I}, ... , X n E {-I, I}, i.e., if and 
only this instance of the PARTITION problem is solvable. Thus, depending 
on whether this instance is solvable or not, we will get either Zn+! = 1 or 
Zn+! = -1. Therefore, if we are able to solve multi-interval linear systems 
with accuracy c < 1, we can check whether the actual value of Zn+! is -1 or 
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1, and hence, solve the given instance of PARTITION. Since PARTITION is 
known to be NP-hard, our problem is thus also NP-hard. 

For c > 1, we can consider the system Ax = 2c . B. Solving this system with 
accuracy c is equivalent to solving the system Ax = B with accuracy 0.5, and 
thus, to solving the given instance of PARTITION. The theorem is proven. 

Proof of Theorem 24.4. We have already shown that for a rational interval 
S, this problem is indeed solvable in polynomial time. Let us show that for all 
other rational multi-intervals S, this problem is NP-hard. 

10 • For this proof, we will need the following fact: If S is a bounded closed 
set and not an interval, then there exist real numbers g and a that themselves 
belong to S, but no intermediate value a E (g, a) belongs to S. 

Indeed, every set S is contained in the interval (possibly infinite) [inf S, sup 8]. 
Since S is bounded, the endpoints inf Sand sup S of this interval are finite. 
Since S is closed, both endpoints belong to S. Since S is not an interval, it 
cannot coincide with this interval, so there must exist a point a E (inf S, sup S) 
that does not belong to S. 

Now, we can take g = sup{s E Sis < a} and a = inf{s E Sis > a}. By 
definition of inf and sup, no point in between f! and a can belong to S. Since 
S is closed, both points g and a belong to S. The statement is proven. 

For a rational multi-interval, these points g and a are rational numbers. 

20 • Now, we are ready to prove NP-hardness of our problem by reducing 
PARTITION to it. Let SI, ..• , Sn be an instance of PARTITION. Then, we 
can design the following particular case of our problem Ps: 

• 

. 
• all sets Xi are equal to S,and 

• rational number y = o. 

if Xi ~ f! 
if f! < Xi < a 
if Xi 2:: a 

We will show that for this case, 0 E !(X1 , ..• , X n ) {::} the given instance of 
PARTITION has a solution. 
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=? Assurne that ° E I(X1,"" X n ). By definition of the set I(X1, ... , X n ), 

this means that there exists real numbers Zl E Xl,"" Zn E X n such that 
l(zl, ... , zn) = 0, i.e., 

(24.1). 

The numbers Zi a:re within the set S, and therefore, these numbers cannot 
belong to the interval (!!, ä') (due to our choice of !! and ä). Hence, Zi ::::; !! 
or Zi ~ er. For every i, let us take Yi = 1 if Zi ~ er, and Yi = -1 if Zi ::::; !!. 
By definition of the functions gi(Zi), we have gi(Zi) = Si for Zi ~ er and 
gi(Zi) = -si for Zi ::::;!!. Thus, in both cases, gi(Zi) = Si . Yi. Hence, from 
(24.1), we conclude that 

Sl . Y1 + ... + Sn' Yn = 0, (24.2) 

Le., that the given instance of PARTITION problem has a solution. 

<= Vice versa, if (24.2) has a solution, we can take Zi = er when Yi = 1, and 
Zi = !! when Yi = -1. Then, as before, gi(Zi) = Si . Yi, and therefore, (24.2) 
implies (24.1), Le., l(zl,"" zn) = 0, and ° E I(X1 , ••• ,Xn ). 

Reduction is proven, so OUf problem Ps is indeed NP-hard. The theorem is 
proven. 

Proof of Theorem 24.5. The proof is similar to the proof of Theorem 24.2, 
the only difference is that for each variable Zi, instead of a single equation 
Zi = bi with Bi = [-1, -1] U [1, 1], we have to consider two equations Zi = bP) 
with BP) = [-1,1] and Zi = b~2) with BJ2) = (-oo,-l]U[l,+oo). These two 
equations hold if and only if Zi E B~l) n B~2) = {-1, 1}. Thus, they are indeed 
equivalent to the original equation. The theorem is proven. 

Proof of Theorem 24.6. This theorem is proven by applying the same mod
ification that we used for the previous theorem to the proof of Theorem 24.3. 
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WHAT IF QUANTITIES ARE 

DISCRETE? 

25.1. Why Discrete Quantities? 

The basic problem of interval computations that we analyze in this book is to 
compute the accuracy of the results of data processing. To be more precise, 
we know an algorithm I(X1, ... , x n ) that is used in data processing and the 
intervals Xi of possible values of the input quantities Xl, ..• , X n , and we want 
to describe the set of all possible values of I(X1,"" Xn ) when Xi E Xi. 

In interval computations, it is customary to consider quantities Xl, ••• ,Xn that 
can, in principle, take arbitrary real values. For any such quantity Xi, ifthe only 
information we have ab out its value is that this 'value belongs to the interval 
[xi, xt], then each number from this interval can be a possible value of Xi. 

Therefore, the set of possible values of /(X1, ... , x n ) coincides with the range 

of the function 1 on intervals Xi. 

Our problem then is to describe this set Y. What does it mean to describe this 
set? It means, e.g., that for every number y, we must be able to tell whether 
y belongs to this set or not. For a continuous function I, the range Y is an 
interval; therefore, in order to describe this set Y, it is sufficient to describe 
its two endpoints y- , y+. If we know these endpoints, then in order to check 
whether a given number y belongs to the set Y = [y-" y+], it is sufficient to 
check two inequalities y 2:: y- and y ~ y+ . 

There are, however, some real-life situations where some quantities Xi cannot 
take all possible real numbers as their values: they can only take values that 
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are integer multiples of a certain value qi (called a quantum). In other words, 
possible values of Zi are ... , -nqi,· .. , -2qi, -qi, 0, qi, 2qi, ... , nqi, ... Typical 
examples of such quantities are eledric charge, spin (for which qi = 1/2), and 
many other characteristics of elementary particles, ions, atoms, etc. 

In such cases, ifwe know (from the measurements) the interval ofpossible values 
[zi, xtJ of such a quantity Zi, then only numbers that belong to this interval 
and that are integer multiples of qi are possible values of Zi. When the set of 
possible values Zi is discrete, the set Y of possible values of y = !(Zl,"" Zn) 
is not necessarily an interval. Therefore, to describe this set Y, it is no longer 
sufficient to describe its greatest lower bound infY and its least upper bound 
sup Y; we must also be able, for every rational number y, to check whether this 
number belongs to the set Y or not. (Similarly to the previous chapters, we 
restrict ourselves to rational numbers, because the existing computers usually 
represent only rational numbers. The following results will not change much if 
we use other computer-represented numbers.) 

25.2. Precise Formulation of the Basic Problem 
of Discrete Interval Computations 

Definition 25.1. By the basic problem o! discrete interval computations, we 
mean the following problem: 

GIVEN: 

• a positive integer n; 

• a polynomial !(Zl, ... , Zn); 

• n positive rational numbers ql, ... , qn; 

• n intervals Xi = [zi, zi], 1 ~ i ~ n, with rational endpoints xi and 
+ Zi . 

• a rational number y. 

CHECK: whether there exist real numbers Zl. ... , Zn {or which: 

• Zi E Xi {or al1 i = 1, ... , n; 

• the ratio Zi/qi is an integer {or all i = 1, ... , n; 

• y = !(Zl,'" .Zn). 
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25.3. Computational Complexity of Discrete In
terval Computations 

The natural question is: what is the computational complexity of this problem? 

Are discrete interval computations easier? At first glance, it may seem 
that this problem is easier than non-discrete interval computations. Intuitively, 
the complexity of a computational problem depends on the size of the area 
where a solution has to be found. This size describes the total number of 
objects that we need to analyze in order to find a solution; thus, the larger this 
size, the more complicated the problem. 

This intuition is generally true; e.g., the more variables a problem has, the 
more difficult it is to solve it. 

From this viewpoint, when we impose the additional condition that the ratio 
Xi/qi must be an integer, then we drastically decrease the size ofthe area where 
the solution can be found: from continuum to a finite set. Therefore, it may 
seem at first glance that the discrete problem is computationally easier than 
the continuous problem of interval computations. 

As we will soon see, this intuitive conclusion is false. The basic problem of 
discrete interval computations is computationally karder than its continuous 
analogue. 

Computational complexity of the basic problem of discrete interval 
computations. For (continuous) interval computations, the basic problem is 
already NP-hard for quadratic functions 

The major case when this problem can be solved in polynomial time is the case 
of linear functions l(xl, . .. , xn) = ao + atXt + ... + anxn. For this class, the 
basic problem of (continuous) interval computations is computable not only in 
polynomial time, but even in linear time. For discrete interval computations, 
the problem is much more difficult: 

Theorem 25.1. For linear functions I, tM basic problem 01 discrete interval 
computations is NP-kard. 
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Comment. Since this problem is NP-hard even for linear functions I, it is 
therefore NP-hard for any more general dass of functions, e.g., for quadratic 
functions I. 

Computational complexity of an auxiliary problem of discrete inter
val computations. If we allow infinite intervals, then for continuous interval 
computations, the basic problem of interval computations turns into a problem 
of unconstrained optimization. This problem is known to be NP-hard, but de
cidable in the sense that there exists an algorithm that given a problem, returns 
its solution (for example, we can apply Tarski-Seidenberg algorithm [408, 388]). 

It turns out that the discrete analogue ofthis problem is undecidable (i.e., does 
not allowany algorithm at all). 

To formulate this problem in precise mathematical terms, we take Definition 
25.1, and replace each interval [zi", ztl from that definition by an infinite in
terval (-00,00). Since the intervals are fixed, we do not need to describe them 
in the GIVEN part of the problem. Also, for such intervals, the condition 
Zi E (-00,00) is always satisfied, so, we do not need to consider it in the 
CHECK part of the problem. As a result, we arrive at the following definition: 

Definition 25.2. By the discrete analogue 01 the unconstrained optimization 
problem, we mean the following problem: 

GIVEN: 

• a positive integer n; 

• a polynomial I( Z1, ... , zn); 

• n positive rational numbers q1, ... , qn; 

• a rational number y. 

CHECK: whether there exist real numbers Z1, ... ,Zn for which: 

• the ratio Zi/qi is an integer for al1 i = 1, ... , n; 

• y = l(z1,'" .zn). 

Theorem 25.2. The discrete analogue 01 unconstrained optimization problem 
is undecidable. 
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(Continuous) Discrete 
Interval Computations Interval Computations 

Linear 1 Linear time NP-hard 
Quadratic 1 NP-hard NP-hard 
U nconstrained 
Optimization Decidable U ndecidable 

Proofs 

Proolol Theorem 25.1. To prove this result, we will reduce the PARTITION 
problem (known to be NP-hard) to this problem. In the PARTITION problem, 
we are given a sequence of integers Sl, ... , Sn, and we must check whether there 
exist values Y1, ... , Yn for which Yi E {-I, I} and Sl . Y1 + ... + Sn • Yn = 0. 
In this problem, each variable Yi can take only two possible values: -1 and 1. 
Instead of these variables Yi, we can consider new variables Zi = (Yi + 1)/2. 
When Yi E {-I, I}, then Zi E {O, I}. To describe the condition ESi . Yi = 0 
in terms of the new variables Zi, we will use the fact that Yi = 2Zi - 1; then, 
the desired condition takes the form 2 E Si . Zi - E Si = O. If we divide both 
sides ofthis equality by 2 and move the negative term to the other side of the 
equality, we get E Si . Zi = y, where Y = (1/2) . (Sl + ... + sn). Hence, the 
PARTITION problem is equivalent to the following problem: 

GNEN: 

• a positive integer nj 

• n non-negative integers Sl, ... , Sn j 

CHECK: whether there exist real numbers Zl, ... ,Zn for which: 

• Zi E {O, I} for all i = 1, ... ,n; 

• Y = Sl . Zl + ... + Sn· Zn, where Y = (1/2)· (Sl + ... + Sn). 

The only difference between this problem and the discrete interval problem for 
the linear function l(zl, ... , zn) is that the condition Zi E {O, I} is not in the 
desired form. But this condition can be easily represented in the desired form 
if we take zi = 0, zt = 1, and qi = 1: indeed, the only numbers from the 
interval [0,1] that are multiples of 1 are 0 and 1. 
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Thus, the PARTITION problem (which is known to be NP-hard) can indeed 
be reduced to a particular case of the basic problem of discrete interval com
putations for linear functions /; therefore, this basic problem is also NP-hard. 
The theorem is proven. 

Proof of Theorem 25.2. For ql = ... = qn = 1, the problem reduces to 
checking whether a given polynomial / has an integer solution. An equation in 
which we are looking for an integer solution is called Diophantine. It is known 
that there exists no algorithm for solving Diophantine equations (this result, 
originally proved by Matiyasevich [276] (see also [277, 86]), was a solution to 
the famous Hilbert's Tenth Problem [152]). Thus, the more general problem 
(discrete analogue of unconstrained optimization) is also undecidable. The 
theorem is proven. 
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ERROR ESTIMATION FOR 

INDIRECT MEASUREMENTS: 
INTER VAL COMPUTATION 

PROBLEM IS (SLIGHTLY) HARDER 
THAN A SIMILAR PROBABILISTIC 

COMPUTATIONAL PROBLEM 

One of main applications of interval computations is estimating errors of in
direct measurements. A quantity y is measured indirectly if we measure some 
quantities Xi related to y and then estimate y from the results Xi of these mea
surements as I(X1,"" xn ) by using a known relation I. Interval computations 
are used "to find the range 01 I(X1, ... , xn ) when Xi are known to belong to 
intervals Xi = [Xi - ~i, Xi + ~i]," where ~i are guaranteed accuracies of di
reet measurements. It is known that the corresponding problem is intractable 
(NP-hard) even for polynomial functions I. 
In some real-life situations, we know the probabilities of different value of Xi; 

usually, the errors Xi - Xi are independent Gaussian random variables with 0 
average and known standard deviations (Ti. For such situations, we can formu
late a similar probabilistic problem: "given (Ti, compute the standard deviation 
01 I( Xl, ... , xn)". It is reasonably easy to show that this problem is feasible for 
polynomial functions f. So, for polynomial f, this probabilistic computation 
problem is easier than the interval computation problem. 

It is not too much easier: Indeed, polynomials can be described as functions 
obtained from Xi by apf>lying addition, subtraction, and multiplication. A 
natural expansion is to add division, .thus getting rational functions. We prove 
that for rational functions, the probabilistic computational problem (described 
above) is NP-hard. 

The results of this chapter appear in Kosheleva et al. [186]. 
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26.1. Introduction 

Interval computations solve a real-life problem. We are interested in 
some properties of known objects. Some of these properties we can simply 
measure (Iike a body temperature). No computation is necessary here. Such 
measurements are never absolutely accurate. Therefore, the result x of measur
ing x can differ from the actual value of x. How large can an error dx = x - x 
be? Manufacturers of measuring instruments guarantee some accuracy d; this 
means that the error will never exceed d: Idxl ~ d. So, if our measurement 
result is x, then the possible values of x = x-dx form an interval [x-d, x+d]. 

Some quantities we can simply measure; but for many others quantities, it is 
either impossible or too costly to measure them directly. Such situations are 
very frequent. There is no ruler to measure the distance between us and a 
quasar, no scales to weigh the Earth or our Galaxy, no speedometer to measure 
directly the speed of elementary particles. 

Since we cannot simply measure, we need to compute such values. All these 
values are measured indirectly: we measure several other quantities Xl, ••• , xn 

that are related to the desired one y, and then we reconstruct the value of y from 
the results Xi of measuring Xi. In other words, we have an algorithm J that takes 
the values Xi and returns an estimate y = J(X1' ... , xn). This estimate is called 
a result 0/ indirect measurement. And here comes the problem: to estimate the 
error 0/ this estimate. For example, in case we know the accuracies di with 
which we measured Xi (i.e., if we know the intervals Xi = [Zi - di, Zi + di] of 
possible values of Xi), then we would like to know the interval of possible values 
of y. This is the basic problem of interval computation with which the entire 
field started: 

GNEN: 

• a function J : Rn --+ R; 

• n intervals X!, ... , X n . 

COMPUTE: 

the range 

What does "compute" mean? For a continuous function J, the de
sired range is an interval, so, to compute a range means to compute the 
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endpoints of this range interval, l.e., the values J!.. 
'fj = sup fU(Xl, ... , xn ). 

In the majority of the existing computers, only rational numbers are repre
sented. It is therefore natural to assurne that all the parameters in the definition 
of a function f are rational numbers: 

• if f is a polynomial function, then f is a polynomial with rational coeffi
cientsj 

• if f is a rational function, then it is a ratio of two polynomials with rational 
coefficients, 

etc. For such functions, however, the (desired) endpoints of the resulting in
terval are not necessarily rational numbers. So, when we say that we want to 
compute these endpoints, we mean that we want, given any accuracy c > 0, to 
be able to compute these endpoints with the given accuracy (i.e., to compute 
some numbers ~ and y that are c-close to the desired endpoints). 

If a function f is discontinuous for some Xi (e.g., ifit is a rational function), then 
the bounds y and 'fj may be infinite. In the majority of computers, there are 
upper bounds on the size of the numbers that can be represented. Therefore, 
to represent 00, we can use the largest possible computer-represented number 
M (and we can use -M to represent -00). In this situation, "to compute" 
each of the endpoints J!.. or 'fj me ans to be able, fot any given c > ° and M > 0, 
to find a value ~ (correspondingly, y) with the following properties: 

• if J!.. ~ M, then ~ ~ M - cj 

• if J!..:S: -M, then ~:s: -(M - c)j 

• if -M :s: J!..:S: M, then li - J!..I :s: c. 

Interval computations are intractable. The basic problem of interval com
putations (formulated above) is known to be intractable (NP-hard) even for 
quadratic functions f (see previous chapters). 

Probabilistic computational problem emerging' from error estima
tion for indirect measurements: informal description. In many real-life 
situations, manufacturers of the measuring instruments provide us with the 
probabilities of different values of the error ßXi = Xi - Xi. 
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The simplest (and the most frequent) ease is when the errors ~Zi are assumed 
to be independent Gaussian random variables (see, e.g., Rabinovieh [333]). 
To deseribe a Gaussian distribution, it is sufficient to deseribe the first two 
moments. The first moment (average) is usually assumed to be 0, beeause 
if for a given measurement instrument, the average is not 0, then we ean Te

cali6rate the measuring device to get rid of this s1lstematic error. In this case, 
the seeond moment is simply the square of the standard deviation. So, we ean 
assume that we know the standard deviation (Ti of eaeh measurement error AZi. 

The main fundamental motivation to use Gaussian distributions is that aeeord
ing to the eentral limit theorem, under reasonable assumptions, the distribu
tion of the sum of several (N) independent smaIl random variables tends to the 
Gaussian distribution as N --+ 00. Therefore, if we eliminate major error eom
ponents in the measurement error, the resulting error AZi will be eaused by the 
eumulative effeet of many independent small faetors, and henee, its distribution 
will be dose to Gaussian (see, e.g., Wadsworth [422]). 

