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ÙÐÚØÛ}Ü�ÛÃÝËÞËÛ
ß}àlá�âoãTäåoæçtè�é
êlç�ë�ìtí�ézç�î�ç
êlï�ìÍðâoïä�ñ ò�óâoô�ç�ãaâoï�á�ç�ë�ì
ïïõÃâØë�ö½÷oøúùû]óâ¢á�ãaâ£í�ç�ãüç�î�å£à�ýþá�âoïä�ñþå£ítì
ïâ£í]á�ç�æ�à�åoô�ç�ë�ç�âÃãaïçÍýþâoå£í�ë�ç[óâ£ÿ�âoïä��zäï�í�âoóë�ìrè�é�ïç���è�äïâ����ïç���åoäå£í�âoãaõ à�ó�ì
ë�ïâoïä�� ù��[ì
æç�ãaïäã�ç�æóâ¢á�â�è�âoïäâ	�£í�ç�
oçzãaïçÍýþâoå£í�ë�ì�ù���� ���a��	������������������������� "!#��$%��&('*)+��)+��-,/.0�������+'���.�1*!#��23�+45�6!���7���)+8%��1�9��6!� "���+����'

Ax = b, : ÷<;2>="�
A ∈ IR

m×n ? ��������� "!#��$%��!(�@,/!��A����B�!C�6!<D#,C���6!
m × n E

b ∈ IR
m ? ��������� "!#��$%��.F'* ��+8%�&G��=+������.

m E
x ∈ R

n ?  ��+H��)+� ��+����.F'* ��+8%�&G��=+������.
n E="&(I�96)+86&< ".�,J,/��&#KJ��)+� �&>,L���+M�+����'N��!<D".O "!��+�)5�P,/��&#KJ��)+� �&

Ξ QSR�TSE 86&(�&G��&<�UD"!�=<!��+�)5�@&(=<V��&('*��DW)X���+=<9%YZH[��1]\<86 "�� "!#���+���[��.�1*^O&G�6,/9<��_
Ξ QSR�T := { x

∣

∣

∣
(∀A ∈ A) (∃ b ∈ b) (Ax = b)

}

, :a` ;

Ξ QSR�T := { x
∣

∣

∣
(∀A ∈ A) (Ax ∈ b)

}

, :cb ;
Ξ QSR�T := { x

∣

∣

∣
(A ∈ A) ⇒ (Ax ∈ b)

}

, :ed ;
Ξ QSR�T := { x

∣

∣

∣
Ax ⊆ b

}

. :af ;gÉê�ç�æóâ¢á�â�è�âoïä�ñËá�ç�æ�à�åoô�ç�ë�ç�
oç ãaïçÍýþâoå£í�ë�ìzóâ£ÿ�âoïä��Qïâ[ñåoïçò�ô�ì
ô�ï�ì<h�çoá�ä�í�éi�£í�ç©ãaïçÍýþâ3�å£í�ë�çù�jØè�ñ�ï�ì<h�çÍýþá�âoïä�ñ�ä�äåoå�è�â¢á�ç�ë�ì
ïä�ñ
Ξ QSR�T ç�î�õÃðïçzä�k�à�í�á�ó�à�
oäâ	l[ç�óãaõ æóâ¢á�å£ítì
ëtè�âoïä�ñ�£í�ç�
oç©ãaïçÍýþâoå£í�ë�ì�ù�mÕá�ïç�ãeàÔä�ê[ítì
ôä�h�æóâ¢á�å£ítì
ëtè�âoïä��Qæç�åoë
ñ�k�âoï�ì�á(ì
ïï�ìtñËó�ì
î�ç
ítì�ù

∗ npo#q3r"s<t<o+u-v+waxNy<z<s]{ps<|"}3|"wX~+�+~+�iy<~G�<��u-z��Zt#u	npz<u-�-s#��u-|<v+wXt#~+��y<z<~+�-z"}+�������c��u���o#��s<u�|"}5o#�<|<��u���t#~3r"����p��� �-z"}3|<v����F�����+ + +¡<¢ £3¤+¤+¡<¢ ��¥�¢¦© § |"wXv3s<v3o#v¨�+���<s"w�r"s<v3uXr"©+|<��ªUv3uXª(|<~3r"~+�-s<�C«�s<q+s<z"wXt#~+�-~�~+v-��uXr"u-|<s(x � ~�w-wXs<�"wXt#~+�A}3t(}5��uG��s<sU|"}5o#t6¬"£3¤+¤##¢
÷ `"d
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É�ÊÌËÎÍ Û}Ü*Ï�Ð�Ñ[Ú/Ò�ÛÃÝËÞNÓÕÔ Ê]ÖØ× Ý@Ñ+ÞÚÙ Ê]Û Û�Ò�Ò�ÞËÝ�Ü
Ýüï�ì
å£í�çÍñ�k�âoâÃë�óâoãeñ�ä�êlë�âoå£í�ïç]ïâoåoô�çtè�é�ô�ç[æóâ¢á�å£ítì
ëtè�âoïä���á�ç�æ�à�åoô�ç�ë�ç�
oç]ãaïçÍýþâoå£í�ë�ìÉóâ£ÿ�âoïä�� òîtè�ì�
oçoá(ì
ó�ñ©ô�ç
í�ç�óõÃã ãaçÍý©ïç�óâ£ÿþìtí�é�ó�ìtê£è�äðïõÃâ±êÍìÍá(ìÍðä ò�åoë
ñ�êÍì
ïïõÃâWåU�£í�äã ãaïçÍýþâoå£í�ë�ç�ãÃù�Ýä�hËðäå�è�âÉá�ë�ìþæóâ¢á�å£ítì
ëtè�âoïä�ñ*g]ó�ý©ä]Þ�ç�ï�ìËö ` øa_

Ξ QSR�T = { x
∣

∣

∣
|Ǎx − b̌| ≤ b̂ − Â|x|

}

, :cß ;

Ξ QSR�T =
{

x

∣

∣

∣

∣

∣

∣

(x = x′ − x′′) &











Ax′ − Ax′′ ≤ b,
−Ax′ + Ax′′ ≤ −b,

x′, x′′ ≥ 0





}

, :aà ;

ä�æóâ¢á�å£ítì
ëtè�âoïäâ�ß�äó�
oä�íNá]â�èè�äï�
zö b ø

Ξ QSR�T =

{

x

∣

∣

∣

∣

(∃y ∈ R
n)

({

|Ǎx − b̌| ≤ b̂ − Ây,
|x| ≤ y

)

}

= :câ ;

=

{

x

∣

∣

∣

∣

∣

∣

∣

∣

(∃y ∈ R
n)























Ǎx − b̌ ≤ b̂ − Ây,

−Ǎx + b̌ ≤ b̂ − Ây,
x ≤ y,

−x ≤ y









}

. :cã ;

û]çÍñåoïäãTç�î�ç
êlï�ìÍðâoïä�ñ ò�äåoæçtè�é
êlç�ë�ì
ïïõÃâ[ëWl[ç�óãeàÍè�ì<h :cß ;aä :cã ;>_
A ∈ R

m×n å ïä�ý©ï�ñ�ñ�
oó�ì
ïé�äï�í�âoóë�ìrè�é�ïç���ã%ìtí�óä�æõ
A
ò�írù�â
ù

(A)ij = min
a∈Aij

a ç
A ∈ R

m×n å ë�âoó�h�ï�ñ�ñ@
oó�ì
ïézäï�í�âoóë�ìrè�é�ïç���ã%ìtí�óä�æõ
A
òírù�â
ù

(A)ij = max
a∈Aij

a ç
Ǎ ∈ R

m×n å åoâoóâ¢á�äï�ìzäï�í�âoóë�ìrè�é�ïç���ã%ìtí�óä�æõ
A
òírù�â
ù

Ǎ = (A + A)/2 ç
Â ∈ R

m×n å ó�ìÍá�ä�à�åØäï�í�âoóë�ìrè�é�ïç���ã%ìtí�óä�æõ
A
òírù�â
ù

Â = (A − A)/2
ù

è ï�ìrè�ç�
oäðïõÃâ�ç�î�ç
êlï�ìÍðâoïä�ñ å b, b, b̌, b̂ å äåoæçtè�é
êlç�ë�ì
ïõPá�è�ñ�äï�í�âoóë�ìrè�é�ïç�
oç©ë�âoô�í�ç�ó�ì
b
ùmÉæâoó�ì�æä�ñ�ë
êoñ�í�ä�ñ�ãaçoá�àÍè�ñ�ë�âoô�í�ç�ó�ì�æç�ïäã%ì
â£í�å´ñ�æç�ô�ç�ãaæç�ïâoï�í�ïçò�ï�ì
æóäãaâoó ò

|x|j = |xj|
ùé 
oâoç�ãaâ£í�óäðâoåoô�ç���í�ç�ðôäØêlóâoïä�ñ�æóâ¢á�å£ítì
ëtè�âoïä�ñ :aà ;(ä :cã ; ç�ðâoïé±îtè�ä�êlôä�_rç�î�ìÃç�ïäØç�æäåoõ��ë�ì�ê±í á�ç�æ�à�åoô�ç�ë�ç�â�ãaïçÍýþâoå£í�ë�ç�óâ£ÿ�âoïä��üô�ì
ô ç�î�ó�ìtê�ë�õÃæ�à�ô�è�ç�
oç�ãaïç�
oç�
oó�ì
ïïç�
oç�ãaïçÍýþâoå£í�ë�ì�òêÍìÍá(ì
ë�ì
âoãaç�
oç©åoäå£í�âoãaç��Qä�ê

2(m + n)
ïâoó�ì
ë�âoïå£í�ëÔë©æóç�å£í�ó�ì
ïå£í�ë�â

R
2n
ò�æóäËè�äïâ��ïç�ãPç
í�ç�î"�ó�ìtýþâoïääËëþæóç�å£í�ó�ì
ïå£í�ë�ç

R
n
ù�ÝOæóâ¢á�å£ítì
ëtè�âoïää :aà ;��£í�ç�è�äïâ��ïç�â]ç
í�ç�î�ó�ìtýþâoïäâ]äãaâoâ£ízë�ä�á

x = x′ − x′′ ò�ì�ë�æóâ¢á�å£ítì
ëtè�âoïää :cã ;Éè�äïâ��ïç�âÔç
í�ç�î�ó�ìtýþâoïäâ æóâ¢á�å£ítì
ëtè�ñâ£í åoç�î�ç��dæóç�å£í�çç�ó�í�ç�
oç�ï�ìrè�é�ï�à�ê=æóç�âoô�æä�ê=ï�ìþæóç�å£í�ó�ì
ïå£í�ë�ç©êlï�ìÍðâoïä���æâoóâoãaâoïïç��
x
ùgÉê]åGh�çoá�å£í�ë�ì[
oâoç�ãaâ£í�óääËæóâ¢á�å£ítì
ëtè�âoïä�� :aà ;%ä :cã ;aë�õÁí�âoô�ì�ê±ízåGh�çoá�å£í�ë�ç�ãaâ£í�çoá�ç�ëþäåoå�è�â¢á�ç"�ë�ì
ïä�ñQæç��£í�äã æóâ¢á�å£ítì
ëtè�âoïä�ñã ä�æóä�è�çÍý©äãaç�å£í�éËä�hQô�çoá�äï�ì
ô�ç�ë�õÃã êÍìÍá(ìÍð�ì
ãÃùëmÉî�ì©æóâ¢á��å£ítì
ëtè�âoïä�ñ ãaçÍý©ïç�äåoæçtè�é
êlç�ë�ìtí�éËá�è�ñdæç�ô�ç�ç�ó
á�äï�ìtí�ïç�
oç�ç�æâoïäë�ì
ïä�ñ�á�ç�æ�à�åoô�ç�ë�ç�
oç�ãaïçÍýþâ3�å£í�ë�ì�óâ£ÿ�âoïä��Ëä�á�è�ñ æçtè�à�ðâoïä�ñÔë�ïâ£ÿ�ïâ��Ôäï�í�âoóë�ìrè�é�ïç��Ôç�æâoïôäN�£í�ç�
oçþãaïçÍýþâoå£í�ë�ì�ãaâ£í�çoá(ì<�ãaäÔè�äïâ��ïç�
oçzæóç�
oó�ì
ãaãaäóç�ë�ì
ïä�ñ ùì�õ æóâ¢á�è�ì�
�ì
âoã ãaçoá�ä�l[ä�æäóç�ë�ìtí�é æóâ¢á�å£ítì
ëtè�âoïäâ :câ ;aä :cã ;¢ò�æóâ¢á�è�çÍýþâoïïç�â�ßWù�á]â�èè�äï�
¢ùì�çoá�ä�l[ä�æäóç�ë�ì
ïïç�â]æóâ¢á�å£ítì
ëtè�âoïäâ[æç�åoó�ì
ë�ïâoïä�ê åWäåGh�çoá�ïõÃã á(ì
â£íþë�õZ
oçoá�à æóäÔï�ìrè�äðääë�äï�í�âoóë�ìrè�é�ïç���ã%ìtí�óä�æâ

A
ë�õÃóçÍýþá�âoïïõ�h�å£í�çtè�î�æç�ëùá]óç�ãaâ]í�ç�
oçò�ãaõ æç�ô�ìtýþâoãÃòð�í�ç©äåGh�çoá�ïç�âØä�ãaçoá�ä�l[ä�æäóç�ë�ì
ïïç�â[æóâ¢á�å£ítì
ëtè�âoïä�ñ�ãaçÍý©ïçäåoæçtè�é
êlç�ë�ìtí�é�á�è�ñ�ï�ì<h�çÍýþá�âoïä�ñ�ë�âoó�ÿ�äïÔá�ç�æ�à�åoô�ç�ë�ç�
oç©ãaïçÍýþâoå£í�ë�ì�óâ£ÿ�âoïä�� ù



÷ `�ß ÂÈ-ÄµÈ�Àîí�ï�í<ð
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A ∈ IR
m×n E b ∈ IR

m E x ∈ R
n
�

Ξ QSR�T ��D :a` ;+ù :af ;

Ξ QSR�T =
{

x

∣

∣

∣

∣

(∃y ∈ R
|I|)

({

|Ǎx − b̌| ≤ b̂ − Â:Iy,
|xI | ≤ y

)

}

, : ÷(ú%;

2>="�
I ? 9%I�&G����="&(7��+����&<�/I�&� �&�D>�6!�)+�[!�����YL,/��&#KJ��)+� �&���&>,C����&< µ���� ".���&#K¿="�+����.�1@)+�&5��4<B�&< ,/!��A����B�.

A E �Wû<�#û I =
{

j | (∃i)(Âij > 0)
} ü

R
|I| ? I���&<)+�A�6!���)+� �& E �6!<D#,C������&<)+�[$N86&(�&G��&<23&Å�6!� "��!P7���)X��9W\>���-,C�+���&< µ,/��&#KJ��)+� "! I

ü
Â:I

? I�&(=�,/!��A����B�!C,/!��A����B�.
Â E  �86&(�&G��9%YØI�&<)X���+="&< "!���X��$%��&C "8<��YZ7��+��.�)+�&5��4<B�.�)U��&(V,C���6!(,/�*��Dµ,/��&#KJ��)+� "!
I
ü

xI
? I�&(=" ��+8%�&G�� ��+8%�&G�6!

x E )�&<)+�[!� ����+����.F'°I�&<)X���+="&< "!���X��$%��&µ��D[86&>,/I�&(���+���Ì)C��&>,C���6!�V,/�*��D	,/��&#KJ��)+� "!
I
û

ý ��þ�ø�ÿ6ø���	����������ë� é ï�ìÍð�ìrè�ì êÍì
ãaâ£í�äãÃòÕð�í�ç�ã%ìtí�óä�æ�ì
Â:I

æçtè�à�ð�ì
â£í�å´ñ ä�ê ã%ìtí�óä�æõ
Âàlá(ìrè�âoïäâoãOï�àÍè�âoë�õ�h�å£í�çtè�î�æç�ëò�ä�æç
í�ç�ãeà

Â|x| = Â:I |xI |. : ÷�÷<;
� í�çdåoë�ç��å£í�ë�çüæç
êlë�çtè�ñâ£íüæçtè�à�ðä�í�édæóâ¢á�å£ítì
ëtè�âoïäâ : ÷(ú%;�ô�ì
ôTç�ðâoë�ä�á�ïç�â�å�è�â¢á�å£í�ë�äâ�ä�ê