If the errors ~Zi are independent Gaussian distributed random variables, 
then, for every box B = [al, 61] x ... x [an, bn] ~ Rn, the prob ability that 
(Az lo •.. , ~Zn) E Bispositive (this prob ability is positive for an1l random 
variable with unbounded joint density function). Therefore, in this Gaussian 
(probabilistie) ease, for unbounded functions J, no guaranteed bounds for y are 
possible. 

Instead, we would like to eompute the probabilistie eharaeteristies of the re
sulting random error 

The two simplest eharaeteristies (the ones most widely used in engineering 
measurements; see Rabinovieh [333]) are the first and the seeond moments, 
i.e., equivalently, the average E(Ay) and the standard deviation (T(Ay). 

As a result, we arrive at the following problem: 
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Definition 26.1. By a (E, u)-probabilistic computational problem emerging 
Irom error estimation lor indirect measurement (ar simply (E, u)-probabilistic 
computational problem, for short), we mean the following computational prob
lem: 

GIVEN: 

• a function 1 : Rn -+ R; 

• n real numbers Xl, ... , Xn; 

• n non-negative real numbers U1, ... , Uno 

COMPUTE: 

the average value E(lly) and the standard deviation u(lly) of Ily = 
I(X1 -Ilx!, ... , xn -Ilxn)-I(X1, ... , Xn), where IlXi are independent 
random variables with Gaussian distribution, 0 average, and standard 
deviations Ui. 

How complicated is the (E, u)-probabilistic computational problem? 
For a linear function I(X1, ... , Xn) = ao + a1X1 + ... + anxn , both the interval 
and the (E, u)-probabilistic computational problems can be explicitly solved: 

• For an interval computation problem, the resulting interval for y is y = 
LV - Il, y + Il], where 

• For a similar (E, u)-probabilistic computational problem, the desired 
standard deviation u(lly) is equal to 

u(lly) = Ja~u~ + ... + a;u;. 

To compute Il, we need n multiplications (ladIli, 1 ~ i ~ n) and n - 1 addi
tions. To compute u2(lly), we need 3n multiplications (ai ·ai ·Ui ·Ui, 1 ~ i ~ n). 
So, even ifwe discount the square root and the additions, the formulafor u(lly) 
requires more computation steps than the formulafor Il. Based on this simplest 
case, it may seem that our (E, u)-probabilistic computational problem is more 
complicated than the corresponding intervaJ computation problem. So, the 
natural question is: is this really so? In p articul ar , is the (E, u)-probabilistic 
computational problem (formulated above) intractable for polynomial functions 
I? And if it is not intractable, what if we enlarge the class of functions? These 
questions are answered in this chapter. 

rohn@cs.cas.cz



336 CHAPTE:R 26 

26.2. Main Results 

Proposition 26.1. There exists a polynomial-time algorithm that solves the 
(E, u)-probabilistic computational problem (emerging from error estimation for 
indirect measurements) for polynomial functions f. 

Comment. In other words, for polynomialfunctions J, the (E, u)-probabilistic 
computational problem described above is feasible. So, the interval com
putation problem emerging from error estimation for indireet measurements 
is harder than a similar (E, u)-probabilistic computational problem. How 
harder? Le., what operations can we add to polynomials and still retain feasi
bility of the (E, u)-probabilistic computational problem? 

Our informal answer to this question is: probably, none, because when we add 
the simplest possible operation, feasibility is lost. 

The precise result can be formulated as folIows: Polynomials can be described 
as functions obtained from Xi by applying addition, subtraction, and multipli
cation. A natural expansion is to add division, thus getting rational functions. 
Our second result is that already for rational functions, the (E, u)-probabilistic 
computational problem is NP-hard. 

Theorem 26.1. For rational functions J, the (E, u)-probabilistic computa
tional problem (emerging from error estimation for indirect measurements) is 
intractable (NP-hard). 

The results of this chapter can be represented as a table: 

J(Xl,""Xn ) I Interval (E, u)-Probabilistic 
computations computations 

Linear J Linear time Linear time 
(slightly faster) (slightly slower) 

Quadratic f NP-hard Polynomial time 
Polynomial f NP-hard Polynomial time 
Rational f NP-hard NP-hard 
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26.3. Open Problem: How Complicated Is It 
to Compute Other Probabilistic Characteristics 
of Indirect Measurements (In Part icular , Con
fidence Intervals )? 

It is desirable to compute other characteristics. The first two moments 
do not deseribe the prob ability distribution eompletely. Therefore, to deseribe 
the distribution of 6.y, we must also deseribe other probabilistie eharaeteristies 
of 6.y. 

In partieular, sinee in general, no guaranteed bounds for y are possible, it is 
natural to looks for an interval that eontains y with a eertain probability Po 
(dose to 1), i.e., for a confidence intervalfor l(zl, ... , zn). 

For confidence intervals, traditionaI engineering methods do not give 
guaranteed estimates. In traditional engineering praetiee (see, e.g., Rabi
novieh [333]), eonfidenee intervals for the result y of indireet measurement are 
estimated from the average E(6.y) and the standard deviation u(6.y) on the 
assumption that the distribution of y is Gaussian (for Gaussian distribution, 
simple formulas are known for eomputing eonfidenee intervals). 

The actual probability distribution for 6.y may be dose to Gaussian, but for 
non-linear functions I, it is (in general) not exaetly Gaussian. Therefore, these 
engineering estimates are only approximately true, and they do not guarantee 
that y belongs to the eonstrueted interval with the desired prob ability Po. 

Chebyshev's inequaIities give a guaranteed but too wide enclosure 
for the confidence interval. To get guaranteed bounds, eommonly, the weH 
known Chebyshev's theorem is usedj this theorem states that for any random 
variable 6.y, and for any positive real number k, the inequality 

E(6.y) - k . u(6.y) ~. 6.y ~ E(6.y) - k . u(6.y) 

is true with prob ability ~ 1 - 1/ k 2 • 

Chebyshev's inequality leads to a guaranteed interval, but for the typical ease 
when the distribution of 6.y is dose to the Gaussian distribution, the resulting 
interval is often too wide (Le., mueh wider than the smallest p08sible interval 
in which the measurement error 6.y is loeated with a given probability). In 
other words, the interval that sterns from the Chebyshev's inequality only gives 
a erude enclosure for the desired eonfidenee interval. 
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It is desirable to compute the confidence interval exactly. Open 
problem. We, therefore, arrive at the following problem of estimating the 
confidence interval exactly: 

GIVEN: 

• a lunction 1 : Rn -+ Ri 

• n real numbers Z1, ... , zni 

• n non-negative real numbers ITI, ... , ITni 

• a rational number Po from the open interval (0, 1). 

COMPUTE: 

an interval y lor which: 

• the probability that y = I(Z1 - ~X1, ••• , in - ~xn) E Y is ~ 
Po, where ~Xi are independent random variables with Gaussian 
distribution, 0 average, and standard deviations lTi i and 

• no proper subinterval y' C Y has this property. 

Whether thia probabilistic problem ia feasible or not for polynomial and/or for 
rational functiona 1 ia an interesting open problem. 

Proofs 

Proof of Proposition 26.1. Let 1 be a polynomial, i.e., 

Then, 
~y = I(i l - ~XI, .. ·, Zn - ~xn) - I(i l , ... , zn) 

ia also a polynomial. Our goal is to find E[~y] and IT[~Y]. 

By definition, lT[a] = y'E[(a - E(a))2]. SO, IT[~Y] = y'E[(~y - E(~y))2]. 
Since ~y ia a polynomial, the expression (~y - E(~y))2 ia also a polynomial 
(E(~y) ia a constant). Therefore, if we can prove that computing E[P] for an 
arbitrary polynomial P ia feasible, then, as a result, we will be able to conelude 
that computing IT[P] ia feasible as weIl. 
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So, it is suffieient to show how to eompute E[P] for an arbitrary polynomial 

P(Llxl, ... ,Llxn ) = Eail, ... ,i"Llx1il ... Llxn i". 

Sinee mathematieal expeetation E[a] is a linear operator, we eonclude that 

E[P] = E[Eail>".,i"Llx1il ... Llxn i,,] = Eail>.",i"E[Llx1il ... Llxn i,,]. 

Due to our assumption that the random variables Llxi are independent, we 
have E[Llx1i1 ... Llxn i,,] = E[Llx1i1] ..... E[Llxn i"]. Therefore, 

E[P] = E ai1,,,.,i,,E[Llx/1 ] ••••• E[Llxn i ,,]. 

So, to eompute E[P], it is suffieient to be able to eompute the values E[Llx/]. 

We know that Llxi is distributed aeeording to Gaussian distribution, i.e., with 
density 

1 (x2
) pi(X) = rn= exp --2 2 • 

V 211'0'i 0'. 
In terms of p, 

E[(Llxd'] = 1: Xkpi(X)dx. 

After we substitute the expression for Pi into this integral, we will get 

For odd k, we have an integral of an odd function over asymmetrie interval, i.e., 
O. For even k = 2m, we have an integral of an even function over asymmetrie 
interval (-00,00). This integral ean be eomputed as two times the integral 
over [0,00), and this integral is known (see, e.g., Beyer [43], formula 666): 

100 2m ( 2)d _ 1·3·5· .... (2m - 1) If 
x exp -ax x - 2 +1 -. o m am a 

We multiply this integral by 2, so we will get 2m instead of 2m+1 in the de
nominator. Here, a = 1/(20'i)2, so 

1 = (20'l)my'2. O'i = 2mO'~m+1y'2 = 0'?m+1y'2. 
2m am Vli 2m 2m , 

Henee, 
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Cancelling equal terms in the numerator and the denominator, we arrive at the 
formula 

E[(~xi)2m] = 1 ·3·5· .... (2m - 1) . o}m. 

This is an easily computable expression: it consists of the elementary computa
tional steps (multiplications) whose total number is linear in m, and, therefore, 
limited by a linear function of the length of the description of a polynomial. 
The total number of such terms is also bounded by the totallength of the de
scription of a polynomial. Therefore, we can conclude that computing E[P] is 
feasible (computable in quadratic time). Proposition is proven. 

Proof of Theorem 26.1. To prove the theorem, we will reduce satisfiability 
problem for 3-CNF formulas to our problem. Let us assign to every 3-CNF for
mula F = D l & ... &Dm with n Boolean variables Zl, ... ,Zn (and disjunctions 
Dj ofthe type avb or aVbVc, where a, b, c are variables or their negations), a 
rational function !( Xl, ... , Xn ) of n real variables Xl, ... , Xn . This assignment 
will be done in several steps: 

• First, to every Boolean variable Zi, we put into correspondence an expres
sion C[Zi] = x~ (C stands for "correspondence"). 

• To every negative literal""zi, we assign an expression C[""Zi] = (1- Xi)2. 

• To every disjunction D = a V b, we assign an expression 

C[D] = C(a) . C(b). 

• To every disjunction D = a V b V c, we assign an expression 

C[D] = C(a) . C(b) . C(c). 

• To the formula F = Dl & ... &Dm , we assign an expression 

C[F] = C(Dt} + ... + C(Dm ). 

• Finally, we take ! = (C[F]) -P, where p is an arbitrary integer that is 
greater than n/2. 

We take Xl = ... = xn = 0.5, and 0"1 = ... = O"n = 0.5. 

For this function !(Xl, ... , Xn), we are interested in computing E[~y], where 

~y = !(Xl - ~Xl, ... , xn - ~xn) - !(Xl, ... , xn ), 
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and AZi are independent Gaussian random variables with 0 average and stan
dard deviation (Ti. 

We will prove the following two statements: 

(a) 11 a lormula F is not satisfiable, then 0 $ IE[AyJI $ 64P. 

(b) 11 a lormula F is satisfiable, then E[Ay] = 00. 

So, if there exists an algorithm U that solves the (E, (T)-probabilistic com
putational problem for rational functions I, then for every 3-CNF formula 
F, by applying U to the above rational function I, we will be able to check 
whether F is satisfiable or not. Since this checking is known to be NP-hard, 
(E, (T)-probabilistic computational problem for rational functions fis also NP
hard. 

To complete our proof, we must prove statements (a) and (b). 

Proof of (a). 

1. First, we will prove that if Fisnot satisfiable, then C[F] ~ 1/64 for all 
values of Zi. This statement is equivalent to the following one: "if the infimum 
inf C[F] of C[F] over all Zl, ... , Zn is smaller than 1/64, then a formula F is 
satisfiable". Let us prove it. 

Since the infimum of C[ F] is smaller than 1/64, there exist values Zl, ... , Zn, 

for which C[F](Zl, ... , Zn) < 1/64. Let us take the following Boolean vector: 
for every i, 

• Zi ="true" if Zi < 1/2, and 

• Zi ="false" otherwise. 

We will show that these Boolean values satisfy the formula F. Since F = 
D1 & ... &Dm , it is sufficient to prove that all disjunctions Dj are satisfied by 
these Boolean variables Zi. Indeed, since C[F] = C[Dl ] + ... + C[Dn ] < 1/64, 
and C[Dj] ~ 0, we can conclude that for all j, C[D;] < 1/64. 

Let us now show that for every disjunction Dj, at least for one of its literals 
a, we have C[a] < 1/4. The proof will slightly differ depending on how many 
literals are there in this disjunction: 
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• If Dj = a, then C[a] = C[Di] < 1/64< 1/4. 

• If Dj = aVb, then C[Di] = C[a]·C[b] < 1/64. Therefore, either C[a] < 1/4, 
or C[b] < 1/4, because otherwise, from C[a] ~ 1/4 and C[b] ~ 1/4, we 
would conclude that C[a] . C[b] ~ 1/16 > 1/64. 

• If Dj = a V b V c, then C[Di] = C[a] . C[b] . C[c] < 1/64. Therefore, 
either C[a] < 1/4, or C[b] < 1/4, or C[c] < 1/4, because otherwise, from 
C[a] ~ 1/4, C[b] ~ 1/4, and C[c] ~ 1/4, we would conclude that C[a] . 
C[b] ~ C[c] ~ 1/64. 

Now, to prove that Dj is satisfied, we must consider two possible cases: 

• a = Zä. In this case, C[a] = C[Zä] = z~, so, from C[a] < 1/4, we con
clude that Zi < 1/2. Therefore, Zi is "true", so a is true, and the entire 
disjunction Dj = a V ... is satisfied. 

• a = -'Zi. In this case, C[a] = (1 - Zi)2 < 1/4 hence, 1 - Zi < 1/2 and 
so Zi > 1/2. Therefore, Zi is ''false'' , a = -'Zi is "true", and the entire 
disjunction Dj = a V ... is satisfied. 

In all cases, all disjunctions Dj are satisfied and therefore, F is also satisfied. 
So, we have proved that if the infimum inf C[F] of C[F] over all Zb ... ,Zn is 
smaller than 1/64, then a formula Fis satisfiable. 

2. Now, we can complete the proof of the statement (a). Indeed, if a formula F 
is not satisfiable, then, aB we have proved in Part 1. ofthis proof, C[F] ~ 1/64. 
Therefore, 1= (C[F])-P ~ (1/64)-P = 64P. On the other hand, I is a positive 
function, so 0 ~ l(zl," ., zn) ~ 64P for all possible values Z1. ... , Zn. 

By definition, E[dY] = E[y] - ii, where ii = I(zl, ... , zn), and 

y = I(zl - dZI,"" Zn - dzn ). 

From the inequality 0 ~ I ~ 64P, we can conclude that 0 ~ ii ~ 64, and that 
o ~ E[y] ~ 64P. If two numbers belong to an interval [0, t], then the largest 
possible difference between them is t. Therefore, IE[dY] I = IE[y] - iil ~ 64P. 
Statement (a) is proved. 

Proof of (b). 

1. Let us first do some preliminary simplification. Suppose that a formula F 
is satisfiable. This means that it has a Boolean vector that satisfies it. Let us 
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fix one of these Boolean vectors Zl, ... , Zn. To simplify further computations, 
we will rename the variables: 

• if Zi is true, then we take ti = Zi; 

• if Zi is false, then we take ti = -'Zi. 

After this renaming, we get a new formula G = Di & ... &D:n with new Boolean 
variables t 1, ... , t n that is satisfied by the values t1 = ... = t n = "true" . 

We can apply our procedure G to this new formula G, and get a polynomial 
G[G] of n variables Ul, ... , Uno The relationship between G[G]( U1, ... , un) and 
G[F](Xl' ... , Xn) is easy to trace: if we take 

• Ui = Xi if Zi is true, and 

• Ui = 1 - Xi if Zi is false, 

then G[G](ut, ... ,un) = G[F](xt, ... ,xn). 

Because of our choice of Xi, in terms of new variables, we will have either 
Ui = 0.5, or Ui = 1 - Xi = 1 - 0.5 = 0.5, i.e., Ui = 0.5 for all i. Therefore, 
the (E, u)-probabilistic computational problem for f = G[F]-P, Xi = 0.5 and 
Ui = 0.5, is equivalent to the (E, u)-probabilistic computational problem for 
9 = G[G]-P, with Ui = 0.5, and Ui = 0.5. 

2. To prove statement (a), we estimated G[Dj] by a constant. To prove (b), 
we will need a better estimate. We will get such an estimate only for the case 
when IUil ~ 1 for all i. In this case: 

• for every positive literal a = ti, G[a] = u~ ~ 1; 

• and for every negative literal a = -,ti, G[a] = (1- Ui)2. Since IUil ~ 1, we 
can conclude that 11- uil ~ 1 + IUil ~ 2, and G[a] ~ 4. 

In both cases, G[a] ~ 4. 

Let Dj be an arbitrary disjunction from G. Since G is satisfied by the values 
tl = ... = tn = "true" , we can conclude that Dj is also satisfied by these 
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Boolean values and therefore, one of its liter als is positive. Without losing 
generality, we can denote this literal by a = ti. For this literal, e[a] = ul ~ S, 
where we denoted 

Depending on the number of liter als in Dj, we have three cases: 

• Dj = a. In this case, e[Dj] = e[a] ~ S. 

• Dj = a V b. In this case, e[Dj] = e[a]· erb]. Since e[a] ~ S, and erb] ~ 4, 
we conclude that e[Dj] ~ 4S. 

• Dj = a V b V e. In this case, e[Dj] = e[a] . erb] . e[e]. Since e[a] ~ S, 
C[b] ~ 4, and e[e] ~ 4, we conclude that e[Dj] ~ 16S. 

In all three cases, we have e[Dj] ~ 16S. 

Adding the inequalities for aB disjunctions, we conclude that C[G] = C[DU + 
· .. + e[D:"] ~ 16mS. Therefore, when IUj I ~ 1, we have e[G] ~ 16mS. In 
particular, this inequality is true when S ~ 1, because then, for every j, 

n 

uJ ~ L: u~ = S ~ 1, 
.=1 

and hence, IUil ~ 1. So, when S ~ 1, we have e[G] ~ 16mS. In this case, 
the function 9 = e[G]-p to which we apply (E, O")-probabilistic computational 
problem, satisfies the inequality 9 = e[G]-p ~ (16m)-PS-p. 