:câ ;�ù��]ç�ë	æâ�è�ç�ãdítì
ô�ç��Ôë�õÃë�çoá�ïâ�è�ç�
oäðâoï�_�åoï�ìÍð�ìrè�ì�ç�î�ç�åoïç�ë�õÃë�ì
â£í�å´ñÔî�çtè�âoâWå�è�çÍý©ïç�âWä ãaâoïâoâæçtè�â£êlïç�âþæóâ¢á�å£ítì
ëtè�âoïäâ :câ ;¢ò ì æç
í�ç�ã ç�ïç à�æóç�kþì
â£í�å´ñ�á�ç : ÷(ú%;¢ù û]ç��£í�ç�ãeà�æóç�ë�â¢á�âoãTá�ç�ô�ì<�êÍìtí�â�è�é�å£í�ë�çzí�âoç�óâoãaõ ï�ìþç�åoïç�ë�ì
ïää�æóâ¢á�å£ítì
ëtè�âoïä�ñ :cß ;¢ò�å�è�â�
oô�ì�æçoá�æó�ì
ë�äë�á�ç�ô�ìtêÍìtí�â�è�é�å£í�ë�çä�ê©ö b øúùû]ç�ô�ìtýþâoãÃò�ð�í�çWl[ç�óãeàÍè�õ :cß ;�ä : ÷(ú%;��oôë�äë�ìrè�âoï�í�ïõ]ù÷�ù ûÉà�å£í�é©á�è�ñ
x ∈ R

n
ë�õÃæçtè�ïâoïçËïâoó�ì
ë�âoïå£í�ë�ç

|Ǎx − b̌| ≤ b̂ − Â|x|
ù�Ý åoä�è�à : ÷�÷<;�á�è�ñ xë�õÃæçtè�ïâoïçzïâoó�ì
ë�âoïå£í�ë�ç

|Ǎx − b̌| ≤ b̂ − Â:I |xI |.Ý}êoñë
y := |xI |

òë�ä�á�äãÃò�ð�í�ç©æ�ì
ó�ì
(x, y)

àlá�ç�ëtè�â£í�ë�ç�ó�ñâ£í©åoäå£í�âoãaâ�ïâoó�ì
ë�âoïå£í�ë©ä�ê : ÷(ú%;�ù` ù�mÉî�ó�ìtí�ïçò�æ�à�å£í�éØá�è�ñ æ�ì
óõ (x, y)
ë�õÃæçtè�ïâoï�ì�åoäå£í�âoã%ìþïâoó�ì
ë�âoïå£í�ëþä�ê : ÷(ú%;¢ù�û]ç�åoô�çtè�é�ô�àã%ìtí�óä�æ�ì

Â:I

ïâoç
í�óä�æ�ìtí�â�è�é�ï�ìzä
|xI | ≤ y

ò�êÍì
ãaâoï�ì
y
ï�ì

|xI |
ëþæâoóë�ç�ã�ä�êØïâoó�ì
ë�âoïå£í�ë�í�çtè�é�ô�çà�åoä�è�ä�í â�
oçzä á(ì
å£í

|Ǎx − b̌| ≤ b̂ − Â:I |xI |.Ý�ç�åoæçtè�é
êlç�ë�ì
ë
ÿ�äåoézó�ì
ë�âoïå£í�ë�ç�ã : ÷�÷<;�òæçtè�à�ðäã
|Ǎx − b̌| ≤ b̂ − Â|x|. �

��âoç�óâoã%ì�á�ç�ô�ìtêÍì
ï�ì�ù���âoæâoóé�åoó�ì
ë�ïäãTæóâ¢á�å£ítì
ëtè�âoïä�ñ : ÷(ú%;�ä :câ ;¢ùjØè�ñËàlá�ç�î�å£í�ë�ì�ç�î�å£à�ýþá�âoïä�ñ�ë�ë�â¢á�âoã�ç�î�ç
êlï�ìÍðâoïä�ñ

Ξ1 :=

{

(x, y) ∈ R
n+|I|

∣

∣

∣

∣

{

|Ǎx − b̌| ≤ b̂ − Â:Iy,
|xI | ≤ y

}

= : ÷ ` ;

=

{

(x, y) ∈ R
n+|I|

∣

∣

∣

∣

∣

∣

∣

∣















Ǎx − b̌ ≤ b̂ − Â:Iy,

−Ǎx + b̌ ≤ b̂ − Â:Iy,
xI ≤ y,

−xI ≤ y

}

, : ÷ b ;
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Ξ2 :=

{

(x, y) ∈ R
2n

∣

∣

∣

∣

{

|Ǎx − b̌| ≤ b̂ − Ây,
|x| ≤ y

}

= : ÷ d ;

=

{

(x, y) ∈ R
2n

∣

∣

∣

∣

∣

∣

∣

∣















Ǎx − b̌ ≤ b̂ − Ây,

−Ǎx + b̌ ≤ b̂ − Ây,
x ≤ y,

−x ≤ y

}

. : ÷ f ;

Ý ïç�ë�õ�h�ç�î�ç
êlï�ìÍðâoïä�ñ�h�æóâ¢á�å£ítì
ëtè�âoïäâ :câ ;�ç
êlï�ìÍð�ì
â£írò%ð�í�çQá�ç�æ�à�åoô�ç�ë�ç�â�ãaïçÍýþâoå£í�ë�çüóâ3�ÿ�âoïä��
Ξ QSR�T ñëtè�ñâ£í�å´ñ ç�ó�í�ç�
oç�ï�ìrè�é�ïç��Ôæóç�âoô�æäâ��ÔãaïçÍýþâoå£í�ë�ì Ξ2

ï�ìØæóç�å£í�ó�ì
ïå£í�ë�çþêlï�ìÍðâoïä��æâoóâoãaâoïïç��
x
_

Ξ QSR�T = { x
∣

∣

∣
(x, y) ∈ Ξ2

}

.è ï�ìrè�ç�
oäðïçò�l[ç�óãeàÍè�ì : ÷(ú%;�ç
êlï�ìÍð�ì
â£írò�ð�í�ç�á�ç�æ�à�åoô�ç�ë�ç�âØãaïçÍýþâoå£í�ë�ç�óâ£ÿ�âoïä�� Ξ QSR�T æóâ¢á�å£ítì
ë"�è�ñâ£í©åoç�î�ç��Ëæóç�âoô�æä�ê=ãaïçÍýþâoå£í�ë�ì
Ξ1

_
Ξ QSR�T = { x

∣

∣

∣
(x, y) ∈ Ξ1

}

. : ÷ ß ;
mWí�å�ê}á(ìþè�â�
oô�ç©æçtè�à�ðä�í�é©å�è�â¢á�à�êUk�âoâØà�í�ë�âoó�ýþá�âoïäâ
ù

�Ô����� ��� �a�������������°��&#KJ��)+� "!
Ξ1 E Ξ2

�
Ξ QSR�T �� �����YZ�)5�] ".FI�9%8<��.�,/�W,/��&<23&<2a�6!�����.�,/��ûý ��þ�ø�ÿ6ø���	����������ë��gÉê : ÷ b ;}ä : ÷ f ;%ë�ä�á�ïçò�ð�í�ç�ãaïçÍýþâoå£í�ë�ì Ξ1

ä
Ξ2

ç�æäåoõÃë�ì�ê±í�å´ñ�åoäå£í�â3�ã%ì
ãaä�ïâoå£í�óç�
oä�h�è�äïâ��ïõ�hQïâoó�ì
ë�âoïå£í�ëù��eì
ôäâ�ãaïçÍýþâoå£í�ë�ì ï�ìtêlõÃë�ì�ê±í�å´ñQë�õÃæ�à�ô�è�õÃãaä�ãaïç"�
oç�
oó�ì
ïïõÃãaä�æç�ç�æóâ¢á�â�è�âoïä�ê�ù�ì�ïçÍýþâoå£í�ë�ç
Ξ QSR�T ñëtè�ñâ£í�å´ñ�ë�õÃæ�à�ô�è�õÃãAãaïç�
oç�
oó�ì
ïïõÃãAô�ì
ôæóç�âoô�æä�ñ�ë�õÃæ�à�ô�è�ç�
oç©ãaïç�
oç�
oó�ì
ïïç�
oçzãaïçÍýþâoå£í�ë�ì

Ξ1 : ä�è�ä Ξ2

;�ù
�	Wí�ë�âoó�ýþá�âoïäâ[÷Ãç
í�ó�ìtý�ì
â£í]åGh�çoá�å£í�ë�ç�æóâ¢á�å£ítì
ëtè�âoïä�� :câ ;�ä : ÷(ú%;¢ò�ìWë]ðâoãQýþâÁä�h�ó�ìtê£è�äðäâ�
û]âoóë�ç�âÁó�ìtê£è�äðäâ
ò�ô�ç
í�ç�óç�âÃåoó�ìtêoà�î�óç�ålì
â£í�å´ñ�ë/
�è�ìtêÍì�ò
ëWí�ç�ãÃò�ð�í�ç]æóäþï�ìrè�äðää�ëÉã%ìtí�óä�æâ

A
ë�õÃóçÍýþá�âoïïõ�hüå£í�çtè�î�æç�ë�ãaïçÍýþâoå£í�ë�ç

Ξ1

è�â£ý©ä�í�ëËæóç�å£í�ó�ì
ïå£í�ë�â ãaâoïé
ÿ�â��üó�ìtêlãaâoóïç�å£í�ä
: ítì
ôüô�ì
ô

n + |I| < 2n
;Wä ç�æäåoõÃë�ì
â£í�å´ñdãaâoïé
ÿ�äã ðäå�è�ç�ã ïâoó�ì
ë�âoïå£í�ëò�ðâoã ãaïçÍýþâoå£í�ë�ç

Ξ2: 2(m + |I|) < 2(m + n)
;�ù���ç âoå£í�énæóä æâoóâ3h�çoá�â ç
í

Ξ2

ô
Ξ1

ó�ìtêlãaâoóïç�å£í�é�æâoóâoãaâoïïõ�hà�ãaâoïé
ÿþì
â£í�å´ñ�ï�ì
n− |I|

ò�ìþðäå�è�ç�ïâoó�ì
ë�âoïå£í�ëò�ç�æäåoõÃë�ì�êUk�ä�hËãaïçÍýþâoå£í�ë�çòà�ãaâoïé
ÿþì
â£í�å´ñ�ï�ì
2(n − |I|)

ù�]ç�âoå£í�é�äOá�ó�à�
oäâ ó�ìtê£è�äðä�ñ ù±û]âoóâoðäå�è�äã ä�h ë�ë�ä�á�âQà�í�ë�âoó�ýþá�âoïä�� ` ä b òÁô�ç
í�ç�óõÃâåoæó�ì
ë�â¢á�è�äë�õ á�è�ñ�ãaïçÍýþâoå£í�ë�ì
Ξ1

ò�ïç�ïâØë�âoóïõPá�è�ñ�ãaïçÍýþâoå£í�ë�ì
Ξ2

ù
�Ô����� ��� �a�������Q����°��&#KJ��)+� �&

Ξ1

&<2a�6!�����7��+��&[I�&[I������-,C�+����&('
y
ûý ��þ�ø�ÿ6ø���	����������ë��Þ�ì
åoåoãaç
í�óäãPãaïçÍýþâoå£í�ë�ç

Ξ1

ë�ë�ä�á�â : ÷ ` ;¢ùgÉêÔïâoó�ì
ë�âoïå£í�ë�ì
|xI | ≤ y

å�è�â¢á�à�â£íròað�í�ç�æóä ë�åoâ3h
x
ô�ç�ãaæç�ïâoï�í�õJë�âoô�í�ç�ó�ì

y
ïâoç
í�óä�æ�ì<�í�â�è�é�ïõ]ù��(ï�ìÍðä�írò�ãaïçÍýþâoå£í�ë�ç

Ξ1

ç�
oó�ì
ïäðâoïç©æç
y
åoïä�êoà�ùgÉêØïâoó�ì
ë�âoïå£í�ë�ì

|Ǎx − b̌| ≤ b̂ − Â:Iy
å�è�â¢á�à�â£írò�ð�í�ç�æóä�ë�åoâ3h

x
äãaâoâ£í©ãaâoå£í�çzïâoó�ì
ë�âoïå£í�ë�ç

Â:Iy ≤ b̂. : ÷ à ;
ì�ìtí�óä�æ�ì�ó�ìÍá�ä�à�åoç�ë

Â:I

ë�åoâ�
¹á(ì�ïâoç
í�óä�æ�ìtí�â�è�é�ï�ì�ùWû]ç�ë�õÃî�ç�ó�àPãaïçÍýþâoå£í�ë�ì
I
ç�ï�ìnäãaâoâ£íTëô�ìtýþá�ç�ãOå£í�çtè�î�æâ�æçtè�çÍý©ä�í�â�è�é�ïõZ�*��è�âoãaâoï�írù�Ý�âoô�í�ç�ó

y
ò�ô�ì
ô�ãaõ à�ýþâ[êÍì
ãaâ£í�ä�è�ä ò(í�çÍýþâ�ïâoç
í"�óä�æ�ìtí�â�è�âoï ù�û]ç��£í�ç�ãeà ä�ê : ÷ à ;%å�è�â¢á�à�â£írò�ð�í�ç�ïäÔçoá�ï�ìþô�ç�ãaæç�ïâoï�ítìþë�âoô�í�ç�ó�ì y

ïâ]ãaçÍýþâ£í�ó�ì
å£í�äïâoç�
oó�ì
ïäðâoïïç�_

(∀j ∈ {1, . . . , |I|})

(

yj ≤ min
i, Âij′>0

(b̂i/Âij′)

)

,

¹á�â

Â:j′
å j

���Ëå£í�çtè�î�â�æ�ã%ìtí�óä�æõ
Â:I .



÷ `�â ÂÈ-ÄµÈ�Àîí�ï�í<ð
�(ï�ìÍðä�írò�ãaïçÍýþâoå£í�ë�ç

Ξ1

ç�
oó�ì
ïäðâoïçzæç
y
åoë�âoó�h�à�ù

�jØè�ñ�åoó�ì
ë�ïâoïä�ñ�æóäë�â¢á�âoãPì
ï�ìrè�ç�
oäðïç�â]à�í�ë�âoó�ýþá�âoïäâ]á�è�ñËãaïçÍýþâoå£í�ë�ì
Ξ2

ù
�Ô����� ��� �a�������Ë� ′ ���°��&#KJ��)+� �&

Ξ2

&<2a�6!�����7��+��&�I�&�I������-,C�+����&('
y
�&<2>=<![���&5��$%86&��&(V2>=<! E 86&<2>=<!N �������&�1�&(�[$�&(=<��&��DW ".O)+8%!<D".O "!�����'�����

Ξ2

I�96)+�&<�Å,/��&#KJ��)+� �& ü
��� ,/!��A����B�!

A
���C��,C���+�¼ ".���&#K¿="�+����.�1�)+�&5��4<B�&< �ûý ��þ�ø�ÿ6ø���	����������ë��ûÉà�å£í�ç�â]ãaïçÍýþâoå£í�ë�çþç�
oó�ì
ïäðâoïçþæç�ç�æóâ¢á�â�è�âoïä�ê�ù�û]ç��£í�ç�ãeàzï�ì
ã ï�ì<�á�çWá�ç�ô�ìtêÍìtí�é]í�çtè�é�ô�çò�ð�í�çÉá�è�ñþïâoæ�à�å£í�ç�
oç�ãaïçÍýþâoå£í�ë�ì

Ξ2

ç�
oó�ì
ïäðâoïïç�å£í�éØæç
y
�oôë�äë�ìrè�âoï�í�ï�ìç
í�å£à�í�å£í�ë�ä�êÐë�ã%ìtí�óä�æâ

A
ë�õÃóçÍýþá�âoïïõ�h�å£í�çtè�î�æç�ëù

	Wí�ë�âoó�ýþá�âoïäâ çdí�ç�ãÃòÁð�í�ç�ç
í�å£à�í�å£í�ë�äâüë ã%ìtí�óä�æâ
A

ë�õÃóçÍýþá�âoïïõ�h å£í�çtè�î�æç�ënëtè�âoðâ£íç�
oó�ì
ïäðâoïïç�å£í�é ãaïçÍýþâoå£í�ë�ì
Ξ2

æçQæâoóâoãaâoïïç��
y
ò�á�ç�ô�ìtêlõÃë�ì
â£í�å´ñnítì
ô ýþâ
òeô�ì
ô à�í�ë�âoó�ýþá�â3�ïäâ ` ùmÉå£ítì
â£í�å´ñ�æç�ô�ìtêÍìtí�éò�ð�í�ç�ä�êÉç�
oó�ì
ïäðâoïïç�å£í�äËïâoæ�à�å£í�ç�
oç�ãaïçÍýþâoå£í�ë�ì