We want to compute E[~y], where 

and ~Ui are Gaussian independent variables with average 0 and standard de
viation 0";. Therefore, E[~y] = E[y] - fj, where we denoted 

and fj = g(Ul, ... , un ). Since fj is a finite number, in order to prove that 
E[~y] = 00, we must prove that E[y] = 00. By definition, 

E[y] = 1 ... 1 p(ul' ... 'un)·g(Ul, ... 'un)dul ... dun' 
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where the integral is taken over the entire n-dimensional space, and 

n 

p( U1, ... , un ) = II Pi( u;), 
i=l 

where 
1 ( (u, - 0.5)2) 

Pi( u;) =.J2ir exp - 2 2 ' 
1f. Ui Ui 

and P is the prob ability density. Since g is non-negative, we can conclude that 

E[y] = J ... J P(Ul' ... ' u n )· g(U1' ... ' Un )dU1 .. . dUn ~ /t, 
where we denoted 

/t = J···L P(U1' ... ' un) . g(U1, ... , Un )dU1 ... dun , 

and B is the set of all values (U1, .. , un) for which S $ 1. So, to prove that 
E[ßy] = 00, it is sufficient to prove that /t = 00. 

To prove that, let us estimate p. We have chosen Ui = 0.5, so 2u1 = 0.5, 
1/(2ul) = 2, and l/(V'ii.ui) = 2/(V'ii) = y'2/1f. For (U1,.",Un) E B, 
we have IUil $ 1, therefore, we have IUi - 0.51 $ IUil + 0.5 $ 1 + 0.5 = 1.5, 
(Ui - 0.5)2 $ 2.25, and 

(Ui ;u~·5)2 = 2(y _ 0.5)2 $ 4.5 . 
• 

Therefore, 

( 
(Ui - 0.5)2) 

exp 2u1 ~ exp( -4.5), 

and 
1 ( (Ui - 0.5)2) ff Pi( Ui) = Re. exp - 2 2 ~ - exp( -4.5) > O. 

v21f· U, U, 1f 

If we denote ff exp( -4.5) 

by Po, we can describe the resulting inequality as Pi(Ui) ~ Po > O. Hence, the 
function P that is the product of m such terms, is bounded from below by a 
positive number per. Therefore, 
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pr;'. j···Lg(ut. ... ,Un)dU1 ... dun. 

So, to prove that 11 is infinite, it is suffieient to prove that the integral 

12 = j···Lg(U1, ... ,Un)dU1 ... dUn 

is infinite. 

For (U1,"" un) E B, we have g(U1,"" un) 2: (16m)-P S-p. Therefore, 

12 = j···L g(U1,'" ,Un)dU1" . dUn 2: (16m)-P 13 , 

where we denoted 

13 = j ... L S-PdU1 ... dun. 

So, to prove that 12 is infinite, it is sufficient to prove that the integral 13 
is infinite. But this integral ean be easily expressed in spherieal coordinates 
(r, (h, O2, .. . On-1), where r = Ju~ + ... + U~ and Oi are angles such that 

U1 = r . eos(OI), 

U2 = r . sin(OI) . eos(02), 

Ui = r . ain(fh) ..... ain(Oi-t) . eos(Oi), 

Un-1 = r . Sin(01) ..... sin(On_2) eos(On_1), 

Un = r . sin(fh) ..... ain(On_2) . sin(On_1)' 

Indeed, the area B is spherieally symmetrie (it is aetually the ball of 
radius I), the integrand is symmetrie because S = r2, du! .. . dUn = 
A(Ot. ... , On)rn- 1drd01· ... · dOn- 1 for some expression A(01," .On). So, when 
we integrate over 01 , ••• , On, the integral takes the form 

11 rn-1dr 11 
13 = const . 2 = const . r-2p+n- 1dr = 

o r P 0 

( r-2p+n ) ( r-2p+n ) 
-2p+ n Ir=1 - -2p+ n Ir=o' 

Since we have chosen p > n/2, this expression ia infinite (for r = 0), so 13 = 00, 

and hence, 12 = 00, 11 = 00, E[y] = 00, and E[.6y] = 00. The statement (b) is 
proved, and so is the theorem. 
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A 
IN CASE OF INTER VAL (OR MORE 

GENERAL) UNCERTAINTY, NO 
ALGORITHM CAN CHOOSE THE 

SIMPLEST REPRESENTATIVE 

Wben we only know the interval of possible values of a certain quantity (or 
a more general set of possible values), it is desirable to characterize this in
terval by supplying the user with the "simplest" element from this interval, 
and by characterizing how different from this value we can get. For example, 
if, for some unknown physical quantity z, measurements result in the interval 
[1.95,2.1] ofpossible values, then, most probably, the physicist will publish this 
result as y ~ 2. Similarly, a natural representation of the measurement result 
z E [3.141592,3.141593] is z ~ 1r. 

In this appendix, we show that the problem of choosing the simplest element 
from a given interval (or from a given set) is, in general, not algorithmically 
solvable. 

The results presented in this appendix Jirst appeared in Heindl et al. [144J. 

A.l. In Case of Interval (or More General Set) 
Uncertainty, a User Would Like to Have a Rep
resentative Value from This Interval (Set) 

The value of a physical quantity y is usually obtained either by a direct mea
surement, or by an indirect measurement, i.e., by processing the results of some 
related measurements Zl, ... , Zn. Since measurements are normally not 100% 
precise, their results may differ from the actual values of the measured quanti
ties. As a result, after the measurement (direct or indirect), we do not get the 
exact value of the desired quantity, we only get a set Y of its possible values. 

347 
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In many cases, this set Y is an interval, but more complicated sets are also 
possible: e.g., if we know that y2 = Xl, and that Xl E [1,4], then the set of 
possible values of y is the union of two intervals [-2, -1] U [1,2]. 

For each set, it would be very convenient for the users of this information, if 
we could select a representative element of this set and describe the possible 
deviations from this value. 

For example, ifthe set ofpossible values is the interval [3,5], it is natural to take 
the midpoint of this interval (i.e., the number 4) as the desired representative, 
and describe the possible positive and negative deviations from 4 as 4~~. 

For more complicated intervals, amidpoint may not be the best choice. For 
example, for an interval [1.95, 2.1], the natural representative is 2, so the natural 
representation ofthis interval is 2~g:~5' By a "natural representation" we mean 
that if, say, a physicist tries to measure an unknown quantity y, and as a result 
of the measurement, he gets the interval [1.95,2.1] of possible values, then, 
most probably, he will publish this result as y ~ 2. The reason for choosing 2 
is that the hypothesis y = 2 seems to be the simplest possible hypothesis, i.e., 
2 seems to be the simplest possible number from this interval. 

This "simplest" number is not always an integer or a rational number: e.g., for 
an interval [3.141592,3.141593], the natural representative is, most likely, 1r. 

The natural question is: is it possible to design an algorithm that would, given 
a set of real numbers, choose its simplest element? 

A.2. How to Formalize "The Simplest"? 

To answer this question, we must first define what "simple" means. Intuitively, 
a number is simple if it is easy to describe; in other words, a number is simple 
if the length of its description is sm all. It is natural to use this intuitive idea 
to give a precise definition. 

Traditionally, foundations of mathematics are based on set theory. So, in prin
ciple, we can fix some standard version of set theory (e.g., Zermelo-Fraenkel 
theory ZF), and consider definitions within this theory. Such a formalization 
would have made the definitions (and maybe proofs) slightly shorter. However, 
these shorter-to-prove results will only apply to ZF. What is we use another 
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version of set theory? What if we use alternative foundations of mathemat
ics (e.g., based on categories instead of sets)? We will see that our results do 
not depend on which version of set theory we choose, and do not even depend 
on whether we use set theory or any other formalization of mathematics. To 
convey this generality, we will formulate our results in the most general form. 

We want to be able to have variables that run over real numbers (i.e., whose 
possible values are real numbers), variables that run over integers, and maybe 
some other types of variables (e.g., variables that run over intervals, and/or 
variables that run over arbitrary sets). So, the natural language to use is 
multi-sorted first order logic. For the convenience of the readers who may not 
be weH familiar with this notion, let us give sketchy definitions here; readers 
who are interested in technical details can look, e.g., in Barwise [19], Enderton 
[101], and Schoenfield [380]. 

Definition A.1. 

• Let a finite set A be fixed. This set will be called an alphabet, and elements 
of this set will be called symbols. We assume that this set does not contain 
symbols (, ), &, V, ..." -+, TI, 3, and symbols with subscripts. 

• Bya multi-sorted first order language, we mean the tuple L = (S, 'P, :F, ar), 
where 

- S, 'P, and:F are subsets ofthe set A that have no common elements 
(i.e., Sn 'P = Sn:F = 'P n:F = 0); 

* elements of the set S will be called sorts; 
* elements of the set 'P will be called predicate symbols; 
* elements of the set :F will be called function symbols. 

- ar is a function that transforms every element from the set 'P U :F 
into a non-empty finite sequence of sorts (i.e., of elements of S). 

- for every predicate symbol P E 'P, the number of elements in a se
quence ar(P) is called the arity ofthis predicate; ifthis number is 1, 
the predicate is called unary; if it is 2, the predicate is called binary, 
etc.; 

- for every function symbol f E F, its arity is defined as the number 
of elements in ar(f) minus 1; the last symbol is the sequence ar(f) 
is called its output type; O-ary functions are called constants of this 
output type. 
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• Let 8 E S be a sort. By a variable 0180rt 8, we mean an expression of the 
type z~, where n is a natural number. 

• The notion of the term and its type is defined as follows: 

- every variable z~ is a term of type 8; 

- iftl, ... , tm are terms of types 81, ... , 8m, and if 1 E :F is a function 
symbol for whom ar(f) = 81 .. . 8m8, then the expression I(t l , •.. ,tm) 
is a term of type 8. 

• The notion of an elementary lormula is defined as follows: Ift1, ... , tm are 
terms of types 81, ... , 8m, and PEP is a predicate for which ar( P) = 
81 .. . 8m, then P(tl, ... , tm) is an elementary formula. 

• The notion of a lormula is defined as follows: 

- Every elementary formula is a formula. 

- If Fand Gare formulas, then the expressions (F), F&G, FVG, -.F, 
and F -+ G are formulas. 

- If F is a formula and v is a variable, then expressions VvF and 3vF 
are formulas. 

In a standard manner, we ean now define closed formulas, formulas with one 
free variable, ete. 

Comment. In the following text, we will consider languages in whieh the list of 
sorts S eontains two symbols: ''integer'' and "real" , and whieh eontain standard 
arithmetie predieates and function symbols such as 0, 1, +, -, ., j, =, <, ~, 
both for integers and for reals. 

For reader's eonvenienee: 

• we will denote variables that run over real numbers by z, y, ... (instead of 
z?eaI", z;reaI" , ... ), and, eorrespondingly, variables that run over natural 
numbers by m, n, ... j and 

• for terms eontaining standard functions like +, we will use traditional 
notations z + y (with a function symbol inside the expression) instead of 
a more precise expression +(z, y) following from Definition A.l. 

Definition A.2. Let a (multi-sorted first order) language L be fixed. By a 
theory T, we mean a finite set of closed formulas. 
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Comment. In the following text, we will always assume that a theory T is 
consistent. 

In a standard (and natural) manner, we can now define the notion of an inter
pretation of a language L, in which, crudely speaking: 

• to every sort sES, we assign a set (whose elements will be called objects 
of this sort); 

• to every predicate symbol, we assign a predicate; 

• to every function symbol, a corresponding function. 

For each interpretation, we can then interpret terms and formulas, and we say 
that an interpretation is a modelof the theory T if all formulas from T are true 
in trus interpretation. 

We say that a formula F is deducible from the theory T (and denote it by 
TI- F) if this formula F is true in every model of the theory T. 

Comment. In the following text, we will assume that a theory T is fixed. We 
will assume that this theory contains both the standard first order theory of 
integers (Peano arithmetic (Barwise [19], Enderton [101], Schoenfiled [380]) and 
a standard first order theory of real numbers (Tarksi [408], Seidenberg [388], 
Ben-Or et al. [31], Canny [60]). 

As we have already mentioned, one of the possibilities is to consider, as the 
theory T, axiomatic set theory (e.g., ZF), together with explicit definitions 
of integers, real numbers, and standard operations and predicates in terms of 
set theory. In this case, the set of sorts consists of three elements: "integer", 
"real", and "set". However, as we have also mentioned, our definitions and 
results apply to other theories as weIl. 

Now, we are ready to define "definability" . 

Definition A.3. Let a language L (whose set of sorts includes the sort of real 
numbers) and a theory T be fixed. By a definable real number, we mean a 
formula F(y) with one free variable for real numbers for which 

TI- 3yF(y)&VxVy(F(x)&F(y) -+ x = y). 

We will also say that a formula F(y) defines areal number. 
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Comment. Informally, areal number :Co is definable if there exists a formula 
F(:c) that is true for this real number :Co that is not true for any other real 
number :c # :Co. 

Examples. 

• A formula y . y = 1 + l&y ~ 0 satisfies the Definition A.3; thus, it defines 
a unique real number (v'2). 

• A formula V:c(x· y = :c +:c +:c) defines areal number 3. 

• If the language L contains a11 symbols for standard mathematical functions, 
including the sine function sin(:c), and if the theory T contains ZF + 
definitions of these mathematical functions in terms of set theory, then 
the formula sin(y) = 0 & 3 ~ y ~ 4 defines areal number: actually, this 
number is 7r. 

Definition A.4. Let F(y) and F'(y) be definable real numbers. We say that 
they define the same real number if 

TI- V:cVy(F(x)&F'(y) ~ x = y). 

We say that F(y) and F'(y) define different numbers if 

TI- V:cVy(F(x)&F'(y) ~ x # y). 

Definition A.5. 

• By a length of a formula F, we mean its total length that is counted as 
follows: 

- every symbol from the alphabet A, every parenthesis (, ), and every 
logical symbol (&, V,"",~, V, 3) is counted as one symbol; 

- every variable x~ is counted as 2 symbols + as many symbols as there 
are bits in the binary representation of the integer n. 

• Let F(y) be a definable real number. By its complexity D(F), we mean 
the length of the shortest formula that defines the same real number. 
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Comments. 

• This definition is similar to the so-called Kolmogorov complexity C(x) (in
vented independently by Chaitin, Kolmogorov, and Solomonoff), which is 
defined as the smallest length of the program that computes x (for a cur
rent survey on Kolmogorov complexity, see, e.g., Li et al. [254]). In our 
case, however, we do not care that much about how to compute: com
puting 3.141592 may be easier than computing 11"; we are more interested 
in how easy it is to describe x. Due to this difference, we had to modify 
Kolmogorov's definition. 

• The above-defined complexity of a number depends on the theory. Corre
spondingly, the choice of the simplest number from an interval mayaiso 
depend on the theory. For example, if this interval is [0.0625,0.15625], 
then we can have at least two different situations: 

- On one hand, if we are preparing a publication, then the simplest 
element ofthis interval is, most probably, 0.1, because 0.1 is, probably, 
the simplest possible decimal number on this interval. 

- On the other hand, if we must choose a number for a further computer 
processing, it makes more sense to choose a number 1/8 that has the 
simplest binary representation (0.001 2), 

These two different situations correspond to two different theories: 

- in the theory that correspond to the first situation, we allow decimal 
numbers as constants but not binary numbers; 

- in the theory that correspond to the second situation, we allow binary 
numbers as constants but not decimal numbers. 

A.3. First Result: It Is Impossible to Algorith
mically Choose the Simplest Element of a Finite 
Set 

Comment. When we say that areal number is given, we mean that we are given 
a formula F(y) that defines this number. So, the question becomes: suppose 
that we are given several numbers. Can we choose the one with the the smallest 
complexity? We will prove that the answer is negative even for the simplest 
sets that consist of two real numbers. 

rohn@cs.cas.cz



354 ApPENDIX A 

Definition A.6. By the problem 0/ choosing the simplest representative from 
a finite set, we mean the following problem: 

GNEN: 

• an integer n, and 

• a set of n definable real numbers, i.e., n formulas F1(y), ... , Fn(y) 
that deHne real numbers.-

FIND: 

the value i for which the corresponding real number is the simplest, 
i.e., for wllich D(Fi) = min(D(F1), ... , D(Fn». 

Proposition A.1. Even tor n = 2, no algorithm is possible that, given a finite 
set with n elements, chooses the simplest representative /rom this set. 

A.4. Second Resu1t: It Is Impossible to AIgo
rithmically Choose the Simplest Element of an 
Interval 

Definition A.7a. By a definable interval, we mean a pair of formulas F(y) 
and F(y) that deHne real numbers and for which 

TI- VzVy(F(z)&F(y) -+ z ~ y). 

Definition A.7b. We say that a deHnable real number F(y) belongs to the 
deHnable interval [E.(y) , F(y)] if 

TI- VzVyVz(F(z)&F(z)&F(y) -+ (z ~ z&z ~ y). 
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Definition A.8. By the problem 0/ choosing the simplest representative /rom 
an interval, we mean the following problem: 

GIVEN: 

a definable interval [E.(y) , F(y)]. 

FIND: 

• the formula F(y) that defines the simplest definable real number from 
the interval [E.(y), F(y)]j and, 

• in case one ofthe endpoints F(y), F(y) is the simplest definable num
ber on this interval, the value - or + indicating, correspondingly, 
whether the lower endpoint F(y) or the upper endpoint F(y) is the 
simplest. 

Proposition A.2. No algorithm is possible that, given a definable interval, 
would return the simplest representative /rom this interval. 

Comment. The same impossibility result holds if we fix one of the end points. To 
be more precise, this result holds for alm ost all possible choices of the endpoint 
("almost aU" in some natural sense). 

Proposition A.3. 

• 1/ F(y) is the simplest possible definable real number, then: 

There exists an algorithm that, given any definable real number F'(y) 
that defines a different number, chooses the simplest representative 
/rom the corresponding interval [F(y), F'(y)] or [F'(y) , F(x)]. 

• 1/ F(y) is not the simplest possible real number, then: 

No algorithm is possible that, given any definable interval with F(y) 
as one 0/ the endpoints, would choose the simplest representative /rom 
this interval. 

Definition A.9. We say that a property p( z) holds /or alm ost all definable real 
numbers if there eXists finitely many definable real numbers F1(y), ... , Fn(y) 
such that: if the definable number F(y) is different from each of them, then 
the property p(z) holds for the number that is defined by the formula F(y). 
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Comment. Informally, we can say that a property holds for almost all definable 
real numbers if it holds for a11 definable real numbers, except, maybe, finitely 
many of them. 

Corollary. For almost all definable real numbers F(y), the /ollowing property 
holds: 

* No algorithm is possible that, given a definable interval with F(y) as one 0/ 
its endpoints, would choose the simplest representative /rom this interval. 

Comment. Similar results are true if we restriet ourselves to intervals in which 
the given number F(y) is the lower endpoint (or, correspondingly, the upper 
endpoint). 

Proposition A.4. 

• For any definable real number F(y), the /ollowing two properties are equiv
alent to each other: 

- The number defined by the /ormula F(y) is the simplest 0/ all definable 
real numbers that are ~ that this number. 

There exists an algorithm that, given any definable interval with F(y) 
as its lower endpoint, chooses the simplest representative /rom this 
interval. 

• For any definable real number F(y), the /ollowing two properties are equiv
alent to each other: 

The number defined by the /ormula F(y) is the simplest 0/ all definable 
real numbers that are ~ that this number. 