Ξ2

æç�æâoóâoãaâoïïç��
yå�è�â¢á�à�â£í�ç
í�å£à�í�å£í�ë�äâWë]ã%ìtí�óä�æâ

A
ë�õÃóçÍýþá�âoïïõ�hþå£í�çtè�î�æç�ëù6mÉî�ç
êlï�ìÍðäã ðâoóâ£ê

(x̃, ỹ)
ô�ì
ô�à�ê��ïäî
àlá�é�í�ç�ðô�àËãaïçÍýþâoå£í�ë�ì

Ξ2

ù�û]ç�ç�æóâ¢á�â�è�âoïä�ê : ÷ d ;�ë�åoâ]í�ç�ðôä (x̃, y)
ò�á�è�ñ�ô�ç
í�ç�óõ�h

{

Ây ≤ b̂ − |Ǎx̃ − b̌|,
y ≥ |x̃|,

è�â£ý�ìtíTënãaïçÍýþâoå£í�ë�â
Ξ2

ùÕû]óä
Â:j = 0

�£í�ç�� åoäå£í�âoãaâ àlá�ç�ëtè�â£í�ë�ç�ó�ñ�ê±íTí�ç�ðôä å
yk = ỹk

ò
k ∈ I \ {j}

ò�à�ô�ç
í�ç�óõ�hQô�ç�ãaæç�ïâoï�ítì
yj

ãaçÍýþâ£íËî�õÁí�éÔåoô�çtè�é à�
oçoá�ïçËë�â�è�äô�ì�ù��]ç ãaïçÍýþâoå£í�ë�ç
Ξ2

ç�
oó�ì
ïäðâoïçþæç
y
ò�êlï�ìÍðä�íròï�àÍè�âoë�õ�hÔå£í�çtè�î�æç�ëþë�ã%ìtí�óä�æâ

Â
î�õÁí�éþïâÉãaçÍýþâ£írù�mWí�å£à�í�å£í�ë�äâï�àÍè�âoë�õ�h�å£í�çtè�î�æç�ëÔë©ã%ìtí�óä�æâ�ó�ìÍá�ä�à�åoç�ëÔç
êlï�ìÍð�ì
â£írò(ð�í�çÔålì
ã%ì©äï�í�âoóë�ìrè�é�ï�ìtñ�ã%ìtí�óä�æ�ì

A
ïâäãaâoâ£í©ë�õÃóçÍýþá�âoïïõ�h�å£í�çtè�î�æç�ëù
�gÉê[à�í�ë�âoó�ýþá�âoïä�ñ ` ë�õÁí�âoô�ì
â£í å�è�â¢á�à�êUkþìtñ�åoë
ñ�êlézãaâ£ýþá�àÔãaïçÍýþâoå£í�ë�ì
ãaä Ξ QSR�T ä Ξ1

ù
�Ô����� ��� �a�������������°��&#KJ��)+� "!

Ξ QSR�T � Ξ1

����4"&U&(43!C&<2a�6!�����7��+��. E ����4"&A&(43!Å����&<2a�6!�����7��+��.�ûý ��þ�ø�ÿ6ø���	����������ë��û]ç : ÷ ß ;ÕãaïçÍýþâoå£í�ë�ç Ξ QSR�T ñëtè�ñâ£í�å´ñ�ç�ó�í�ç�
oç�ï�ìrè�é�ïç��Qæóç�âoô�æäâ���ãaïç"�ýþâoå£í�ë�ì
Ξ1

ï�ì]æóç�å£í�ó�ì
ïå£í�ë�çØêlï�ìÍðâoïä��©æâoóâoãaâoïïç��
x
æ�ì
ó�ìrèè�â�è�é�ïç[æóç�å£í�ó�ì
ïå£í�ë
à�êlï�ìÍðâoïä��æâoóâoãaâoïïç��

y
ùlû]ç��£í�ç�ãeàÉä�ê}ç�
oó�ì
ïäðâoïïç�å£í�ä�ãaïçÍýþâoå£í�ë�ì

Ξ1

åoó�ìtêoàÉë�õÁí�âoô�ì
â£íÉç�
oó�ì
ïäðâoïïç�å£í�éãaïçÍýþâoå£í�ë�ì
Ξ QSR�T ù�g=ç�î�ó�ìtí�ïçò�âoå�è�ä�ãaïçÍýþâoå£í�ë�ç

Ξ QSR�T ç�
oó�ì
ïäðâoïçò�í�çò�ëzåoä�è�àÔà�í�ë�âoó�ýþá�âoïä�ñ ` òãaïçÍýþâoå£í�ë�ç
Ξ1

í�çÍýþâØç�
oó�ì
ïäðâoïçù
�è í�âoæâoóéüë�âoóïâoãaå´ñ�ônåGh�çoá�å£í�ë�ì
ãÐãaïçÍýþâoå£í�ë

Ξ1

ä
Ξ2

äüá�ç�ô�ìtýþâoã à�í�ë�âoó�ýþá�âoïä�ñ d ä f òç�î�k�äâWá�è�ñ@�£í�ä�h�ãaïçÍýþâoå£í�ëù
�Ô����� ��� �a���������ë���U)5��8%!(�  �����M[����!i,/��&#KJ��)+� "!

Ξ QSR�T �� ������+�)5��&G���&<23&(��!#��$%��&(' I���&(V�+8%B����+'@��![I���&<)+�A�6!���)+� �&/D"��!�7��+����'����+��D� ���)+�[��&<23&
x
���+86&(�&G��&('° �����M[����. ,/��&#KJ��)+� "!

Ξ1� ,/��&#KJ��)+� "!
Ξ2

� E �Wû<�#û
(∀x̃ ∈ vert Ξ QSR�T )(∃ỹ ∈ R

|I|)
(

(x̃, ỹ) ∈ vert Ξ1

)

,

(∀x̃ ∈ vert Ξ QSR�T )(∃ỹ ∈ R
n)
(

(x̃, ỹ) ∈ vert Ξ2

)

.ý ��þ�ø�ÿ6ø���	����������ë� é ï�ìÍð�ìrè�ì�á�ç�ô�ìtýþâoã�à�í�ë�âoó�ýþá�âoïäâ d á�è�ñ�ãaïçÍýþâoå£í�ë�ì Ξ1

ùûÉà�å£í�é
x̃ ∈ vert Ξ QSR�T ùrû]âoóâoåoâoðâoã�ë�õÃæ�à�ô�è�ç�â}ãaïç�
oç�
oó�ì
ïïç�â%ãaïçÍýþâoå£í�ë�ç

Ξ1

ì�lCl[äïïõÃã�æçoá��æóç�å£í�ó�ì
ïå£í�ë�ç�ãÃò�æóç#h�çoá�ñ�k�äãnðâoóâ£êWí�ç�ðô�à
(x̃, 0)

ä©æ�ì
ó�ìrèè�â�è�é�ïõÃã æóç�å£í�ó�ì
ïå£í�ë
àzêlï�ìÍðâoïä��æâoóâoãaâoïïç��
y
ù�û]çtè�à�ðäãTë�õÃæ�à�ô�è�ç�âØãaïç�
oç�
oó�ì
ïïç�â[ãaïçÍýþâoå£í�ë�ç

Ξ3 :=
{

(x̃, y) ∈ R
n+|I|

∣

∣ (x̃, y) ∈ Ξ1

}

.

û]ç : ÷ ß ;"ãaïçÍýþâoå£í�ë�ç Ξ QSR�T ñëtè�ñâ£í�å´ñþæóç�âoô�æäâ���ãaïçÍýþâoå£í�ë�ì Ξ1

æ�ì
ó�ìrèè�â�è�é�ïç]æóç�å£í�ó�ì
ïå£í�ë
àêlï�ìÍðâoïä���æâoóâoãaâoïïç��
y
òtì±í�ç�ðô�ì

x̃
æçÉë�õÃî�ç�ó�à]è�â£ý©ä�í]ëWãaïçÍýþâoå£í�ë�â

Ξ QSR�T òrêlï�ìÍðä�írò Ξ3

ïâoæ�à�å£í�çù



®°¯Z±N²�³p´µ¯Z¶/¯Z·¹¸]ºW¯�»¼·U³�½p¶/¯¿¾O·OÀÁ·OºCÂCÃÁ´/ÄÅ´Á±C¾U¯Z·O´CÆCÂCÇÈ�È�È ÷ `�ã
gÉê[à�í�ë�âoó�ýþá�âoïä�ñ ` å�è�â¢á�à�â£írò�ð�í�çzãaïçÍýþâoå£í�ë�ç Ξ3

ç�
oó�ì
ïäðâoïçùgÉítì
ô ò
Ξ3

ñëtè�ñâ£í�å´ñQïâoæ�à�å£í�õÃã ç�
oó�ì
ïäðâoïïõÃã ë�õÃæ�à�ô�è�õÃã ãaïç�
oç�
oó�ì
ïïõÃã ãaïçÍýþâoå£í�ë�ç�ãÃù
�(ï�ìÍðä�írò�àÔïâ�
oçzâoå£í�é[h�ç
í�é©çoá�ï�ì�ë�âoó�ÿ�äï�ì�_

(∃ỹ ∈ R
|I|)
(

(x̃, ỹ) ∈ vert Ξ3

)

.

û]ç�ô�ìtýþâoãÃò�ð�í�ç
(x̃, ỹ) å ítì
ô�ýþâ�ë�âoó�ÿ�äï�ì ãaïçÍýþâoå£í�ë�ì

Ξ1

ù�jØè�ñ°�£í�ç�
oç æóâ¢á�æçtè�çÍý©äãPæóç"�í�äë�ïç�â�_
∃(x1, y1), (x2, y2) ∈ Ξ1

ítì
ôäâ
ò�ð�í�ç
(x1, y1) 6= (x2, y2)

ä

(x̃, ỹ) =
1

2

[

(x1, y1) + (x2, y2)
]

. : ÷ â ;
Ý�ç
êlãaçÍý©ïõPá�ë�ìþå�è�à�ð�ìtñ ù
�¢ù

x1 6= x2
ù�û]ç : ÷�÷<;Ãí�ç�ðôä x1, x2 ∈ Ξ QSR�T ù�gÉê : ÷ â ; x̃ =

1

2
(x1 + x2)

ù��(ï�ìÍðä�írò
x̃ 6∈ vert Ξ QSR�T ù� í�ç©æóç
í�äë�ç�óâoðä�í©ë�õÃî�ç�ó�à í�ç�ðôä

x̃
ù

� �¢ù
x1 = x2

ù!��ç�
¹á(ì
x̃ = x1 = x2

ä©ç�î�âÃí�ç�ðôä
(x̃, y1)

ò
(x̃, y2)

è�â£ý�ìtí�ë
Ξ3

ù�mÉïäzó�ìtê£è�äðïõ ä
ë©åoä�è�à : ÷ â ; (x̃, ỹ) =

1

2

[

(x̃, y1) + (x̃, y2)
] ù"�(ï�ìÍðä�írò

(x̃, ỹ)
ïâØñëtè�ñâ£í�å´ñQë�âoó�ÿ�äïç���ãaïçÍýþâoå£í�ë�ì

Ξ3

òð�í�çzæóç
í�äë�ç�óâoðä�í ë�õÃî�ç�ó�à í�ç�ðôä
(x̃, ỹ)

ùjØè�ñ�ãaïçÍýþâoå£í�ë�ì
Ξ1

à�í�ë�âoó�ýþá�âoïäâ d á�ç�ô�ìtêÍì
ïçùjØè�ñ ãaïçÍýþâoå£í�ë�ì
Ξ2

á�ç�ô�ìtêÍìtí�â�è�é�å£í�ë�ç�ç
ílè�äð�ì
â£í�å´ñÔè�ä�ÿ�é�ç�î�ç�åoïç�ë�ì
ïäâoã ë�ç
êlãaçÍý©ïç�å£í�ä ë�õ��î�ç�ó�ìþë�âoó�ÿ�äïõ
(x̃, ỹ)

ä�êØë�õÃæ�à�ô�è�ç�
oç©ãaïç�
oç�
oó�ì
ïïç�
oçzãaïçÍýþâoå£í�ë�ì
Ξ3 :=

{

(x̃, y) ∈ R
2n
∣

∣ (x̃, y) ∈ Ξ2

}

.

#Éí�ç�î�õ=ç�î�ç�åoïç�ë�ìtí�éËï�ìrè�äðäâþë�âoó�ÿ�äï�à�ãaïçÍýþâoå£í�ë�ì
Ξ3

ò ç�î�ó�ìtí�äã ë�ïäã%ì
ïäâþï�ì í�çò ð�í�çËç�ïçñëtè�ñâ£í�å´ñüæçoá�ãaïçÍýþâoå£í�ë�ç�ã ãaïçÍýþâoå£í�ë�ì {
(x̃, y) ∈ R

2n
∣

∣ |x̃| ≤ y
} ò�ô�ç
í�ç�óç�â�æóâ¢á�å£ítì
ëtè�ñâ£íQåoç"�î�ç��þå¹á�ë�ä�
ÃêÍì
ç�å£í�óâoïïç�
oçØô�ç�ï�à�ålì

(0, Rn
+)

ï�ìÉë�âoô�í�ç�ó
(x̃, |x̃|)

ù%mWí�å�ê}á(ì[å�è�â¢á�à�â£írò�ð�í�ç[ãaïçÍýþâoå£í�ë�ç
Ξ3

ïâþåoçoá�âoó�ý©ä�íËæó�ñãaõ�h(ù è ë�å´ñô�ç�âþïâoæ�à�å£í�ç�âzë�õÃæ�à�ô�è�ç�âþãaïç�
oç�
oó�ì
ïïç�âþãaïçÍýþâoå£í�ë�çò ïâþåoç"�á�âoó�ý�ì"k�âoâØæó�ñãaõ�h(ò�äãaâoâ£íh�ç
í�é©çoá�ï�àÔë�âoó�ÿ�äï�à�ù
�	Wí�ë�âoó�ýþá�âoïäâ d ãaçÍý©ïç�äåoæçtè�é
êlç�ë�ìtí�éËá�è�ñ æç�äåoô�ì�ãaïçÍýþâoå£í�ë�ì�ò�åoçoá�âoó�ý�ì"k�â�
oçQë�åoâ ë�âoó��ÿ�äïõ

Ξ QSR�T ù�jØè�ñ �£í�ç�
oç�ï�ìÍá�ç�ï�ì���í�ädë�åoâ©ë�âoó�ÿ�äïõ ãaïçÍýþâoå£í�ë�ì
Ξ1 : ãaïçÍýþâoå£í�ë�ì Ξ2

;]äüë
êoñ�í�éä�h
x
�»â©ô�ç�ç�ó
á�äï�ìtí�õ]ùaû]ç�åoô�çtè�é�ô�àüãaïçÍýþâoå£í�ë�ì

Ξ1

ä
Ξ2

ç�æäåoõÃë�ì�ê±í�å´ñnåoäå£í�âoã%ì
ãaädè�äïâ��ïõ�hïâoó�ì
ë�âoïå£í�ëò�ä�hÔë�âoó�ÿ�äïõ ãaçÍý©ïçþäåoô�ìtí�ézãaâ£í�çoá(ì
ãaä�ë�õÃæ�à�ô�è�ç�
oç©ì
ï�ìrè�ä�êÍì�ù�ì�â£í�çoá�õJ�£í�äËí�ó�à%�á�ç�âoãaôä òÕïçòÁë�ç"�»æâoóë�õ�h(ò}á�è�ñ ï�ì
å�åoâ��ð�ì
å ë�ìtý©ï�ìdålì
ã%ìnë�ç
êlãaçÍý©ïç�å£í�énç
í�õÃåoô�ì
ïä�ñ ë�âoó�ÿ�äïá�ç�æ�à�åoô�ç�ë�ç�
oç�ãaïçÍýþâoå£í�ë�ìËóâ£ÿ�âoïä��
Ξ QSR�T ò�ì ë�ç"�»ë
í�ç�óõ�h(ò�á�è�ñ�óâ£ÿ�âoïä�ñ �£í�ç���êÍìÍá(ìÍðä�î�õÃå£í�óõ�hãaâ£í�çoá�ç�ë±ïâaå£à6k�âoå£í�ë
à�â£í[ëÕæóäï�æäæâ
ù+jØè�ñ]à�åoô�ç�óâoïä�ñ�æç�äåoô�ìÕë�âoó�ÿ�äïØãaïçÍýþâoå£í�ë�ì

Ξ1 : ãaïçÍýþâ3�å£í�ë�ì
Ξ2

;aãaçÍý©ïç�äåoæçtè�é
êlç�ë�ìtí�é�ç�åoç�î�âoïïç�å£í�äÔåoäå£í�âoãaõ ïâoó�ì
ë�âoïå£í�ëò�ô�ì
ô©æç�ô�ìtêÍì
ïç�ëØæóäãaâoóâä�êØó�ìtê�á�â�è�ì d ùá]óç�ãaâØí�ç�
oçò�ä�ê�à�í�ë�âoó�ýþá�âoïä�ñ d ä�ä�ê�í�ç�
oçò�ð�í�ç�á�ç�æ�à�åoô�ç�ë�ç�â�ãaïçÍýþâoå£í�ë�ç óâ£ÿ�âoïä���ñëtè�ñ��â£í�å´ñ�ç�ó�í�ç�
oç�ï�ìrè�é�ïç���æóç�âoô�æäâ���ãaïçÍýþâoå£í�ë�ì
Ξ1 : ãaïçÍýþâoå£í�ë�ì Ξ2

;�ò�ë�õÁí�âoô�ì
â£írò�ð�í�ç�_
å ç
í�õÃåoô�ì
ëzçoá�ï�à ä�ê[ë�âoó�ÿ�äï�ãaïçÍýþâoå£í�ë�ì

Ξ1 : ãaïçÍýþâoå£í�ë�ì Ξ2

;�äËë
êoñëþâoâ
x
��ê ô�ç�ç�ó
á�äï�ìtí
à�òãaõ æçtè�à�ðäãTí�ç�ðô�àÔä�êØãaïçÍýþâoå£í�ë�ì