There exists an algorithm that, given any definable interval with F(y) 
as its upper endpoint, chooses the simplest representative /rom this 
interval. 
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A.5. Similar Results Hold for 
Computable Real Numbers 

357 

For the cases when the intervals (from which we are choosing the simplest 
numbers) come from computations, it is reasonable not to consider arbitrary 
definable real numbers, hut to restrict ourselves to computable real numbers, 
i.e., real numbers that can be computed with an arbitrary accuracy (see, e.g., 
Bishop [48], Bridges [58], Beeson [26], Bishop et al. [49]): 

Definition A.I0. Areal number x is called constructive if there exists an 
algorithm (program) that transforms an arbitrary integer k roto a rational 
number x" that is 2-k-close to x. It is said that this algorithm computes the 
real number x. 

Comment. Every constructive real number is uniquely determined by the cor
responding algorithm and is, therefore, definable. 

Comment. When we say that a constructive real number is given, we mean 
that we are given an algorithm that computes this real number. 

Definition A.ll. By the problem of choosing the simplest representative from 
a constructive interval, we mean the following problem: 

GIVEN: 

a constructive interval, i.e., algorithms U and U that compute real 
numbers ~ < x. 

FIND: 

the simplest (in the sense of D( F) ~ min) constructive real number 
from the interval ~, x]. 

Proposition A.5. No algorithm is possible that, given a constructive interval, 
returns the simplest representative from this interval. 
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Proposition A.6. 

• 11 z is the simplest possible constructive real number, then: 

There exists an algorithm that, given any other constructive real num
ber y =1= z, chooses the simplest representative from the corresponding 
interval [z,y] or [y,z]. 

• 11 z is not the simplest possible constructive real number, then: 

No algorithm is possible that, given any other constructive real number 
y =1= z, would choose the simplest representative Irom the correspond
ing interval [z, y] or [y, z]. 

Proposition A. 7. 

• For any constructive real number z, the lollowing two properties are equiv
alent to each other: 

- The number z is the simplest 01 all constructive real numbers ~ z. 

- There exists an algorithm that, given any constructive real number 
y > z, chooses the simplest constructive real number /rom the interval 
[z,y]. 

• For any definable real number z, the lollowing two properties are equivalent 
to each other: 

- The number z is the simplest 01 all constructive real numbers :::; z. 

- There exists an algorithm that, given any constructive real number 
y< z, chooses the simplest constructive real number Irom the interval 
[y, z]. 

Proofs 

General comment. The results of this appendix are mainly based on results 
from mathematicallogic. 

Proof of Proposition A.1. We will prove our result by reduction to a con
tradiction. Let us assume that there exists an algorithm U that for every two 
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defining properties F1 and F2 tells whether the first or the second one defines 
the simplest number. 

Since we have assumed, in effect, that the theory T contains formal (= first 
order) arithmetic, we can use the famous Gödel's theorem and conclude that 
this theory is undecidable, i.e., that there exists no algorithm that, given a 
formula F from this languages, would tell whether this formula is deducible 
from T or not (see, e.g., Barwise [19], Enderton [101], Schoenfield [380]). 

Moreover, no algorithm is possible, that is applicable to an arbitrary arithmetic 
formula Fand that would return "yes" if F is deducible from T and "no" if the 
negation ..... F of the formula F is deducible from T (see, e.g., Schoenfield [380], 
Chapter 6, Ex. 13(c)); see also Rogers [362], Sections 7.7-7.9). We will show 
that our hypothetic algorithm U leads exactly to such an impossible algorithm. 

Indeed, let us take an arbitrary definable number and denote it by F- . 

Since the language L contains the formal arithmetic, all integers are defined in 
this language. Therefore, there are infinitely many definable numbers. Since 
for every length I, there are only finitely many formulas of this length, these 
formulas can only define finitely many different numbers. Thus, for every length 
I, there exists a definable number that cannot be defined by any formula of 
length ~ I, and for which, therefore, the complexity is > I. In particular, there 
exists a definable number whose complexity is greater than I = D( F-). Let us 
pick one such number and denote it by F(y). Similarly, there exists a definable 
number whose complexity is > D(F). Let us pick one such number and denote 
it by F+. 

So, we have three definable numbers F-(y), F(y), and F+(y), for which 
D(F-) < D(F) < D(F+). 

Let us now consider the following formula: 

(F -+ F-(y))&( ..... F -+ F+(y)). 

We will denote this formula by F'(y). Let us first prove that this formula 
indeed defines areal number: 

• if F is deducible from T, then this formula F'(y) clearly defines areal 
number (namely, the same real number as F-(y)); 

• similarly, if ..... F is deducible from T, then this formula F'(y) also defines a 
real number (namely, the same real number as F+(y)); 
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• since in classical logic, we have T I- F V -,F, we can thus conclude that 
this formula always defines areal number. 

In particular, if either F or -,F is deducible from the theory T, then: 

• If Fis deducible from T, then this new formulais equivalent to F-(y) and 
therefore, it defines the same number as F-(y). 

• If Fis not deducible from T, then this formula is equivalent to F+(y) and 
thus, it defines the same number as F+(y). 

Let us now apply our hypothetic algorithm U to the formulas F'(y) and F(y): 

• If Fis deducible from T, then U will select the number defined by F'(y), 
because this number (F-(y» is simpler than the number defined by F(y). 

• If -,F is deducible from T, then U will select the number defined by the 
formula F(y), because in this case, this number is simpler than the number 
(F+(y» defined by the formula F'(y). 

Thus, simply by looking at the output of the algorithm U, we get an algorithm 
that returns "yes" if F is deducible from T and "no" if its negation -,F is 
deducible from T. We already know that such an algorithm is impossible. 

This contradiction shows that our initial assumption - that the problem of 
choosing the representative from a finite set is algorithmically solvable - is 
false. Rence, this problem is not algorithmically solvable. Proposition A.l is 
proven. 

Comments. 

• This result is similar to the known result that Kolmogorov complexity 
is not computable (Li et al. [254]). In effect, our result sounds slightly 
stronger because we have proven that not only computing the actual values 
of complexity is impossible, but even deciding which of the values has larger 
complexity is also impossible. 
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• Simplicity seems to be a natural criterion for choosing a representative, but 
we can also look for other ways in which a number can be representative. 
For example, we may want a number that is the most "typical" of the 
elements of the given set; this approach is outlined, for different notions 
of "typicality", in Heindl et al. [145, 146, 147], Friedman et al. [112], 
Bouchon-Meunier et al. [55]. 

Proof of Propositions A.2-AA. Let us first prove Proposition A.3. Then, 
we will show that the Corollary (and hence, Proposition A.2) is also true. 

Case of the Simplest Possible Definable Real Number F(y). Let F(y) 
be the simplest possible definable real number. This means that its complexity 
D(F) is the smallest possible complexity that areal number can have. In 
other words, the number F(y) is defined by a formula of length Imin that is the 
shortest possible formula defining areal number. For such F(y), it is easy to 
describe the desired algorithm: fromevery interval [F(y), F'(y)] or [F'(y), F(y)] 
that has F(y) as one of its endpoints, we can return this very definable number 
F(y) as the desired simplest representative. 

Case of a Definable Real Number F(y) That Is Not the Simplest Pos
sible. Let now F(y) be not the simplest possible real number. For such F(y), 
we will prove the impossibility of an algorithm by reduction to a contradiction. 
Let us assurne that there exists an algorithm U that, given any other definable 
real number F'(y): 

• chooses the simplest representative s from the corresponding interval 
[F(y), F'(y)] or [F'(y), F(y)]; and 

• if this simplest representative coincides with one of the endpoints, returns 
- or + depending on whether s is the left or the right endpoint. 

The fact that F(y) is not the simplest possible number means that there exist 
other definable real numbers whose complexity is smaller than D(F), i.e., that 
are defined by formulas shorter than D(F). We have already shown in the proof 
of Proposition A.1 that for every length I, there exist finitely many definable 
real numbers of complexity I. Thus, there exist finitely many definable real 
numbers that are simpler than F(y). From these numbers, let us pick the 
formula G(y) for which the number defined by it is the dosest to F(y) (if there 
are two such numbers, let us pick the one that is greater than the number 
defined by F(y)). 
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Without 1088 of generality, we can assume that the number XF defined by the 
formula F(y) is smaller than the number XG defined by the formula G(y) (the 
case XG < XF can be considered similarly). Now, let f(n) be any algorithmic 
function from natural numbers to natural numbers. It is known that every 
algorithmic sequence is definable in Peano arithmetic, and therefore, since out 
theory T includes Peano arithmetic, f( n) is definable in T as well. 

For every such function, we can define a new definable number Z j as follows: 

• If 'Vn(f(n) = 0), then Zj = XG. 

• If 3n(f(n) ::f. 0), then Zj = XG - 2-n m.ill • (xG - XF), where nmin is the 
smallest natural number n for which f(n) ::f. O. 

(We have used words to define Z j, but this definition can be easily reformulated 
in terms of formulas, so, the number Z j is indeed definable.) 

For each function f, it is easy to see which element from the interval [x F, Z j ] 

is the simplest: 

• If 3n(f(n) ::f. 0), then XF < Zj < XG. Since we have chosen XG as the 
closest of all definable real numbers that are simpler than x F, and since all 
the elements of the semi-open interval (XF' Zj] are eloser to XF than XG, 

we can conclude that none of the real numbers from the interval (x F, Z j) 
is simpler than XF. Thus, XF is the simplest of all real numbers from the 
interval [XF, Zj). 

• If 'Vn(f(n) = 0), then Zj = XG. Since we have chosen XG as the closest 
of all definable real numbers that are simpler than XF, and since all the 
elements of the open interval (x F, X G) are eloser to x F than x G, we can 
conclude that none of the real numbers from the open interval (XF, xG) is 
simpler than XF. Thus, XG is the simplest of an real numbers from the 
interval [XF,XG] = [XF,Zj]. 

In both cases, the simplest element coincides with one of the endpoints, so, the 
algorithm U will return either - or +: 

• If 3n(f(n) ::f. 0), then the lower endpoint (XF) is the simplest, and hence, 
the algorithm U will return -. 
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• If 'v'n(f(n) = 0), then the upper endpoint (zJ) is the simplest, and hence, 
the algorithm U will return +. 

Thus, by checlring whether the sign returned by the algorithm U is - or +, we 
will be able to check, for a given computable function /, whether 'v'n(f(n) = 0) 
is true or not. 

However, it is known (see, e.g., Lewis et al. [251], Martin [274], Papadimitriou 
[323]) that there exists no algorithm for deciding whether a program (to be more 
precise, a program that always finishes its computations) always returns O. In 
other words, there exists no algorithm, that, given an algorithmic (everywhere 
defined) function /(n) from natural numbers to natural numbers would check 
whether 'v'n(f(n) = 0). This contradiction shows that our initial assumption 
- that the problem of choosing the representative from an interval is algorith
mically solvable - is false. Hence, this problem is not algorithmically solvable. 
Proposition A.3 is proven. 

Proof of the Corollary. Let us now prove the Corollary (and thus, Propo
sition A.2). In the proof of Proposition A.1, we have already shown that for 
every length I, there exist finitely many definable real numbers of complexity I. 
In particular, this me ans that there exist finitely many definable real numbers 
of the smallest pOBBible complexity Imin. Thus, every property (including the 
property *) that holds for all definable real numbers, except for the simplest 
ones, is thus true for almost all definable real numbers. Corollary is proven. 

Proofs of Proposition A.4. Proposition A.4 can be proven similarly to the 
proof of Proposition A.3. 

Proof of Propositions A.5-A.7. If z is the simplest pOBBible constructive 
real number, then we can always return z. 

If z is not the simplest pOBBible constructive real number, then we can use the 
same construction as in the proof of Proposition A.3. To complete the proof, 
we must now prove only the following two additional statements: 

• First, we need to prove that zJ is a constructive real number (and that, 
given a program /, we can construct a program (algorithm) for computing 
zJ ). 

• Second, in our definition, we no longer require the algorithm to return -
or +. Therefore, to complete the proof, we must show that if an algorithm 
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returns a constructive real number S that is equal to one of the endpoints 
(i.e., to x or to zJ), then we can algorithmically check whether this con
structive real number coincides with the left or with the right endpoint. 

Both statements are (relatively) easy to prove: 

• To compute zJ with an accuracy (z - x) . 2- k , it is sufficient to compute 
first k values of J, and take: 

• If Vn(n ~ k ->- J(n) = 0), then ak = z. 

• If 3n(n ~ k&f(n) ::j:. 0), then ak = Z - 2-nmin • (z - x), where nmin is 
the smallest natural number n ~ k for which f(n) ::j:. o. 

Then, as one can easily see, lak - zJ I ~ 2-k ·lzJ - xl ~ 2-k ·Iz - xl. From 
these values al, a2, ... , ak, ... , we can easily compute the desired rational 
approximations ZJk to zJ. 

• If an algorithm returns a constructive real number S that coincides with 
one oft he constructive endpoints ofthe interval [x, Z J], then, by computing 
x, Z J, and s with sufficient accuracy (namely, with accuracy 
C < (zJ - x)/4), and comparing the corresponding rational numbers, we 
will be able to check whether s = x or s = Z J. Indeed, in this case, from 
ISk - si ~ c, and IZJk - zJI ~ c, we can conclude that 

Hence: 

IZJk - ski ~ IZJ - sl-Isk - sl-lzJk - zJI > 

IZJ - sl- 2 . (1/4) . IZJ - si> (1/2) ·lzJ - xl· 

• If s = x, then, similarly, ISk - zJkl > (1/2) ·lzJ - xl. On the other 
hand, in this case, ISk -xkl ~ ISk -sl+ IXk -xl ~ 2c < (1/2). (zJ -x). 
Therefore, in this case, ISk - xkl < ISk - zJkl. 

• Similarly, if s = zJ, then ISk - xkl > ISk - zJkl. 

Thus, comparing two rational numbers ISk - xkl and ISk - ZJk I, we can tell 
with which of the endpoints s coincides. 

Propositions are proven. 
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ERROR ESTIMATION FOR 

INDIRECT MEASUREMENTS: 
CASE OF APPROXIMATELY 

KNOWN FUNCTIONS 

In the main text, we aualyzed the error estimation problem for indirect mea
surements with a precisely known f(xl, ... , xn ). In particular, we showed that 
for a linear function f( Xl, ... , X n ) = ao + al . Xl + ... + an . X n , this problem cau 
be solved in linear time. In real life, we sometimes know the function f only 
approximately. For example, we may know that f is linear, but we do not know 
the exact values of the coefIicients ai; these values must be determined from 
measurements. In this appendix, we show that in this situation, even for lin
ear functions, the error estimation problem for indirect measurements becomes 
computationally intractable (depending on the formulation, this problem is 
either NP-hard or exponential time). 

B.l. Introduction to the problem 

Indirect measurements: brief reminder. One of the main problems to 
which interval computations are applied is the problem of error estimation for 
indirect measurements. In indirect measurements, we are interested in the value 
of a physical quantity y that is difficult to measure directly. To overcome this 
difficulty, we: 

• measure some other physical quantities Xl, ... ,Xn that uniquely determine 
y (i.e., for which y = f(xl, ... , xn ) for some function 1), and then 

• use the results Xl, ... ,Xn of these measurements to estimate the value of 
y as Y = f(xl, ... , xn ). 

365 
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Measurements are not absolutely precise; hence, the measurement results Zi 
may differ from the actual values Zi of the measured quantities. In some cases, 
we know the probabilities of different measurement errors aZi = Zi - Zi, but 
in many cases, we only know the upper bounds ai on the errors aZi. In 
such cases, from the result Zi of each direct measurement, we can conclude 
that the (unknown) actual value Zi of the measured physical quantity belongs 
to the interval Xi = [Zi - ai, Zi + ai]. Because of the potential inaccuracy 
of direct measurements (Zi :j: Zi), the result jj = l(zl, ... , zn) of indirect 
measurements can also be inaccurate, i.e., different from the (unknown) actual 
value y = l(zl, ... , zn). For a given measurement, possible values of y form 
an interval y. It is, therefore, desirable to estimate this interval. This is one of 
the basic problems of interval computations. 

We have shown that for the simplest case of linear functions I, there exist a 
linear-time algorithm for computing l(zl, ... , zn), while for the next-simplest 
quadratic functions l(zl, ... , zn), the problem becomes, in general, computa
tionally intractable (NP-hard). 

In indirect measurements, we do not always know the function 
l(zl, ... ' zn) precisely. In the main text, we considered the idea.lized situ
ation when we know the exact expression for the function l(z1, ... , Zn). This 
expression usually comes from a theory that describes the relation between Zi 
and y. Sometimes, such a theory gives an exact dependence, but often, we only 
get a formula with coefficients that needs to be experimentally determined. 
(For example, Newton's gravitation theory includes a gravitation constant that 
must be determined from experiments; special relativity contains the speed of 
light c, and quantum mechanics contains Planck's constant h.) In such sit
uations, error estimation for indirect measurements becomes a more difficult 
problem than for the case of precisely known I. 

What is the computational complexity of this more difficult problem? Is it 
feasible or intractable? 

For quadratic (and more complicated) functions I, the problem is 
NP-hard, so we will only consider linear functions I. For quadratic 
functions l(z1, ... , zn), the above problem of interval computation is NP-hard 
even if we know the exact function I. Therefore, in any reasonable formulation, 
a more complicated problem of error estimation for indirect measurements for 
the case of approximately known I is intractable (NP-hard) as weIl. 
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Therefore, to answer the question ab out computational complexity, it is 
sufficient to consider the situations when the actual (unknown) function 
I(Z1,"" zn) is linear. 

How can we determine I? How can we determine the function 1 experi
mentally? Since we assumed that the quantity y depends on the quantities Zi, 

a natural idea is to generate some values of Zi and measure the resulting value 
of y. After these measurements, we get several patterns (z~p), ... , z!f), y(P», 
1 ~ p ~ P, from which we determine f. 

Usually, a function 1 is used for many indireet measurements. Each pattern 
measurement (that leads to determining f) will benefit all these measurements. 
Therefore, when we plan these pattern measurements, we can afford to spend 
more and thus get better sensors and better accuracy than in further (one-time) 
measurement of Zi. Hence, we will assume that the patterns are measured with 
higher accuracy that the values Zi in the foIlow-up measurement. 

Passive and active formulations. In the main text, we assumed that we 
first somehow determine the function I, and then use this function to compute 
the desired interval y. We can use a similar two-stage approach for a new 
situation as weIl; in other words: 

• on the first stage, we perform several (highly accurate ) measurements to 
determine the function I(Z1,"" zn); and then 

• on the second stage, we get the measurement results Xi, and use the in
formation obtained on the first stage to compute the desired interval y for 
different input intervals Xi. 

It is possible that for a particular problem, the information that we have gath
ered on the first stage is not sufficient to compute y. In this case, it is desirable 
to perform new experiments to recover the missing information ab out I. (For 
example, if we are planning an automatie mission to a distant planet, and we 
cannot, based on the known values of the masses and gravitational constant, 
predict whether the spaceship will successfully reach the planet, then we must 
undertake new measurements to get better values of the constants.) In other 
words, instead of the traditional passive two-stage approach, it is reasonable 
to use an active approach, in which, after measuring Xi, we may (if necessary) 
return to the first stage and make new measurements to get more information 
about I. 
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From the viewpoint of the accuracy, this active process is ideal. But realistically, 
extra measurements cost time and money, so, in applications in which time 
and/or cost is limited (e.g., in real-time control where time is severely limited, 
and in manufacturing where cost is severely limited) we will not be able to 
afford this active process. Since such applications are quite frequent, in the 
following, we will consider two possible formulations: passive (two-stage) and 
active. 