Ξ QSR�T�çå ç
í�õÃåoô�ì
ë�ïâoåoô�çtè�é�ô�ç�ë�âoó�ÿ�äïüãaïçÍýþâoå£í�ë�ì
Ξ1 : ãaïçÍýþâoå£í�ë�ì Ξ2

;Wä ë
êoñëËë�õÃæ�à�ô�è�à�ê6ç�î�ç"�è�ç�ðô�ànä�h
x
�ah�ô�ç�ç�ó
á�äï�ìtírò}ãaõ æçtè�à�ðäã ë�ï�à�í�óâoïï�êAê�ç�æâoïô�à�ãaïçÍýþâoå£í�ë�ì

Ξ QSR�T ë�õÃæ�à�ô�è�õÃããaïç�
oç�
oó�ì
ïïäô�ç�ã çå âoå�è�ä�ä�êlë�âoå£í�ïçò(ð�í�ç�á�ç�æ�à�åoô�ç�ë�ç�â�ãaïçÍýþâoå£í�ë�ç óâ£ÿ�âoïä��Qç�
oó�ì
ïäðâoïçò�í�ç â�
oç©ãaçÍý©ïç©äå3�ô�ìtí�é©ô�ì
ô�ë�õÃæ�à�ô�è�à�êAç�î�çtè�ç�ðô�àÔãaïçÍýþâoå£í�ë�ì
x
�ahËô�ç�ç�ó
á�äï�ìtí ë�âoó�ÿ�äï�ãaïçÍýþâoå£í�ë�ì

Ξ1 : ãaïçÍýþâ3�å£í�ë�ì
Ξ2

;�ù



÷ b ú ÂÈ-ÄµÈ�Àîí�ï�í<ð
û]ç�å�è�â¢á�ïâoâþä�ê[�£í�ä�hQí�óâ3hQå�è�â¢á�å£í�ë�ä���å�l[ç�óãeàÍè�äó�à�âoã î�çtè�âoâ�í�ç�ðïçÔäËá�ç�ô�ìtýþâoã æçoá�óç�î�ïçë�ë�ä�á�â]à�í�ë�âoó�ýþá�âoïä�ñ f ù�Ô����� ��� �a�������%$��'&Z2a�6!�����7��+����&<�	="&(I�96)+86&< �&<�C,/��&#KJ��)+� �&Å���+M�+����']�� ������+�)5�  ".FI�9%8%V��&(' &(4"&5��&(7�86&(' ,/��&#KJ��)+� "!�I���&<�+8%B���'  �����M[���*,/��&#KJ��)+� "!

Ξ1

� ,/��&#KJ��)+� "!
Ξ2

� ��!�I���&(V)+�A�6!���)+� �&	D"��!�7��+����'°I������-,C�+����&('
x E �Wû<�#û

Ξ QSR�T = conv
{

x
∣

∣ (x, y) ∈ vert Ξ1

}

, : ÷ ã ;
Ξ QSR�T = conv

{

x
∣

∣ (x, y) ∈ vert Ξ2

}

. :a` ú%;ý ��þ�ø�ÿ6ø���	�����������æóç�ë�â¢á�âoã á�è�ñ�ãaïçÍýþâoå£í�ë�ì
Ξ1

ù6jØè�ñ�ãaïçÍýþâoå£í�ë�ì
Ξ2

ç�ïçzì
ï�ìrè�ç�
oäðïçùû]ç©à�í�ë�âoó�ýþá�âoïä�ê3÷[á�ç�æ�à�åoô�ç�ë�ç�âþãaïçÍýþâoå£í�ë�çÔóâ£ÿ�âoïä��
Ξ QSR�T ñëtè�ñâ£í�å´ñQë�õÃæ�à�ô�è�õÃã ãaïç�
oç"�
oó�ì
ïïõÃãÃù�û]ç�à�å�è�ç�ë�ä�êJç�ïç�ç�
oó�ì
ïäðâoïçò"êlï�ìÍðä�í�ñëtè�ñâ£í�å´ñdë�õÃæ�à�ô�è�õÃã ãaïç�
oç�
oó�ì
ïïäô�ç�ã äæóâ¢á�å£ítì
ë�äãaç©ô�ì
ô�ë�õÃæ�à�ô�è�ìtñ�ç�î�çtè�ç�ðô�ìþåoë�ç�ä�hËë�âoó�ÿ�äï�_

Ξ QSR�T = conv{ x | x ∈ vert Ξ QSR�T }.
û]ç à�í�ë�âoó�ýþá�âoïä�ê d ô�ìtýþá(ìtñ�ë�âoó�ÿ�äï�ì ãaïçÍýþâoå£í�ë�ì

Ξ QSR�T ñëtè�ñâ£í�å´ñQæóç�âoô�æäâ���ïâoô�ç
í�ç�óç��ë�âoó�ÿ�äïõ=ãaïçÍýþâoå£í�ë�ì
Ξ1

ù(û]ç : ÷ ß ;¢ò�ë�åoâ�ç�å£ítìrè�é�ïõÃâþë�âoó�ÿ�äïõ=ãaïçÍýþâoå£í�ë�ì
Ξ1

æóç�â�æäó�à�ê±í�å´ñë�ãaïçÍýþâoå£í�ë�ç
Ξ QSR�T ù��(ï�ìÍðä�írò

Ξ QSR�T = conv{ x | (x, y) ∈ vert Ξ1 }. �

	Wí�ë�âoó�ýþá�âoïäâ f ò�ç�åoïç�ë�ì
ïïç�âÃï�ì]æóâ¢á�å£ítì
ëtè�âoïä�ñ�h :câ ;�ä : ÷(ú%;¢ò�æç
êlë�çtè�ñâ£íØï�ì<h�çoá�ä�í�é]á�ç�æ�à�å3�ô�ç�ë�ç�â ãaïçÍýþâoå£í�ë�çQóâ£ÿ�âoïä�� òaô�ç�
¹á(ì�êÍì
ó�ì
ïâoâÔä�êlë�âoå£í�ïçòeð�í�ç*�£í�ç�ãaïçÍýþâoå£í�ë�çQç�
oó�ì
ïäðâoïçù èãaçÍý©ïç©è�äQåþæç�ãaç�k�é�êAà�í�ë�âoó�ýþá�âoïä�ñ f äåoô�ìtí�é á�ç�æ�à�åoô�ç�ë�ç�â�ãaïçÍýþâoå£í�ë�çËóâ£ÿ�âoïä�� ò�âoå�è�ä�ãaõïâ]êlï�ì
âoãÃò�ç�
oó�ì
ïäðâoïçP�£í�çzãaïçÍýþâoå£í�ë�ç©ä�è�ä�ïâ£í!
ì�çÍý©ïçùpjØè�ñ �£í�ç�
oç ï�ìÍá�çüë�ç�åoæçtè�é
êlç�ë�ìtí�é�å´ñTí�âoã lØì
ô�í�ç�ãÃò}ð�í�ç
Ξ QSR�T ó�ìtê£è�çÍý©äãaçüëüå£à�ã �ãeà è�äïâ��ïç�
oç æçoá�æóç�å£í�ó�ì
ïå£í�ë�ì å�ë�õÃæ�à�ô�è�õÃã ãaïç�
oç�
oó�ì
ïïäô�ç�ã/ö d øúù�û]óäL�£í�ç�ãAè�äïâ��ïç�âæçoá�æóç�å£í�ó�ì
ïå£í�ë�ç ãaçÍý©ïç�ï�ì���í�ä�ä�êØåoäå£í�âoãaõ à�ó�ì
ë�ïâoïä��

{

xI = 0,
A:PxP = 0,


¹á�â
P
ä ï�ì
î�ç�óTäï�á�âoô�åoç�ëüë�õÃóçÍýþá�âoïïõ�hTå£í�çtè�î�æç�ëdã%ìtí�óä�æõ

A
òaírù�â
ù

P = {1, . . . , n} \ I
ùè ë�õÃæ�à�ô�è�õZ��ãaïç�
oç�
oó�ì
ïïäô òtô�ì
ô�æç�ô�ìtêÍì
ïçWë�ö f øúòrãaçÍýþâ£íÉî�õÁí�éWç�æäålì
ï�ë±ë�ä�á�â�ç�
oó�ì
ïäðâoïïç�
oçá�ç�æ�à�åoô�ç�ë�ç�
oç©ãaïçÍýþâoå£í�ë�ì�óâ£ÿ�âoïä�� ò�êlï�ìÍðä�írò�â�
oçzãaçÍý©ïç�ï�ì���í�ä�å[æç�ãaç�k�é�ê à�í�ë�âoó�ýþá�âoïä�ñ f ù