Measurement errors corresponding to measuring f. To formulate the 
problem of error estimation for indirect measurement in precise terms, we must 
describe all measurement errors that influence this problem. 

In the basic problem as described in the main text, the only measurement 
errors that we had to consider where the errors in measuring Xi (as described 
by their bounds ~i). In the new problem, the function fitself comes from 
measurements, so, we have to take into consideration the errors with which 
this function is measured, i.e., errors with which we get each of the patterns. 

To get a pattern (x~p), ... , x~), y(p)), we must set up Xi (and maybe also mea
sure Xi to check how accurately we set this value), and then measure y. So, 
instead of a single type of measurement errors, we have now three types of 
measurement errors: 

• errors ~Xi related to measuring Xi in the indirect measurementj 

• errors ~x~p) related to measuring Xi when forming a patternj 

• errors ~y(p) related to measuring y (when forming a pattern). 

In general, all three errors are present, and our general formulation of the error 
estimation problem will take all three types of errors into consideration. 

Possibility of simplification. The general error estimation problem (with 
all three types of measurement errors present) turns out to be computationally 
intractable (see below). Therefore, we have to look for simplijications that make 
this problem feasible. There is a natural way to simplify this general problem: 
namely, as we will show, some of these measurement errors are much sm aller 
than the others and therefore, these sm aller errors can be often safely neglected 
(i.e., assumed to be equal to 0). 
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• We have already remarked that the patterns are usually measured with 
much higher accuracy than in the follow-up measurements of Xi, i.e., that 
l~x~p)1 ~ I~Xil and l~y(p)1 ~ I~Xil· 

• The entire necessity for indirect measurements is caused hy the situation 
in which it is much more difficult to accurately measure y directly than to 
measure Xi; therefore, l~x~p)1 ~ l~y(p)l· 

Hence, l~x~p)1 ~ l~y(p)1 ~ l~x;I. In view of this relation, we can have two 
consequent simplifications: 

• First, we can neglect the smallest possible measurement errors ~x~p), i.e., 
assurne that, in patterns, the values 01 x~p) are measured ahsolutely pre
cisely. 

• Second, we can also neglect the errors of the second smallest type (~y(P»), 
i.e., assurne that in each pattern not only the values x~p), hut also the 
values y(p) are measured with absolute precision. 

In this appendix, we will analyze each ofthe two problems (passive and active) 
in all three settings: in the most general setting and in these two simplified 
settings. 

Comment. Theoretically, we can go one more step further and consider the 
situation in which measurement errors of all three types are negligible, but 
that assumption would simply mean that Zi are the precise values of Xi and 
therefore, no interval computations are needed at all. 

B.2. Precise formulation of the problem: the 
simplest case 

Let us start with the simplest setting, in which in each pattern, we can measure 
both x~p) and y(P) precisely. This setting will be the easiest to analyze. 

We know that the actual dependence I is linear, i.e., that I( Xl, ..• , Xn) 
aO +al . Xl + .. . +an . X n for some (initially unknown) coefficients ai. Therefore: 
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• In the active problem, we can easily compute all the coeflicients: 

- First, we take the pattern with the values z~O) = ... = z~O) = o. For 
this pattern, y(O) = ao. and thus, after measuring y(O), we get ao. 

- Next, for all i = 1, ... , n, we take the pattern with z~i) = 1 and 

z~i) = 0 for aU j f i. For this pattern, y(i) = ao + ai. Since we 

already know ao, we can thus determine ai as y(i) - ao. 

Thus, after n + 1 pattern measurements, we get all n + 1 coeflicients, and 
so, we can compute the desired interval y in linear time. Thus, if we count 
both the measurement and the computations, we still get the time that is 
linear in n. 

• In the passive problem, we cannot choose the patterns. Instead, we are 
given the patterns (zr), ... , zW), y(P», 1 $ p $ P. These patterns mean 
that the (unknown) coeflicients ai satisfy the system of linear equations: 

+ . (P) + + . (P) - (P) ao a1 Zl ... an zn - Y . 

There are two possibilities here: 

- One possibility is that this system of linear equations is under
determined. In this case, the set A of all possible values of Ci = 
(ao, a1, ... , an) is an (infinite) plane (of dimension ~ 1), and, there
fore, for any non-degenerate interval Xl, ... , X n , the set of possible 
values of y = aO + a1 . zl + ... + an . zn (for all Zi E Xi and Ci E A) 
coincides with the entire real line R. In this case, we get no infor
mation at aU about the actual value of y, and therefore, there is no 
indireet measurement of y. 

- The only case when there is an indireet measurement of y is when 
the corresponding system of linear equations is determined. In this 
case, we can uniquely determine the coeflicients ai by solving the 
corresponding system of linear equations. 

* Solving a linear system requires polynomial time (0(n2.376); see, 
e.g., Cormen et al. [76], Chapter 31). 

* Mter we have computed all the coeflicients ai, computing y re
quires linear time. 

Thus, totally, for passive situation, we need polynomial time. 
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B.3. Precise formulation of the problem: the 
second simplest case 

Passive case. Let us first consider the passive case. 

Definition B.l. 

• Let a positive integer n be given; it will be called the number 0/ inputs. 

• By a linear /unction (or a coefficient vector), we mean a sequence of n + 1 
real numbers ä = (ao, al, ... , an). 

• By a pattern, we mean a sequence of n + 2 real numbers P 
(Xl, ... ,Xn,y,L\), with L\ ~ o. 

• We say that a pattern P is consistent with the linear function (coeflicient 
vector) ä is the following inequality holds: I/(xl, ... , xn) - yl ~ L\, where 
I(Xl, ... , Xn) = ao + al . Xl + ... + an· Xn. 

• We say that a sequence of patterns p(P), 1 ~ p ~ P, is consistent if there 
exists a coeflicients vector that is consistent with all the patterns. 

Definition B.2. By a problem 0/ estimating error 0/ an approximately linear 
indirect measurement (in the passive setting), we mean the following problem: 

GNEN: 

• n intervals Xl, ... , X n ; 

• a consistent sequence of patterns p(l), ... , p(P); 

• a positive real number 6. 

COMPUTE: 

rational numbers that are 6-close to the endpoints of the interval y 
of all possible values of y = I( Xl, ... , Xn) = ao + al . Xl + ... + an . Xn 
for all Xi E Xi and for all linear function I = (ao, al, ... , an) that are 
consistent with all the patterns. 

Theorem B.l. The problem 0/ estimating error 0/ an approximately linear 
indirect measurement (in the passive setting) is NP-hard. 
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Active case. In the active case, in addition to the purely computation steps, we 
can also make a measurement step: namely, we can take an arbitrary sequence 
(Xl, ... , Xn ), and perform an experiment that will determine the appropriate 
value of /(Xl, ... , x n ) (with the accuracy corresponding to pattern-measuring 
y). In this section, we will denote the (approximate) measured value of y that 
corresponds to the given Xl, ... , Xn , by /(X1, ... , xn ). 

Both computational and measurement steps take time; therefore, to estimate 
the total running time of the algorithm, we will count both computational and 
measurement steps. In the language of theory of computing, these "computa
tions + measurements" are called computations with an oracle I(X1, ... , xn ). 

We will show that the resulting problem requires exponential time. 

One last comment before we describe the precise formalization: In reallife, we 
cannot simuIate arbitrary large values of a physical quantity, there is usually an 
upper bound on its physically possible values. So, to make our formulation real
istic, we will assurne that we can get the values I(X1, ... , xn ) not for arbitrary 
vectors i = (Xl, .. . , Xn ) of rational numbers, but only for vectors i that are 
sufficiently close to the measurement vector i = (i 1, ••• , in), i.e., for which the 
Euclidean distance d(f, i) = J(i1 - X1)2 + ... + (in - xn)2 does not exceed 
some given value r > o. We must, of course, make sure that all possible values 
Xi (i.e., all values for which l.6.xil = lXi - iil ~ .6.i , where .6.i is an upper bound 
on the error of i-th direct measurement are still sufficiently elose to f in this 
sense. Thus, we must require that .6.1 + ... + .6.~ ~ r. 

Definition B.3. 

• Let a positive integer n be given; n will be called the number 0/ inputs. 

• By a coefficient vector, we mean a sequence of n + 1 real numbers ä = 
(ao, al, ... , an). 

• Byan oracle, we mean a function l(i1 , •.. , xn ) ofn variables. 

• By a measurement result, we mean two vectors f = (i 1 , ... , xn ) and Li = 
(.6.1 , ... , .6.n ), where .6.i ~ O. The value Xi is called the result 0/ i-th 
direct measurement, and the value .6.i is called the accuracy 0/ i-th direct 
measurement. 

• Let a positive real number c > 0 be give, It will be called the accuracy 0/ 
pattern measurement. 
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• We say that an orade i is (i, r, c)-consistent with a linear function lex) = 
ao + a1 . Xl + ... + an· Xn ifli(x) -1(x)1 ::; c for all vectors X = (Xl, ... , Xn) 
that are r-dose to i (i.e., for which dei, x) ::; r). 

• We say that an orade i is (i, r, c)-consistent ifthere exists alinear function 
lex) that is (i,r,c)-consistent with f. 

Definition B.4. By a problem 0/ estimating error 0/ an approximately linear 
indireet measurement (in the active setting), we mean the following problem: 

GIVEN: 

• n real numbers Xl, ... , Xn; 

• n non-negative real numbers dl, ... , d n ; 

• positive real numbers r ~ J d~ + ... + d~ and c. 

• a (i, r, c)-consistent orade i(x1, ... ' xn); 

• a positive real number 6. 

COMPUTE: 

rational numbers that are 6-dose to the endpoints of the interval 

y = [~b 11] = {y = I(X1' ... ' Xn)IXi E Xi for aH i, and a linear function 

I(X1, ... ,Xn) is (i,r,c)-consistent with the given orade f.} 

Comments. 

• If the measurements of Xi are absolutely accurate (i.e., if di = 0 and 
Xi = Xi), and ifthe patterns are measured absolutely accurately (i.e., c = 0 
and i(X1' ... ' Xn) = f(x1, ... , Xn)), then we can compute the desired value 
y as y = i(X1' ... ' ... xn). In the general case of non-zero errors, it is still 
reasonable to take this value iJ = i(X1' ... ' Xn) as the numerical estimate 
for y. From this viewpoint, it makes sense to ask for the largest possible 
deviation d between this estimate iJ and aH possible values y E Y (i.e., to 
be more precise, the largest possible value of I y - y 1). (Of course, if we can 
compute the endpoints of the interval y, then we can easily compute this 
value dasweH.) 
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• The only way to use the orade function j is to generate some rational 
values Zl, ... , Zn and to return j(Zl, ... , zn). By the computational com
plezity of an algorithm that solves our problem, we will mean the total 
number of elementary computational operations plus the number of orade 
caUs. (Of course, by counting the caU as one computationalstep, we under
estimate the computational complexity of an algorithm, but since we are 
going to prove an ezponential lower bound for the number of calls, we will 
thus get an exponentiallower bound for any other reasonable definition of 
a computational complexity.) 

Theorem B.2. (Kreinovich [206]) 1/ an algorithm solves the problem 0/ es
timating errors 0/ approzimately linear indireet measurements (in the active 
setting), then its worst-case computational complezity is ~ 2n - 1 . 

Comment. This theorem means that whatever algorithm solves our problem, 
this algorithm will require exponential time on some instances. Of course, the 
worst-case exponential complexity does not mean that we always have expo
nential time: for some orades, faster computations are possible (see an example 
in the Proofs section). 

B .4. Precise formulation of the problem: the 
general case 

Since our problem is computationally intractable even in the simplified case, 
when the errors A~p) are negligible, it is intractable in the general case as weIl. 

The complexity of different problems (related to error estimation for indirect 
measurements for approximately known linear functions f) can be represented 
as a table: 
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Accuracy of Active setting Passive setting 
experiments for (we can make (we can only use results 
measuring f new experiments) of given experiments) 

Xi and Y measured Polynomial time Linear time 
precisely 
Xi measured precisely, Exponential time NP-hard 
Y measured with error (or worse) 
Xi and Y measured Exponential time NP-hard 
with error (or worse) 

We can use another table to compare the computational complexity of the 
problems with precisely known and approximately known f: 

Precisely Approximately 
known f known f 

Linear f Linear time Exponential time 
(or worse) 

Quadratic f NP-hard Exponential time 
(or worse) 

Polynomial f NP-hard Exponential time 
(or worse) 

B.5. Proofs 

Proof of Theorem B.l. 

We already know, from the main text, that for bilinearfunctions y = E aijXiYj, 

the basic problem of interval computations is NP-hard. To be more precise, the 
problem of computing the largest possible value of abilinear function E aöj xiYj , 

when Xi and Yj run over given intervals Xi and Yj, is NP-hard. To show that 
our problem is NP-hard, let us reduce this bilinear problem to ours. N amely, 
ifwe: 

• rename Yj as an+i, 

• introduce a new coefficient ao that is equal to 0, and 

• denote Ej aij Yj by ai, 
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then we ean re-formulate the original bilinear problem in the following equiva:.. 
lent form: 

under the eonditions that Xl E Xl, ... , X n E Xn , Xn+l E xn +1 = [0,0], ... , 
X2n E X2n = [0,0], and the values ai satisfy the following system of 2n + 1 
two-sided linear inequalities: 

n 

o ~ ai - L aijan+j ~ 0, 1 ~ i ~ n; 
j=l 

Jl.j ~ an+i ~ Yj' 1 ~ j ~ n; 

o ~ ao ~ O. 

The last inequality ean be represented as eonsisteney eondition between the 
eoeffieient veetor ä and the all-zeroes pattern (0, ... ,0,0,0). This eondition 
guarantees that ao = O. 

Sinee ao = 0, eaeh of remaining 2n double-sided inequalities 

ean, in its turn, be represented as a consistency condition between a veetor ä 
and a pattern (kl, ... , k2n, y, ~), where y = C~ + c)/2 and ~ = (c - !;)/2. Thus, 
the original bi-linear problem is equivalent to a partieular ease of our problem. 

Henee, any method of solving our problem in polynomial time would lead to 
solving the bilinear problem in polynomial time; sinee the bilinear problem is 
NP-hard, our problem is, thus, also NP-hard. The theorem is proven. 

Proof of Theorem B.2. We will prove this theorem by reduetion to a eon
tradietion. Assurne that we have an algorithm U that solves this problem and 
whose worst-ease eomputational eomplexity for some n is < 2n - l . This means 
that this algorithm will always produee the answer in ~ 2n - l _1 eomputational 
and measurement steps. In partieular, it will produee the desired answer with 
~ 2n - l - 1 ealls to the orade i(i). Let us show that this assumption leads to 
a eontradietion. 

To show this, we will take Xi = 0, ~i = 1, c = 1, and r = Vn (we will ehoose 
6 > 0 later). As an orade j(i) , we will take a function that is identieally O. 
(For this function, iJ = j(Xl"'" xn ) is always equal to 0.) This orade j(i) is 
itself a linear function, so it is (i, r, c)-consistent for all i, r, and c. 
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If a linear function I( i) is (1, r, ! )-consistent with this orade, then for all Zi E Xi, 

we have 1/(i) - j(i)1 ~ ! = 1. Since j(i) = 0, we have I/(i) 1 ~ 1. Thus, all 
possible values y = I(i) are between -1 and 1, and therefore, the deviation 
Iy - Yl between y and Y = 0 cannot exceed 1. Hence, the largest possible value 
.6. of this deviation is also ~ 1: .6. ~ 1. 

The algorithm U computes the value .& that is 6-dose to .6.. Therefore, from 
.6. ~ 1, we condude that .& ~ .6. + 6 ~ 1 + 6. 

This algorithm U uses ~ 2n- 1 - 1 values of the orade j(i). So, if we use 
another orade g(i) which is also (1, r, !)-consistent, and which has the same 
values in all tested points z<p) (i.e., i(zw» = g(ZW»), then the algorithm U 
will not notice the difference and thus produce the same estimate .& for the 
new largest deviation .6.(g). To get the desired contradiction, we will produce 
an orade g(i) for which this estimate will be incorrect. 

For each of ~ 2n- 1_1 patterns z(P) = (zr), ... , z~» for which the algorithmU 
calls the orade, we can find a vector of signs (sign(zr», ... , sign(z~»), where 
the sign function is defined as usual: sign( z) = 1 if z > 0, sign( z) = -1 if z < 0, 
and sign(O) = O. These ~ 2n- 1_1 patterns lead to ~ 2n- 1_1 sign vectors. Ifwe 
add, for each pattern, a vector of its negative signs (-sign(zd, ... , -sign(zn», 
we still get no much than twice the number of patterns, i.e., no more than 
2n - 2 different sign vectors. 

There are totally 2n sign vectors that consist of ±1. Therefore, at least one 
of these vectors is not appearing neither as the sign vector of a pattern, nor 
as a negative sign vector of a pattern. Let us denote one of these vectors by 
g= (e1,"" en); let us then take 

1 n 

lo(i) = .j L!i . Zi, 
n(n - 1) i=1 

and define the orade g(i) as follows: 

• g(i) = lo(i) - 1 if lo(i) > 1; 

• g(i) = 0 if -1 ~ lo(i) ~ 1; 

• g(i) = lo(i) + 1 if lo(i) < -1. 

This orade is (1, r, !)-consistent, because it is (1, r, !)-consistent with the linear 
function lo(i). 
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Let us prove that this new oracle g<!) attains the same values (identically 0) 
for all the patterns y) (to which f has been applied while the algorithm U 
was running). 

Indeed, let y) be one of such patterns. Because of our choice of signs ci, not 
all the signs of zr) coincide with Ci. For those i for which zr) and Ci have 
different signs, the product Ci . zr) is non-positive. Therefore, 

n 

'" C' • zf.;P) < '" .... zf.;P) L....i' I - L....i v, " 
i=l iEP. 

where by Pp, we denoted the set of all i for which the sign of z~p) coincides 
with ci. Since not all of these signs coincide, the number of elements IPpl in a 
set Pp is smaller than n, i.e., IPpl :$ n - 1. 

It is weIl known that the scalar (dot) product Ci • ;; = E ai . bi of arbitrary two 
vectors cannot exceed the product of their lengths: Ci';;:$ JE a1 . ~. 
Therefore, 

But 
E 1 = IPpl $ n - 1, 
ieP. 

and 
n 

L Izr)12 = E ß1 :$ E ß1 :$ r 2 = n. 
iEP. iEP. i=l 

Therefore, 
n 

LCi . zr) $ L Ci . zr) $ vn=-r.,;n = Jn(n -1), 
i=l iEP. 

and 
1 n 

lo(ty» = ~Ci .zr) $1. 
Jn(n - 1) i=l 

Similarly,one can prove that lo(Y» ~ -1. Therefore, according to our defi
nition of the oracle gei), we have g(Z{p» = O. So, on all the patterns y) 1.. the 
new oracle gei) indeed attains the same value (= 0) as the original oracle feil. 
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Let us now estimate the largest possible deviation d for this new orade. This 
orade is (i, r, c)-consistent with the linear function lo(:i). The values Zi = ci 
are possible values of i-th quantity, because lXi - Zi I = 10 - ci I = ICi I = 1 ::; di. 
So, the largest possible deviation d(g) is greater than or equal to the deviation 

Iy-yl = I/o(€)-g(x)l. For Xi = 0, we have lo(i) = 0 and therefore, y = g(i) = 
O. On the other hand, 

1 ~2 n {1; y = lo(€) = L..JCi = = --. 
Jn(n-1)i=1 Jn(n-1) n-1 

Hence, Iy - yl = Jn/(n - 1), and d(g) ~ Jn/(n -1). 

We have already shown that for this orade g(:i), the algorithm Ureturns the 
estimate Li ::; 1 + o. So, if we choose 0 < 1/2( Jn/(n - 1) - 1), then this 
estimate cannot be o-dose to the value d(g) ~ Jn/(n - 1) and will, therefore, 
be incorrect. 

This contradiction shows that our initial assumption that we can have an algo
rithm U (that solves the problem of estimating errors of approximately linear 
indirect measurements) with < 2n - 1 computational and measurement steps is 
wrong. The theorem is proven. 

Proof of the comment after Theorem B.2. Let us show an example of 
problems that can be solved fast. Let us take arbitrary c > 0, r ~ 3 . ..jn, 
Xi ::; 1, di ::; 1, and the foBowing orade !: 

• 1<0,0, ... ,0) = -c; 

• 1(1,0, ... ,0) = 1(0,1,0, ... ,0) 
1<0, ... ,0,1) = c; 

1<0, ... ,0, 1,0, ... ,0) 

• 1< -1,0, ... ,0) = i(o, -1,0, ... ,0) = 
... = 1(0, ... ,0, -1) = c; 

1(0, ... ,0, -1, 0, ... ,0) 

• 1<z1' ... ' zn) = 0 for aB other vectors :i = (Z1, ... , zn). 

This orade is (1, r, c)-consistent because it is consistent with the linear function 
10(Z1, ... , zn) := O. Let us show that lo(:i) is the only linear function I(:i) = 
ao + a1 . Z1 + ... + an . Zn that is consistent with this oracle. 

Indeed, consistent means that Ij(:i) - 1(:i)1 ::; c for all :i that are r-close to 1. 
In particular, this inequality must be true for :i = (0,0 ... ,0), :i = (1,0, ... ,0), 
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and i = (-1,0, ... ,0). Substituting the values of the oracle and the general 
expression for the linear function I(Zt, ... , Zn) into these inequalities, we get the 
followingthree inequalities: lao+el ~ e, lao+at-el ~ e, and lao-at-el ~ e. 
These inequalities can be re-formulated in the following two-sided form: 

-2e ~ ao ~ 0; 

o ~ ao + at ~ 2e; 

o ~ ao - at ~ 2e. 

Adding the second and the third of these inequalities, and dividing all three 
sides ofthe resulting two-sided inquality by two, we conclude that 0 ~ ao ~ 2e, 
Le., that ao is non-negative. Since from the first inequality, we know that ao is 
non-positive, we conclude that ao = o. 

Since ao = 0, the second inequality leads to at ~ 0, and the third leads to 
-at ~ 0, i.e., to at ~ o. Thus, at = o. Similarly, we can show that ai = 0 for 
i = 2, .. . ,n, and l(i) = 0 = lo(i). 

Since lo(i) = 0 is the only linear function that is consistent with the oracle, 
the desired set y of all possible values of y = l(i) consists of a single value 0, 
and this degenerate interval is easy to compute. 
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FROM INTER VAL COMPUTATIONS 

TO MODAL MATHEMATICS 

In this appendix, we describe the computational complexity and feasibility of 
another natural generalization of interval computations: modal mathematics. 

This appendix was written in collaboration with B. Bouchon-Meunier. The 
results presented in this appendix first appeared in Bouchon-Meunier et al. 
[54]. 

C.!. Formulation of the Problem 

Traditional interval mathematics: a brief.reminder. Before we start 
explaining why we need to go beyond interval computations, let us briefly recall 
our motivation for the use of interval computations in data processing. 

Traditional data processing methods of numerical mathematics are based on 
the assumptions that we know the exact values of the input quantities. In 
reality, the data come from measurements, and measurements are never 100% 
precise; hence, the actual value x of each input quantity may differ from its 
measurement result i. In some cases, we know the probabilities of different 
values of error .6.x = i-x, but in most case, we only know the guaranteed 
upper bound .6. for the error; in these cases, the only information we have about 
the (unknown) actual value x is that x belongs to the interval x = [i-.6., i+.6.]. 

One of the basic problems of interval mathematics is, the.refore, as folIows: given 
a data processing algorithm f( xl, ... , xn ) and n intervals Xl, ... , Xn , compute 
the range y of possible values of y = f( Xl, ... , X n ) when xi E Xi. 
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Non-traditional interval problems: control, design, optimization, etc. 
The above formulation makes perfect sense when we estimate the value of a 
certain physical quantity y that is related to the directly measured quantities 
Zi. In this case, the goal is to find all real numbers that can be the values of 
this quantity y (for the given measurement results). 

The goal of data processing is, however, often more complicated. For example, 
we may want to control a certain system; in this case, we must find a control 
value that, e.g., guarantees stability of the system for all possible values of the 
parameters Zi (Le., for all Zi E Xi). In this case, we want to find all real numbers 
y for which stability must occur. Similarly, many real-life problems of design, 
control, and optimization lead to complicated mathematical formulations. 

Shary's approach: successes and limitations. For the case when the 
relationship between different variables is described by a system of (linear or 
non-linear) equations, different possible problems have been described by Shary 
(see, e.g., [393]). Shary distinguishes between different possible formulations 
by using different quantifiers for different variables: e.g., if we are interested in 
the set of possible values of y, we are interested in values y for which 3Zi such 
that the given equations are true; if we want a control y that leads to stability 
for all possible values Zi, we use a universal quantifier 'VZj. 

Successes. Shary's classification contams practically all known problems, and 
it seems to be sufficient for describing objective knowledge, that is usually de
scribed in terms of equations. 

Limitations. The main limitation of Shary's approach is that an essential part of 
our knowledge comes from experts, and experts often describe their knowledge 
not in terms of equations, but in terms of logical statements (e.g., in terms of 
"rules" of the type "if Athen B"). 

Modal logic: a way of describing "can" and "must". In case of mea
surement uncertainty, expert statements cannot be formulated in terms of pure 
logic; we also need some formalization of the words like "can" and "must" that 
were used in the above descriptions of our objectives. Logics that formalize 
these terms are called modallogics (see, e.g., Reyes et al. [339], Mints [284]); in 
these logics, "A can happen" is usually described as OA, and "A must happen" 
as DA. 
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Our problem. Gur problem is thus: to add these modal operators to mathe
matics, and thus, go {rom interval mathematics to modal mathematics. 

Since our intended application is data processing, this generalization only makes 
sense while its results are still computable (and feasibly computable). So, 
among the first problems to handle are the problems of computability and com
putational complexity of the resulting modal mathematics. These problems will 
be handled in the chapter. 

Historical comment. The fact that formulas and relations of interval mathe
matics can be described in terms of modallogic is not new: it was first noticed 
in Gardeiies [120] (see also Kreinovich et al. [212] and [236]). 

C.2. Example, and an Idea of the General De
scription 

Example. Let us use capitalletters (e.g., Xi) to describe variables that are 
not necessarily uniquely determined by our knowledge, i.e., that can still take 
different values (e.g., values from an interval). In these terms, if a measurement 
leads us to a conclusion that the value of this variable belongs to an interval 
~, Xi], then we can express this knowledge as: O(~ :::; Xi :::; Xi). In these 
terms, the basic problem of interval computations can be, crudely speaking, 
reformulated as folIows: given the values ~, Xi, and y, check whether the 
following formula is true: 

O(f(Xl, ... ,Xn):::; y). (C.l) 

Actually, by checking the validity of this formula, we check whether the upper 
bound of the range f([~l' Xl], ... , ~,Xn]) is greater than a given number y 
or not. If we can do that for all numbers y, then, by applying bisection, we 
can compute the actual upper endpoint of the range interval with greater and 
greater accuracy. 

Similarly, we can compute the lower endpoint of the range interval if we check 
a formula 

(O(~l :::; Xi :::; Xl)& ... &O(~n :::; X n :::; Xn » -+ 

o (f(Xl , ... , Xn ) ~ y). 
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The idea of a general description. Let UB denote by X ~ Rn the (unknown) 
set of possible values of tupies (Xl, ... , X n ). For each tupie (Xl, ... , X n ), it is 
easy to define truth values of elementary formulas (e.g., equations, inequalities, 
etc.), and formulas of first order Iogic (that are obtained from elementary ones 
by using propositional connectives "and", "or", "not", and quantifiers). If a 
formula A is weIl defined, then: 

• we say that OA is true if and only if A is true for at least one tupie from 
X, and 

• that DA is true if A is true for all tupies from X. 

We then say that a formula is true if it is true for all sets X ~ Rn. 

In particuIar, the validity of formula (C.1) means the following: 

• The formula D(~i ~ Xi ~ Xi) means that for every tupie from X, the value 
Xi beiongs to the interval ~, Xi]. In other words, this formula is true if 
and onIy if the set X is a sub set of the box B = [EI' Xl] x ... x ~, Xn ]. 

• The formula D(f(XI , ... , X n ) < y) means that for every tuple 
(XI, ... ,Xn ) E X, the value I(XI, ... ,Xn ) does not exceed y. In other 
words, this formula means that the range I(X) of the function 1 on the 
set X belongs to the semi-line (-00, y]. 

• FinaIly, the formula (C.1) itself means that if X ~ B, then I(X) ~ 
(-00, y]. To check this implication, it is sufficient to check it for X = B, 
because from F(B) ~ (-00, y] and X ~ B, it follows that I(X) ~ I(B) ~ 
(-00, y]. Thus, the formula (C.1) is equivalent to I(B) ~ (-00, y]. 

Comment. The possibility of quantification over all possible sets (not only 
numbers from intervals) is what distinguishes this formalism from Shary's. In 
particular, this formalism leads to a new description of the so-called Kaueher 
arithmetic (see, e.g., [227]). 

This description can also be generalized to describe unknown lunctions [236]: 
For example, we often know that a physical quantity y depend on some other 
quantity x (i.e., that y = I(x) for an unknown function 1); as a result of the 
measurements, we have intervals [y., y;] of possible values of Yi = I( Xi) at given 

=-4 

points Xl < ... < X n . A natural question is: is this information consistent with 
the assumption that the function 1 is monotonie? 
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For example, if f(:c) deseribes the dependeney ofthe brightness y ofthe astro
nomieal souree on the eoordinate :c, then this question has apreeise physieal 
meaning: does this course eonstitute a single eomponent, or it eonsists of sev
eral eomponents? (There exist several other applieations of this problem; these 
applieations and a feasible algorithm for solving this problem are deseribed in 
Villaverde et al. [420, 421].) In terms of modallogie, this problem ean be 
formulated as folIows: if we are sure that f(:Ci) E [14, Yi] for all i, then is it 
possible that f(:c) is monotonie? In other words, is it true that 

(0(1L1 ~ f(:ct) ~ Yd&· .. &O(lLn ~ f(:c n ) ~ Yn » ~ 

O't:/:c't:/y(:c< y ~ f(:c) ~ f(y»· 

C.3. Definitions and the Main ResuIt 

Let us define the language of modal mathematies. Let us first deseribe the 
alphabet of the designed language. The formulas of the desired language will 
be formed from the following symbols: 

• constants for all rational numbers; 

• variables :Cl, ... (denoted by smaliletters) that run over all real numbers; 

• modal variables X!, ... (denoted by eapitalletters); 

• arithmetic operations +, -, " and I; and 

• relations =, <, ~, >, ~. 

Definintion C.1. A term is defined as follows: 

• every constant and every variable is a term; 

• ift and t' are terms, then (t), t + t', t - t', t . t', and tlt' are terms; 

• nothing else is a term. 

Definition C.2. An elementary formula is defined as a formula of the type 
tot', where t and t' are terms, and 0 is one of the relations (i.e., =, <, ~, >, 
or ~). 
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Definition C.3. A formula is defined as follows: 

• every elementary formula is a formulaj 

• if F and F' are formulas, then (F), -,F, F&F/, F V F /, and F -+ F ' are 
formulasj 

• if Fis a formula, and Zi is a variable, then VZiF and 3zi F are formulasj 

• if F is a formula, then 0 F and DF are formulas; 

• nothing else is a formula. 

A formula is called quantifier-free if it does not use quantifiers V and 3, and 
modal-free if it does not use modalities 0 and D. A formula is called closed 
if every variable Zi is within the scope of some quantifier, and every modal 
variable Xi is within the scope of Bome modality. 

Comment. Modal-free formulas are exactly formulas of first order theory of 
real numbers described in Tarski, Seidenberg [408, 388]. 

To define the truth value of an arbitrary formula F of modal mathematics, we 
must select: 

• some values Z1, ... ,Zm for all free numerical variables from this formulaj 

• some values Xl, ... , X J for all free modal variables from this formula, and 

• a set X ~ Rn (where n is the total number of non-free modal variables in 
a formula F). 

For this choice, the truth value of a formula F is defined as follows: 

Definition C.4. Let F be a modal formula. By a selection, we mean a tuple 
(Zl, ... ,Zm,X1, ... ,X"X), where m is the total number offree numerical 
variables, f and n are, correspondingly, the total numbers of free and non-Iree 
modal variables, Zi and Xi are real numbers, and X ~ ~ . 
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Definition C.5. Let F be a formula, and let (Xl, .. . ,Xm,XI , ... ,XI,X) be a 
selection. Then, the truth value of a formula is defined as follows: 

• The value of a term is denned in a straightforward way (as the result of 
the corresponding computations). 

• Correspondingly, the truth value of an elementary formula tot' depends 
on whether the values of the terms t and t' are indeed connected by a 
relation o. 

• The truth value of a composite formula F&F', 'VxF, etc., is denned ac
cording to the normal understanding of the logical operations &, 'V, etc. 

• The formula OA is true if and only ifthere exists a tuple (Xl, ... , Xn ) EX 
for which A is true. 

• The formula DA is true if and only if A is true for all tuples (X I, ... , Xn ) 

from the set X. 

Comment. In particular, for closed formulas, a selection consists of only the 
set X. 

Definition C.6. We say that a closed formulais valid (in modal mathematics) 
if it is true for all sets X ~ Rn. 

In terms of this definition, the basic computation problem of modal mathemat
ics is to check whether a given closed formula is valid or not. 

Theorem C.!. 

• For closed quantifier-free formulas: 

• Validity of modal-free formulas can be checked in polynomial time. 

• Checking validity of formulas that use modalities is an algorithmically 
decidable but NP-hard problem. 

• For formulas with quantifiers: 

• Checking validity of arbitrary modal-free formulas is an algorithmi
cally decidable problem. 

• Checking validity of arbitrary formulas with modality is an algorith
mically undecidable problem. 

rohn@cs.cas.cz



388 ApPENDIX C 

This result can be represented as a table: 

Modal-free Formulas with 
formulas modalities 

Quantifier-free Polynomial time Decidable, 
formulas NP-hard 
Formulas with Decidable, Undecidable 
quantifiers > exponential time 

Proof of Theorem C .1. 

Modal-free formulas: general comment. According of our definition of a 
closed formula, every modal formula must be within a scope of some modality. 
Therefore, if a closed formula is modal-free (i.e., contains no modalities), then 
it does not contain any modal variables at all. 

Modal-free quantifier-free formulas. If a closed modal-free formula F 
is also quantifier-free, this means that F contains no variables at all, only 
constants, and the formula itself is a propositional combination of elementary 
formulas of the type tot', where t and t' are terms made composed from 
constants by applying elementary arithmetic operations. Computing the values 
of these terms step-by-step takes linear time (i.e., time that is bounded by a 
linear function of the size of the formula); comparing these values and applying 
propositional connectives to the Boolean-valued results of this comparison is 
also linear-time. So, as a result, we can check whether a formula is valid or not 
in linear (hence, in polynomial) time. 

Modal-free formulas: general case. In general, if a closed modal-free for
mula is not necessarily quantifier-free, it is, as we have mentioned, a first order 
formula from the theory of real numbers described in Tarski and Seidenberg 
[408,388]. For this theory, there are algorithms that test whether a given closed 
formula is valid or not; the first such algorithm was proposed by Tarski and 
Seidenberg [408,388]; for more practical algorithms, see, e.g., Collins and Hong 
[72, 154, 73]. Therefore, for the class of modal-free formulas, the problem of 
checking whether a given formula is valid or not is algorithmically decidable. 

Exponential (actually, doubly exponential) lower bounds for this problem were 
proven in Davenport [85]. 
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Quantifier-free formulas with modalities. Let us first show that this 
problem is NP-hard. Indeed, we know (from the previous chapters) that the 
problem of computing the range of an interval function is NP-hardj actually, 
in our proofs, we have shown that the problem of checking whether, say, one of 
the endpoints of the resulting range interval is ~ a given number, is NP-hard. 
But this problem, as we have shown, can be reformulated as a quantifier-free 
formula of modal mathematics. Thus, checking validity of such formulas is an 
NP-hard problem. 

Let us now prove that checking validity of quantifier-free closed formulas F 
of modal mathematics is algorithmically decidable. For this, we will use the 
deciding algorithm from Tarski and Seidenberg [408, 388] or from Collins and 
Hong [72, 154, 73]. This algorithm transforms each first-order formula from 
the theory of real numbers (i.e., in our terms, each modal-free formula) into an 
equivalent quantifier-free modal-free formula (in particular, a closed formula is 
transformed into its Boolean value "true" or "false"). 

For each quantifier-free modal-free formula, we can describe the set of all tuples 
that make it true. Such a set is called semi-algebraic. By this definition, 
the union, complement, and intersection of semi-algebraic sets are also semi
algebraic (because they correspond to the disjunction V, conjunction &, and 
the negation.., of the corresponding formulas). 

We will first show that if F is a quantifier-free formula with modalities, then 
each subformula of the formula F is equivalent to the propositional combination 
of quantifier-free modal-free formulas and formuläs of the type X ~ A for semi
algebraic sets A. We will show this by induction over the length of the formula: 

Induction base: Elementary formulas are quantifier-free modal-free, and there
fore, they are themselves of the right type. 

Induction step: Let us assurne that all formulas shorter than a formula Gare 
equivalent to formulas of the desired type. This means, in particular, that all 
subformulas of Gare equivalent to formulas of the given type. Then, depending 
on the structure of the formula G, we have three possible situations: 

• If G is a propositional combination (i.e., if G = G' &G", G' V G", etc.), 
then, since each of its subformulas G', G" is equivalent to a propositional 
combination of the formulas of the right type, G is also equivalent to such 
a propositional combinationj so, for this case, the induction step is proven. 
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• Let us now consider the case when G has the form OH for some formula 
H. We know that H is equivalent to a propositional combination H' of 
quantifier-free formulas and finitely many formulas of the type X ~ Aj let 
us denote the total number of such sets A by m, and the sets themselves 
by Al, ... , Am. Depending on whether X ~ A j for each j = 1, ... , m, we 
have 2m possible situations. Each situation will be denoted by Sie, where 
k is an m-digit number, in which 1 in i-th place means that X ~ Ai, 
and 0 that X ~ Ai. (For example, So means that X ~ AI & .. . &X ~ 
Ap .) For each of these situations Sie, H' can be reduced to a quantifier
free modal-free formulaj we will denote such a formula by H Ie. Hence, 
for every set X that is characterized by this situation Sie, the formula G 
of the type OH is equivalent OH', which, in its turn, is equivalent to 
'r/XI , ... , 'r/Xn «X1. ... , X n ) EX -+ HIe). If we denote the set of all tuples 
that satisfy the condition H Ie by A~, then this condition is equivalent 
to X ~ A~. So, for each situation Sie, the formula OH is equivalent to 
X ~ A~. Therefore, in general, the formula OH is equivalent to the 
following propositional combination 

Each of the conditions Sie is already in the desired form, so H is also in 
the desired form. 

• The case when G is of the type 0 H can be reduced to the previous one, 
because, as one can easily check, OH ie equivalent to ...,O(...,H). 

The statement is proven. In particular, it is applicable to the original closed 
formula F. Since this formula is closed, it has no modal variables left, and 
therefore, F is equivalent to a propositional combination of the formulas h of 
the type X ~ A. This propositional combination can be reduced to a conjunc
tive normal form (CNF), i.e., to a formula C I & ... &Cp , where each subformula 
Cle (called conjunction) is of the type a V ... V b, and each of the subformulas 
a, ... , b is either 1;, or ""1;. So, the validity of the formula F is equivalent to 
the fact that for every set X, the conjunction Cl & ... &Cp is true. This means 
that for each set X, each conjunction must be true. So, to check validity, it is 
sufficient to be able to check, for k = 1, ... ,p, that each conjunction Cle is true 
for all sets X ~ Rn. 

If we take into consideration that each conjunction Cle is a conjunction of the 
formulas I; and ..., /j, and /j is of the type X ~ Aj, then (after, if necessary, 
reordering the terms inside CIe) we get the formula of the type 
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for some semi-algebraic sets Bk and C,. This formula is equivalent to 

The condition of this implication is that X is a subset of r sets Cl, ... , Cr ; 

this is equivalent to X being a subset of the intersection Cl n ... n Cr . This 
intersection of semi-algebraic sets (we will denote it by C) is also semi-algebraic. 
So, for a given set X, the truth of the formula F is equivalent to the truth of 
the following formula: 

(C.2) 

The validity of F means that this implication must be true for all sets X. Let 
us show that this formula is true for all X if and only if 

C ~ Bi V ... V C ~ Bq. (C.3) 

Indeed: 

• If (C.2) is true for all sets X, it must also be true for X = C. For this set, 
the condition of (C.2) is true, and therefore, the conclusion must be true, 
and this conclusion is exactly (C.3). 

• Vice versa, let (C.3) be true. Then, if a set X satisfies the condition of the 
implication (C.2), then X is a subset of C, and C (by (C.3)) is a subset 
of one of the sets Bk. Hence, X is a subset of one of the sets Bk, which 
is exactly the conclusion of the formula (C.2). So, the implication that 
constitutes the formula (C.2) is true. 

So, validity of F is equivalent to the validity of a formula (C.3) with semi
algebraic sets C and Bk. The fact that these sets are semi-algebraic means that 
each of these sets is a set of all tuples (Xl, ... , X n ) that satisfy a certain modal
free formula; we will denote the corresponding formulas by Fc(Xl , ... , X n) 
and FBh(Xl"",Xn), In terms of these formulas, the condition C ~ Bk 
becomes a first order (modal-free) statement "lxi .. . 'VXn(Fc(Xl," .,x)n _ 
FBh (Xl, ... , Xn)), and first order modal-free statement are algorithmically de
cidable (we can use Tarski-Seidenberg algorithm [408, 388] or a more modern 
algorithm from Collins and Hong [72, 154, 73]). 
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General case: formulas that contain both quantifiers and modalities. 
Let us now prove that the problem of checking validity of general formulas is al
gorithmically undecidable. To prove this statement, we will use the known fact 
that there exists no algorithm for checking whether a given Diophantine equa
tion has a solution, i.e., whether for a given polynomial P(Xl, ... , Xn) with inte
ger coefficients, there exist natural numbers (non-negative integers) Xl, . .. , Xn 
for which P(Xl,"" Xn) Matiyasevich, Davis et al. [276, 86]. Let us show that 
checking whether such integers exist is equivalent to checking the validity of 
the following formula from our language: 

(C.4) 

where Zi stands for 

O(Xi = O)&'v'x( O(Xi = x) --+ O(Xi = X + 1)), 

and C for 

Indeed, according to our definitions, the validity of the statement Zi means 
that the set Xi of all possible values of Xi (i.e., of all values Xi from the tuples 
(Xl, ... , Xi, ... , X n ) E X) contains 0 and contains x+ 1 with each its element x. 
This means, in particular, that it contains 0,1,2, ... , i.e., all natural numbers. 

The condition C means that if for each i = 1, ... , n, Xi is possible (i.e., Xi E 
Xi), then the tuple (Xl, ... ,Xn ) is also possible (i.e., (Xl, ... ,Xn ) E X). In 
particular, since each natural number Xi is a possible value of Xi, an arbitrary 
tuple of natural numbers (Xl, ... , Xn) belongs to the set X. 

The conclusion of the implication (C.4) means that P(Xl , ... ,Xn ) 0 for 
some tuple (Xl,"" X n ) E X. 

If the equation P( Xl, ... , Xn ) has a solution xlO), ... ,x~O) in which all values 

x~O) are natural numbers, then for every set X, for which the conditions of the 

implication (C.4) are satisfied, the tuple (xlO), ... , x~O» corresponding to this 
solution is an element of X, and therefore, the conclusion of the implication 
is true. Thus, if the original Diophantine equation has a solution, then the 
formula (C.4) is valid. 

Vice versa, if the formula (C.4) is valid, then it is valid for an arbitrary set X, in 
particular, for the set X = N n (where N is the set of all integers). For this set, 
the conditions of the implication (C.4) are true, and therefore, the conclusion 
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must also be true. Hence, the equation P(X1 , ... , X n ) must have a solution 
(Xl, ... , X n) EX. Since X = Nn, this means that the original equation has a 
solution in natural numbers. 

So, a Diophantine equation has a solution if and only if the corresponding 
formula (C.4) of modal mathematics is valid. Since it is impossible to algorith
mically check whether a given Diophantine equation has a solution, it is thus 
impossible to check whether a given formula of modal mathematics is valid or 
not. Hence, in the general case, the problem of checking validity of formulas of 
modal mathematics is algorithmically undecidable. The theorem is proven. 
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BEYOND NP: TWO ROOTS GOOD, 

ONE ROOT BETTER 

One oE the main objectives oE theoretical research in computational complexity 
and Eeasibility is to explain experimentally observed difference in complexity. 
In some cases, this experimental difference can be theoretically explained by 
proving that the experimentally harder problem is NP-hard, while the exper
imentally easier problem is computationally Eeasible. But sometimes, both 
problems are NP-hard. In this case, we need to find a way to compare NP-hard 
problems. This is what we will do in this appendix. 

Specifically, in this appendix, we explain why finding a unique root i~ eas
ier than finding multiple roots. This chapter contains our joint results with 
R. B. KearEott; these results were announced in Kreinovich and KearEott 
[192, 193, 194, 195, 196, 201, 218]. 

D.1. Formulation ofthe Problem: An Empirical 
Fact Needs to Be Explained 

Experimental fact. The main objective of this appendix is to explain the 
following experimental facts (see, e.g., Kearfott [171, 172, 173, 174, 175]): 

• In general, it is easier to find a solution (Xl"", Xn) to a system of equa
tions I1(X1,"" xn) = 0, ... , Ik(x1,"" xn) = 0 when this system has a 
unique solution than when this system has several solutions. 

• In general, it is easier to find a point (Xl, ... , xn), in which a given function 
l(x1,"" xn) attains its maximum, when there is only one such point, and 
much harder when there are several. 
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Two possible explanations. In principle, there are two possible explana
tions: 

• this is a drawback of the existing methodsj for other methods, finding 
non-unique solutions is as easy as finding unique onesj 

• it actually is harder to find a non-unique solution. 

The first explanation is quite possible: there are examples when a similar prob
lem turned out to be a method's fault - e.g., Newton's method works faster 
and better if the root is in the middle of the domain, and worse if the root is 
dose to the border. However, other methods find near-the-border roots much 
easier, almost as easily as the roots in the middle of the domain. 

Both problems are, crudely speaking, NP-hard. We want to compare 
the complexity of two problems: 

• solving systems of equations with arbitrarily many solutions, and 

• solving the system of equations with a unique solution. 

We already know that the general problem of solving a system of polynomial 
equations (without any limitations on the number ofsolutions) is NP-hard (it 
is even NP-hard for quadratic equations). We cannot exactly prove that finding 
the unique solution is NP-hard, but we can prove that it is "almost" NP-hard in 
the following precise sense: namely, using the reduction described in the proof 
ofTheorem 3.1, one can show that the problem offinding the unique solution to 
a system of equations (or the unique point where the maximum is attained) is 
as complicated as the problem of finding the unique satisfying vector for a given 
propositional formula. The latter problem (it is usually denoted by USAT, from 
unique satisafiability) is known to be "almost" NP-hard in the sense that every 
other problem from the dass NP can be probabilistically reduced to USATj so 
if we were able to solve all the instances of USAT in polynomial time, we would 
have a probabilistic polynomial-time algorithm that solves almost all instances 
of all problems from the dass NP. (Exact definition are somewhat complicated 
so, due to the lack of space, we refer the interested reader to Johnson [165] and 
Valiant et al. [417]. Note that in Beigel et al. [27], arguments are given that 
this problem may not be NP-hard.) 

How can we compare these two situations? Since both problems seem 
to be equally difficult, how can we compare them? 
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D.2. Dur Idea, and the Resulting Theoretical 
Explanation 

Our idea. For polynomials whose coefficients are rational numbers, both prob
lems are of approximately the same complexity (both are, crudely speaking, 
NP-hard). A natural idea is to consider polynomials whose coefficients are 
computable real numbers (see Appendix A for precise definitions). Such poly
nomials are called computable. For computable polynomials, we already get a 
dear distinction between unique and non-unique cases. 

Indeed, for the case of the unique solutions, the following results are known 
in constructive mathematics (see, e.g., Kreinovich [193, 195], Kohlenbach [179, 
180]): 

Theorem D.1. There exists an algorithm that is applicable to an arbitrary 
system 01 polynomial equations h (Xl, ... , Xn) = 0, ... , /T.;(X1' ... , Xn) = 0 (with 
computable /;(Xl, ... , Xn)) that has a unique solution, and computes this solu
tion. 

Theorem D.2. There exists an algorithm that is applicable to an arbitrary 
computable polynomial I(X1, ... , xn) on a computable box X = Xl X ..• X Xn 

that attains its maximum on X at exactly one point X = (x!, ... , Xn), and 
computes this point x. 

Ifwe allow two or more roots, the complexity ofth~ problem changes drastically: 

Theorem. D.3. No algorithm is possible that is applicable to any polynomial 
lunction f(x) with exactly two roots, and returns these two roots. 

Theorem D.4. No algorithm is possible that is applicable to any polynomial 
lunction f( x) that attains its maximum at exactly two points, and returns these 
two points. 

These theorems explain why it is much more difficult to find all the roots if 
there are two of them than if there is a unique root. In other words, we have a 
theoretical explanation of the above-mentioned experimental fact. 
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11 Unique solution Two solutions 

System of Decidable, Algorithmically 
equations "almost" NP-hard undecidable 
Optimization Decidable, Algorithmically 

"almost" NP-hard undecidable 

D.3. Philosophical Comment: These Results 
Form the Basis for Optimism 

The problem of finding a unique solution is algorithmically solvable not only 
for computable polynomials f,,(Zl, ... , zn), but also for arbitrary computable 
functions f,,(Zl, ... , zn). On the other hand, if we have at least two solutions, 
no general algorithm is possible. This result can be viewed as a foundation of 
optimism (see, e.g., [200]). 

Let us illustrate this idea on the example of historical processes. It often hap
pens in history that a country is in a bad situation; it may be that a tyrant is 
ruining it, it may be that the enemies are devastating it. As times go es by, the 
situation gets gloomier and gloomier; it seems that there are fewer and fewer 
chances of survival, and then, in the darkest hour, when there seems to be the 
only easy-to-miss chance of survival, a miracle happens and this only possible 
way out is indeed followed. 

It often happens that the army wins only after it was almost defeated. It often 
happens that the personal enlightment comes only after a person has plunged 
into despair . It often happens that a proof of the theorem comes only after 
unsuccessful attempts has almost led to despair. The above results explain 
these "miracles": according to these results, in general, it is much easier to find 
a way out when there is the only way out left, than to find it when there were 
still several possible. 

This result teaches us to be optimistic: if the situation gets gloomier and 
gloomier we should not despair but try harder, and then, hopefully, when there 
will be only one way out left, we will find it! 
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Proofs 

We will only give the proofs of Theorems D.3 and D.4. Both proofs use the 
fact that it is algorithmically impossible to tell whether areal number is equal 
to 0 or not (see, e.g., [191], or Bishop [48], Bridges [58], Beeson [26], Bishop et 
al. [49]; in Appendix A, we had, in effect, proved this impossibility). 

Proof of Theorem D.3. We will prove this Theorem by reduction to a 
contradiction. Assurne that such an algorithm U exists. So, U is applicable 
to an arbitrary polynomial with exactly two roots, and returns exactly these 
roots. As an example of such a polynomial, let's take 

where a is some constructive real number. 

It is easy to check that for every a, this polynomial has exactly two roots. 
Indeed, fa(x) is the product of three factors, so fa(x) = 0 if and only if one of 
these factors is equal to O. We will consider two cases: 

• If a = 0, then fa(x) = (x - 1)2 . (x + 1)2, so fa(x) = 0 if either x = 1, or 
x =-1. 

• If a =f:. 0, then the third factor is positive, so for fa(x) to be 0, one of 
the first two factors must be equal to O. In other words, the roots are 
x = 1 - a 2 and x = 1 + a 2• 

Now, we can get the desired contradiction: for every constructive number a, 
we can apply U to the polynomial fa (x) and get the roots with an arbitrary 
accuracy. Let's compute them with the accuracy 1/4. Depending on whether 
a = 0 or not, we have two cases: 

• If a = 0, then one of the roots is -1, so the (1/4)-approximation to this 
root will be a negative rational number. 

• If a ::f 0, then both roots are ~ 1 (1/2)2 3/4, hence, their 
(1/4)-approximations are greater than O. 

So, if one of the approximations is negative, then a = 0, else a ::f o. Hence, 
based on U, we can construct the following algorithm V that would check 
whether a constructive real number is equal to 0 or not: 
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• apply U to la(x), and compute both roots with accuracy 1/4; 

• if both resulting approximations are positive, return the answer "a f:: 0" , 
else return the answer "a = 0" . 

But we have already mentioned that such an algorithm is impossible. So, our 
initial assumption (that an algorithm U exists) was wrong. The theorem is 
proven. 

Proof of Theorem DA. The proof is similar to the proof of Theorem D.3, 
with the only difference that as la(x), we now take 

This function is always non-negative, and since it attains 0 (in exactly the 
same points as the function from the proof of Theorem 1), its maximum is 
equal to O. So, the polynomial la(x) attains its maximum for some x if and 
only if la(x) = o. Then, similar arguments complete the proof. The theorem 
IS proven. 
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DOES "NP-HARD" REALLY MEAN 

"INTRACTABLE" ? 

Most computer scientists believe that NP-hard problem are really computation
ally intractable. This belief is well justified for traditional computers, but there 
are non-traditional physical and engineering ideas that may malm NP-hard 
problem easily solvable. These ideas are briefly overviewed in this appendix. 

Parallelism is desirable for interval computations. Many problems of 
interval computations and data processing are NP-hard. This means that in 
the worst case, computations take a very long time. To speed up these compu
tations, it is desirable to have several computers working in parallel. 

Parallelism is useful. Parallelization has indeed been successfully used in 
interval computations: see, e.g., Bernat et al. [215, 214, 216, 34, 35, 36, 37], 
Bhamidipati [44], Caprani et al. [61], Cooke [74], Deboeck et al. [87], Doser 
et al. [95], Eriksson et al. [102], Henriksen et al. [150], Hu et al. [158, 159], 
Kreinovich et al. [213, 237], Ledere [250], Morgenstein et al. [294], Nemir 
et al. [299], Nguyen et al. [304, 307], Schaefer et al. [375], Schnepper et al. 
[381], Villa et al. [419], Villaverde et al. [421], Wolff von Gudenberg [432] and 
references therein. 

Even with the fastest parallel machines, we still cannot solve some 
problems. Even on the fastest parallel computers, some problems cannot be 
solved. There have been several attempts to design hardware specifically tai
lored towards parallel interval computations (see, e.g., Schulte et al. [384], 
Cooke et al. [75], Nguyen et al. [306]), but even for specifically tailored hard
ware, the worst-case computation time remains unrealistically exponential. 

What can we do? 
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Within Newtonian physics, NP-hardness does seem to mean "in
tractable". The common belief that NP-hard means intractable is based on 
the abilities of the physical processes that are used in the existing comput
ers; it has been proven that is we only use processes from Newtonian physics, 
then we do not add additional ability to the computational devices (for exact 
formulations and proofs, see, e.g., Gandy [117, 118]). 

Within traditional (Newtonian) physical and engineering solutions, NP-hard 
seems to indeed mean "intractable". Indeed, the existing computations schemes 
describe (more or less accurately) the ability of the modern computers. The 
only thing that is missing from the standard algorithms is randomness, i.e., 
the ability to input truly random data and use them in computations. In 
the language of theory of computation, the outside sour ce of data is called an 
oracle. As early as 1981, Bennet et al. has shown [32] that ifwe allow a random 
sequence as an orade, and correspondingly reformulate the definitions of the 
dasses P and NP, then we can prove that P#NP [32]. 

What if we use non-traditional physical and engineering ideas in com
puter design? Since we seem not to be able to avoid the unrealistic expo
nential time with traditional, Newtonian-physics-based computers, a question 
naturally appears: what if in the future, we will find non-N ewtonian processes; 
will then NP-hard problems still be intractable? This quest ion was first formu
lated by G. Kreisel [238]. 

In this appendix, we will show that by using some of these processes, we will 
be able to compute NP-processes fast. 

Classification of possible non-Newtonian physical processes. Tradi
tional computers use discrete-oriented deterministic processes in normal space 
and time. In reality, physical processes are (1) continuous, (2) non-deterministic 
(as described by quantum mechanics) , and (3) they occur in non-traditional 
(curved) space-time. So, to describe how using additional physical processes 
will help in computations, we must consider how these three factors (adding 
non-determinism and taking curvature into consideration) change our compu
tational abilities. 

Non-Newtonian processes of first type: Use of physical fields. For a 
physical field, the value !(x, t) of the field ! in a future moment of time t can 
be expressed in terms of the current state of this field !(x, 0) by an explicit in
tegral formula. This formula is usually computable on existing computers, and 
therefore, the evolution described by the fields is recursive (relevant theorems 
are proved, e.g., in Pour-EI et al. [332]). 
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In some cases, however, f(i, t) is described as an integral in terms of the func
tion f(i, t) and its spatial derivatives. So, if we start with a function f(i, 0) 
that is recursive, but whose (spatial) derivatives are not recursive, we may end 
up with a non-recursive value f(i, t). This was shown by Pour-El et al. in [331] 
(see also Beeson [26], eh. 15, and Pour-El et al. [332]). This result generalizes 
a theorem proved by Aberth in 1971 and rediscovered in Pour-El et al. [330]. 

Another possible way of using fields to speed up computations is described in 
Beltran et al. [29]. 

Comment. This result does not necessarily mean that we have found a way to 
compute a function that is not computable on a normal computer (see, e.g., 
Kreisel [239]), because for that, we would need to find a way to implement the 
initial conditions with a non-recursive derivative. A more definite possibility 
of solving NP-hard problem fast comes from the other two aspects of physical 
processes. 

Non-Newtonian processes of second type: Quantum processes 
(adding non-determinism). In [90], Deutch has shown that the use of quan
tum processes can potentially speed up computations (see also Penr08e [325], 
eh. 4, p. 146). The fact that quantum processes can speed up computations 
follows from the fact that the prediction problem in quantum mechanics is NP
hard [235] (see also K08heleva et al. [184]), and therefore, ifwe can simply'wait 
to see what will happen, we will thus get (in time t) the values whose com
putation on a normal computer would require a time that grows exponentially 
with t. 

Specifically, in Stannett [403], it is shown that in some versions 0/ quantum 
mechanics, relativistic physics, and algebraic field theory, it is possible not only 
to solve NP-hard problems fast, but even to compute functions that are not 
computable on regular computers at all. For several approaches to quantum 
gravity, a similar property is described in Geroch et al. [125] and in Penr08e 
[325], eh. 8, and eh. 10, p. 431. 

Comment 1. Penrose in [325], eh. 9, pp. 400-402, provides arguments that 
quantum processes may be essential for the functioning of the brain (in par
ticular, he cites experimental data from Hecht et al. [142] and Baylor et al. 
[21]). He also remarks that the well-known fact that our brain easily solves 
problems that are still difficult for modern computers, may be an indication 
that our brain uses non-Newtonian processes for computations (and thus. it 
has additional computational abilities). 

rohn@cs.cas.cz



404 ApPENDIX E 

Comment 2. Rosen in [367], Ch. 11, p. 257, argues that biological processes 
cannot be explained by the existing physical processes, and thus concludes that 
some (not yet known) physical processes must be responsible for these processes. 

Comment 3. In Brasher et al. [57], it is proved that quantum processes can 
not only speed up computations, they can also decrease the energy consumption 
of the computation processes. 

Non-Newtonian pro ces ses of third type: Using curved space-time 
for computations. If we allow heavily curved space (e.g., semi-closed black 
holes), we can get the results faster if we stay in the area where the curvature 
is strong and time goes slower, and let the computations be done outside (see, 
e.g., Morgenstein et al. [200, 287]); then, we will even be able to compute 
NP-hard problems in polynomial time. 

Some physical theories describe acausal processes (e.g., closed timelike curves 
that enable us to send informationfrom the future to the past). The possibility 
of such processes is seriously discussed in physics (see, e.g., Tipier, Thorne, et 
al. [411, 412, 413, 295, 296, 310, 132, 319, 409, 311, 11]). Rosen in [365] 
provides biological motivations for the existence of such processes: namely, he 
suggests that the living beings can use physical processes that influence the 
current events depending on the future ones (he calls such acausal processes 
anticipatory; see also [364, 366, 367, 368]). 

If we allow such processes, then talking about computation time may make 
no sense: we can spend all the time we want on solving a problem, and then 
simply send the result back in time to the moment of time when we asked for a 
solution. In this case, many computational steps pass, but we get the solution 
exactly at the same moment when we ask for it (i.e., we do not feel any waiting 
at all). This idea was described in Kosheleva et al. [185] (see also Maslov [275] 
and Kreinovich [205]), Moravec [292], and Nahin ([298], pp. 202-203). 

An even more unusual idea has been proposed by Penrose: using his analysis 
of how new ideas come to mind (sometimes we kind of "see" them), he argues 
that the platonic world of ideas may physically exist, and communication with 
this world is part of our conscience [325], Ch. 10, p. 427. If we assurne that 
there exists a platonic world of ideas in which time is not defined, then we can 
simply read the solution from that world without bothering about time at all. 
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BRIGHT SIDES OF NP-HARDNESS 
OF INTER VAL COMPUTATIONS 11: 

FREEDOM OF WILL? 

In this book, we have pFoven that many computational problems of data pro
cessing and interval computations are NP-hard. The immediate conclusion 
of these results is negative: one cannot expect an algorithm that solves all 
the problems of data processing and interval computations in reasonable time. 
However, as we will mention in this chapter, the NP-hardness results also have 
their bright sides. The first bright side was described in Chapter 15: NP
hardness interval computations enables us to apply eflicient heuristic methods, 
originally developed for interval computations, to other complicated problems, 
and thus, get new heuristics. 

In this appendix, we present a more speculative idea: namely, we show that 
this NP-hardness may help us to somewhat patr;h the seeming contradiction 
between the determinism of modern physics and the notion of freedom of will. 

F.1. Freedom of Will 

Determinism of modern physics. Physical theories are usually described 
in terms of differential equationsj in these theories, the current state of the 
world is uniquely determined by the initial state of the world. So, if we know 
the initial state of the world, then we can uniquely determine the state of the 
world at any future moment of time. 

A more accurate description of this statement is as follows: if we know the 
initial state of the model of apart of the world, then we can determine the 
future state of the model. 
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This prediction is not an abstract possibility: physical equations often lead to 
reasonably efficient predictions. 

Comment. A comment is in order regarding quantum physics: 

• In classical (non-quantum) physics, the state of the world is uniquely de
termined by the corresponding differential equations, and it uniquely de
termines the results of all possible experiments. 

• In quantum mechanics, the state 1j; is still uniquely determined by 
Schroedinger's equations, but this state does not determine the results 
of the experiments: it only determines the probabilities of different exper
imental results. 

Freedom of will. This determinism contradicts to the idea of /reedom 0/ will, 
i.e., to the fact that we humans feel ourselves capable of making free decisions 
- decisions that cannot be predicted. According to the idea of the freedom of 
will, not only the decisions cannot be predicted, but we cannot even always 
predict what decisions will be possible. 

At first glance, there seems to be a contradiction. At first glance, there 
seems to be a contradiction between determinism and the freedom of will, and 
philosophers have been viewing it as such. 

Contradiction disappears if we take interval uncertainty into con
sideration. Let us show that the seeming contradiction between physics and 
freedom of will almost disappear if we take into consideration that we never 
know the initial state of the world precisely: 

Indeed, we get this state from measurements, and measurements are never ab
solutely precise. As a result, for every measured physical quantity x, we do not 
know its exact value, we only know the result x of measuring x, together with 
the guaranteed accuracy ~ of the measuring device. From this measurement, 
we can only conclude that the actual value x is somewhere on the interval 
[x - ~, x + ~]. So, instead of knowing the exact values of the parameters of 
the initial state, we only know intervals of possible values of these parameters. 
For intervals, as we have seen, the problem of computing the exact range is 
NP-hard, and therefore, it is not possible to compute, in reasonable time, the 
interval of possible values of parameters that describe the future state. This 
impossibility me ans that we cannot predict which decisions will be possible 

rohn@cs.cas.cz



Bright Sides of NP-Hardness of Interval Computations II 407 

and which decision will not. In other words, this impossibility leaves room for 
freedom of will. 

Disclaimer: this is not yet a solution of the freedom of will problem, 
but it may be a step towards the solution. Our remarks, of course, do 
not explain whether freedom of will exists of not, which is the basic question 
argued by theologians and philosophers over the centuries; our remarks only 
say that in spite of a seeming contradiction with physical determinism, there 
seems to be a room for freedom of will. 

Historical comments. 

• The relationship between freedom of will and computational complexity 
was mentioned by Penrose in [325]; see also Balogh [15] and Alefeld et al. 
[3,4]. 

• For quantum systems, a similar result (that prediction is NP-hard) was 
proved in Kreinovich et al. [235]; for gravitation al systems, it was proven 
in Kreinovich [203]. We have shown that this result is true even for simple 
linearized equations of classical physics. 

F.2. Possible (Speculative) Consequences 

Our conclusion about freedom of will has the following two (even more specula
tive) consequences. We fully realize that these consequences are speculative and 
that we are not specialists in this field. We hope however that these comments 
will be useful to the corresponding specialists: 

Is absolute totalitarianism possible? L. A. Levin, one ofthe authors ofthe 
notion of NP-hardness, remarked that the impossibility to always predict the 
exact consequences of a person's behavior means that absolute totalitarianism is 
impossible. Indeed, the idea of a totalitarian control is based on the assumption 
that dictators can always predict the results of their pressure, and choose the 
strategy that guarantees their power in the future. Hopefully, such a prediction 
is impossible, and therefore, the dictators will always make an erroneous move 
with unpredicted results that they were trying to avoid. 

Towards solving the sociobiological dilemma. The impossibility of pre
diction may also help in resolving the following sociobiological dilemma (see, 
e.g., Wilson [430, 431], Lumsden et al. [260,261], MacDonald [264], Ruse [373]): 
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• On one hand, many biologists believe that genes determine many impor
tant human characteristics, including many characteristics related to in
telligence. 

• However, on the other side, they abhor the (seemingly inevitable) con
clusion of this belief, that people with certain genetic characteristics are 
intellectually inferior to others. 

The computational intractability of prediction helps us avoid the inevitability of 
this conclusion: genes may theoretically determine our behavior, but in practice, 
it may be computationally intractable to make any behavior predictions based 
on the genetic characteristics. 
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THE WORSE, THE BETTER: 

PARADOXICAL COMPUTATIONAL 
COMPLEXITY OF INTER VAL 
COMPUTATIONS AND DATA 

PROCESSING 

In this book, we have presented many results about computational complexity 
and feasibility of interval computations and data processing. 

From the technical viewpoint, most important practical problems, related to 
data processing and interval computations, are either known to be computa.
tional intractable, or known to be computationally feasible. There are only a 
few (relatively minor) problems for which it is not known wh ether a problem is 
feasible or not, so the reader may get an impression that this area of research 
is almost finished. 

To avoid creating this false impression, we decided to finish this book with 
this appendix that describes the fundamental challenge: many important tech
nical results about computational complexity and feasibility of interval compu
tations and data processing, with all their technical sound prooEs, are actually 
intuitively paradoxical. Namely, problems that should intuitively be more com
plicated actually turn out to be computationally easier, and vice versa. 

We believe that if somebody can come up with a reasonable explanation of 
this paradoxical complexity, this explanation will greatly enhance our under
standing of the fundamental problems of computing. With this grand challenge, 
we finish the book. 

(This appendix was written in collaboration with V. Nesterov. Its main 
ideas first appeared in Nesterov et al. [301].) 

Intuitive complexity of a computational problem: three main fac
tors. Intuitively, the complexity of the computational problem depends on the 
following three factors: 
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• The first faetor is the size of the area where solution has to be found. 
This size describes the total number of objects that we need to analyze in 
order to find a solution; so, the larger this size, the more complicated the 
problem. 

In general, this conclusion is true: e.g., the more variables a problem 
has, the more difficult it is to solve it. However, we will see that this 
intuitive conclusion is not always true. 

• Another factor is the number 0/ solutions. Intuitively, the more objects are 
solutions to our problem, the easier it must be to find one. For example, if 
half of the possible objects are solutions, then we can find one by several 
successive random number simulations. 

Again, we will show that this is not always the case, and sometimes, 
the unique solution is easier to find than a multiple one. 

• Finally, the complexity of the problem is determined by the complexity 0/ 
the condition that we want the desired solution to satisfy. 

We will see that sometimes, problems with more complicated condi
tions are easier to solve. 

In this appendix, we will briefly describe the corresponding basic examples of 
paradoxical computational complexity. 

Decreasing the size of the area, in which a solution has to be found, 
can drastically increase the computational complexity. Traditionally, 
problems of interval computations are solved under the assumption that the 
corresponding variables Xi take arbitrary values from the given intervals ~,Zi]. 
A typical problem is the problem of range estimation: 

GIVEN: 

• an integer n; 

• a polynomial /(X1, ... , xn) with rational coefficientsj 

• n intervals Xi = ~,Zi] (1 ~ i ~ n) with rational endpointsj and 

• a rational number y. 

CHECK whether y belongs to the range ofpossible values of /(X1, ... , xn) 
(i.e., whether y can be represented as /(X1, . .. , xn) for some Xi E Xi). 
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For linearfunctions /(Xl, ... , xn ), this problem is easy to solve; for polynomial 
functions /(Xl, . .. , x n ), it is NP-hard but still algorithmically solvable (even if 
we allow infinite intervals Xi). 

Here comes a paradox. In many real-life situations, we know that a quantity 
Xi takes only values proportional to a certain quantum qi (electric charge is a 
typical example). 1f we impose this additional condition that the ratio Xi/qi 

is an integer, then, at first glance, we drastically decrease the size 0/ the area 
where the solution can be found. However, as we have seen, the computational 
complexity immediately increases: 

• even for linearfunctions /(Xl,"" xn ), the problem becomes NP-hard (i.e., 
crudely speaking, not solvable by a feasible algorithm), and 

• in the general case of arbitrary polynomials and possibly infinite intervals, 
the problem becomes algorithmically undecidable. 

The fewer solutions, the ... easier to find them. Intuitively, as we have 
mentioned, the fewer solutions, the more difficult it is to find one. However, 
it is weIl known in numerical computations that numerical methods converge 
faster ifthere is a unique solution (e.g., the unique root). Since there is a dear 
contradiction between the intuitive expectations and the existing numerical 
techniques, it is natural to ask a question: 

• is this easy-when-few-roots phenomenon caused by the inadequacy of the 
known methods, or 

• is a general property of all possible methods? 

Surprisingly, the second .a.nswer is correct, and intuition is all wrong here; as 
we have mentioned earlier in the book: 

• there exists a general algorithm for finding roots of computable functions 
that have only one root, but 

• it is algorithmically impossible to find a root of all functions who have one 
or two roots. 
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Sometimes, problems involving more complicated properties are eas
ier to solve. Finally, eomputational eomplexity 0/ a problem "find an object 
x that satisfies a given property P(x)" (or "check whether a given object x 
satisfies a given property P(x)") is influenced by the eomputational eomplexity 
0/ the corresponding property P( x). In particular, the range problem of interval 
computations can be reformulated as the problem of checking the formula 

This formula has a quantifier eomplexity 1 (meaning that it contains only one 
type of quantifiers), and it may seem, at first glance, that it is easier to check 
than any problem with higher quantifier complexity. 

However, if we restrict ourselves to monotonie functions, i.e., if we check for
mulas 

'lxi, X~(Xi < x~ -+ 

/(X1, ... , Xi-1. Xi, Xi+1. ... , Xn) ::; /(X1, ... , Xi-1, X~, Xi+1,···, Xn» 

of quantifier complexity 2, the range problem becomes easy to solve, mueh 
easier than the general range problem. 

Summarizing: 

The results abaut 
computational complexity and feasibility 

of interval eomputations and data processing 
are often paradoxical and counter-intuitive. 

Ta explain 
these paradoxical results 

is a fundamental challenge. 

With this challenge, we finish the book. 

Thank you for being with us! 
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quadratic, 175, 181, 183, 185 
quartic, 181, 183, 185 
unconstrained, 175, 328 

Orade, 372, 376, 402 
P,35 
Parallel computations, 401 

for multi-intervals, 313 
hardware support, 401 
non-feasible, 401 

Parallelepiped, 9 
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Partition problem, 39, 75, 107, 
109, 122-123, 141-142, 148, 
157, 187, 190, 202, 204-205, 
321, 329 

Pattern, 367, 371 
Physics of computations, 20 

acausal processes, 404 
curved space-time, 402 
field theory, 402 
Newtonian,402 
non-Newtonian,402 
platonic ideas, 404 
quantum processes, 402 

Platonic world of ideas, 404 
Polynomial 

compact,56 
computable, 397 
quadratic, 85 
with bounded coefficients, 79, 

181, 183, 185, 200-201 
Prediction problem, 143, 227 

meteorology, 144 
specifics, 144 

Probability distribution 
average, 334 
Chebyshev's inequality, 337 
Chebyshev's theorem, 337 
dose to Gaussian, 300, 334 
confidence interval, 337 
Gaussian, 291, 300, 331, 334 
moment, 334 
non-Gaussian,300 
normal, 291 
standard deviation, 334 
Weibull-type, 300 

rohn@cs.cas.cz



458 COMPLEXITY OF INTERVAL COMPUTATIONS 

Prob ability 
computation, 20, 331, 334 

Problem 
algorithmically decidable, 60, 

177, 179, 183-184, 198,294, 
328, 387 

algorithmically undecidable, 328, 
330, 347, 354-357, 359-360, 
387, 397 

dass NP, 35 
dass P, 35 
feasible, 264 
instance of, 35 
intractable, 32 
NP-complete, 37, 260, 264 
NP-hard,37 
pseudo-polynomial, 117 
reduction, 33 
subclass, 46 
tractable, 32 

Quantum computing, 402 
Quantum 

of a physical quantity, 326 
RAM (Random Access Memory) 

computer, 31 
Random variable 

dependent variables, 292 
independent variables, 291, 331, 

334 
Random variables 

not independent, 302 
Randomness, 402 
Range, 5 
Representative 

simplest, 20, 347, 354, 357 
Satisfiability problem, 38, 47, 124, 

160, 340 
unique solution, 396 

Scalar product, 257 
Scale invariance, 301 
Schanuel's hypothesis, 60 
Semi-algebraic set, 389 

Set theory, 348, 351-352 
Set 

semi-algebraic, 389 
Shary's approach, 382 
Signal processing, 73 

stationary, 155 
Signal, 153 

bias, 153 
reconstruction, 153 
several channels, 154 
strong, 153 
transmitted, 153 
weak,153 

Smoothness, 73 
Sociobiological dilemma, 407 
Spline, 55 

linear, 56 
Stability, 55 
Standard deviation, 291 
Stationary point, 182 
System 

of differential equations, 114, 
220, 230 

of equations, 20, 100, 197,228, 
396 

of intervallinear equations, 18, 
99 

of linear equations under 
ellipsoid uncertainty, 295 

of linear equations under mixed 
uncertainty, 298 

oflinear equations, 99, 198-199, 
382 

of multi-intervallinear equations, 
315 

of non-linear equations, 382 
of partial differential equations, 

115 
of polynomial equations, 397 
of polynomial inequalities, 54 
of quadratic equations, 197-200 
solution set, 100 
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with multiple solutions, 395 
with unique solution, 198, 395 

Tarski's algorithm, 42, 177, 179, 
183-184, 198, 294, 328, 
388-389, 391 

Theory 
first order, 60, 350-351, 386 

Three sigma rule, 291 
Totalitarianism, 407 
Turing machine, 28 
Typicality, 361 
U ncertainty 

non-interval, 289, 316, 348 
Variational principle, 175 
Vector,257 

mixed interval and infinite 
multi-interval, 319 

mixed,319 
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