(PÊÌËÎÍ Þ*) Û Í
û]óäë�â¢á�âoãdðäå�è�ç�ë�ç��©æóäãaâoó�á�è�ñ©ä�èè�êWå£í�ó�ì�æääÔç�åoïç�ë�ïõ�h�í�âoç�óâ£í�äðâoåoôä�hËæçtè�çÍýþâoïä��P�£í�ç��ó�ì
î�ç
í�õ]ùÞ�ì
åoåoãaç
í�óäãAá�ç�æ�à�åoô�ç�ë�ç�â�ãaïçÍýþâoå£í�ë�çdóâ£ÿ�âoïä���á�è�ñTäï�í�âoóë�ìrè�é�ïç���è�äïâ��ïç��Oåoäå£í�âoãaõà�ó�ì
ë�ïâoïä�� : ÷<;±å�äï�í�âoóë�ìrè�é�ïç�� ã%ìtí�óä�æâ��

A =
(

1 [−1, 3]
)

∈ R
1×2

ä�äï�í�âoóë�ìrè�é�ïõÃã ë�âoô��í�ç�óç�ã
b = [−2, 2] ∈ R

1
òêÍìÍá(ì
ïïç�â[ë�ë�ä�á�â :af ;3_

Ξ QSR�T :=
{(

x1

x2

)

∈ R
2

∣

∣

∣

∣

(

1 [−1, 3]
)

(

x1

x2

)

⊆ [−2, 2]

}

.



®°¯Z±N²�³p´µ¯Z¶/¯Z·¹¸]ºW¯�»¼·U³�½p¶/¯¿¾O·OÀÁ·OºCÂCÃÁ´/ÄÅ´Á±C¾U¯Z·O´CÆCÂCÇÈ�È�È ÷ b ÷
û]âoóë�õZ�På£í�çtè�î�â�æPã%ìtí�óä�æõ

A
ë�õÃóçÍýþá�âoï ò}ïçdç
ílè�äðâoï ç
ídï�àÍè�ñ ò}æç��£í�ç�ãeàTã%ìtí�óä�æ�ì

AïâÔäãaâoâ£íQè�äïâ��ïçQêÍì
ë�äåoäãaõ�hnë�õÃóçÍýþá�âoïïõ�hnå£í�çtè�î�æç�ëùpÝ3ö d ø%á�ç�ô�ìtêÍì
ïçò�ð�í�ç�á�ç�æ�à�åoô�ç�ë�ç�âãaïçÍýþâoå£í�ë�çËóâ£ÿ�âoïä���á�è�ñ�ítì
ôä�h�ã%ìtí�óä�æ�ç�
oó�ì
ïäðâoïçù"û]ç©à�í�ë�âoó�ýþá�âoïä�ê f ãaïçÍýþâoå£í�ë�ç Ξ QSR�Të�£í�ç�ãOå�è�à�ð�ì
âØãaçÍý©ïçþï�ì���í�ä�æçl[ç�óãeàÍè�ì
ã : ÷ ã ; : ä�è�ä :a` ú%;-;�ùÝ ï�ìtÿ�âoãTðäå�è�ç�ë�ç�ãTæóäãaâoóâ
Ǎ =

(

1 1
)

, b̌ = 0, b = −2,

Â =
(

0 2
)

, b̂ = 2, b = 2.

mÉæäålì
ïäâØãaïçÍýþâoå£í�ë�ì
Ξ2

ëzã%ìtí�óäðïç�ãTë�ä�á�â[ë�ç�î�k�âoãTå�è�à�ð�ì
âØë�õZ
�è�ñ�á�ä�í©ítì
ô�_

Ξ2 =















(

x
y

)

∈ R
2n

∣

∣

∣

∣

∣

∣

∣

∣









Ǎ Â

−Ǎ Â
E −E

−E −E









(

x
y

)

≤









b
−b

0
0























,


¹á�â
E å â¢á�äïäðï�ìtñ�ã%ìtí�óä�æ�ì�ó�ìtêlãaâoóïç�å£í�ä

n
ù è ëzï�ìtÿ�âoãTæóäãaâoóâ

Ξ2 =







































x1

x2

y1

y2









∈ R
4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

















1 1 0 2
−1 −1 0 2

1 0 −1 0
0 1 0 −1

−1 0 −1 0
0 −1 0 −1
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y1

y2









≤

















2
2
0
0
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ì�ïçÍýþâoå£í�ë�ç
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ë�ç�î�k�âoãTå�è�à�ð�ì
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x
y

)
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∣

∣

∣

∣
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∣
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å â¢á�äïäðï�ìtñËã%ìtí�óä�æ�ì�òó�ìtêlãaâoóÔô�ç
í�ç�óç��Ëó�ì
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A
ùÝ ï�ìtÿ�âoãTæóäãaâoóâ

P = {1}
ò
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ò
Â:I = 2

ò

Ξ1 =



















x1

x2

y



 ∈ R
3

∣

∣

∣

∣

∣
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mÉæäålì
ïäâ :a`�b ;�ãaïçÍýþâoå£í�ë�ì Ξ1

æóç�k�â
ò
ðâoãQç�æäålì
ïäâ :a` ÷<;�ãaïçÍýþâoå£í�ë�ì Ξ2

_tä�ê :a` ÷<; àlá(ìrè�âoï�ìæâoóâoãaâoïï�ìtñ
y1

òÕì ítì
ô�ýþâ åoç�ç
í�ë�â£í�å£í�ë
à�êUk�ä�� â�� í�óâ£í�ä�� å£í�çtè�î�â�æ ã%ìtí�óä�æõ4äOá�ë�â�å£í�óç�ôäïâoó�ì
ë�âoïå£í�ëò�ëzô�ç
í�ç�óõ�h�î�õ�è�ìþêÍìÍá�â��å£í�ë�ç�ë�ì
ï�ì�£ítìzæâoóâoãaâoïï�ìtñ ùmÉî�ç
êlï�ìÍðäã6ðâoóâ£ê
C
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d å æó�ì
ë
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å£í�énã%ìtí�óäðïç�
oç ïâoó�ì
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C :=
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b
−b

0
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x
y

)

∈ R
n+|I|

∣

∣

∣

∣

C
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x
y
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≤ d

}

í�ç�
¹á(ìzäÔí�çtè�é�ô�çzí�ç�
¹á(ì�ò�ô�ç�
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x
y

)
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y
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C
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í�ë�â£í�å£í�ë
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x
y

)

= d′ ù
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x
y
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x
y

)
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x
y
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âoãaç�ãüï�ì
ãaä�ðäå�è�ç�ë�ç�ã æóäãaâoóâ±äãaâoâ£í�å´ñ©ë�åoâ�
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gAhËãaçÍý©ïç�óâ£ÿ�ä�í�é©ë�ó�à�ðï�à�ê�ù�jØè�ñ�ç�îtè�â�
oðâoïä�ñ�óâ£ÿ�âoïä�ñ�êÍì
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1 1 2
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(

2
2

)

⇐⇒

(

1 1 0
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x2

y



 =

(

0
2

)

⇐⇒

{

x1 = −x2,
y = 1

:a`�f ;
ä

(

0 1 −1
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 =

(

0
0

)

⇐⇒

(

0 1 0
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x2

y
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(

0
0

)

⇐⇒

{

x2 = 0,
y = 0.
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Ý ç�î�k�âoãTå�è�à�ð�ì
âWá�è�ñËà�æóç�k�âoïä�ñ�óâ£ÿ�âoïä�ñ�ãaçÍý©ïçþäåoæçtè�é
êlç�ë�ìtí�é©ì
ï�ìrè�ç�
oäðïõÃâØåoë�ç��å£í�ë�ì�_

(

Ǎi: ÂiI

−Ǎi: ÂiI

)(

x
y

)

=

(

bi

−bi

)

⇐⇒

(

Ǎi: 0

0 ÂiI
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x
y

)

=

(

b̌i

b̂i

)

⇐⇒

{

Ǎi:x = b̌i,

ÂiIy = b̂iä
(

0 Ei: −Ei:

0 −Ei: −Ei:

)





xP

xI

y



 =

(

0
0

)

⇐⇒

(

0 Ei: 0
0 0 Ei:

)





xP

xI

y



 =

(

0
0

)

⇐⇒

{

(xI)i = 0,
yi = 0.
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åoåoã%ìtí�óäë�ì
âoãaõÃâ�åoäå£í�âoãaõ ë�ë�ä�á�â
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x1 = −x2,
y = 1,
x2 = y,
−x2 ≤ y;
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x1 = −x2,
y = 1,
x2 ≤ y,
x2 = −y;

b ; 










x1 = 2,
−x1 ≤ 2,
x2 = 0,
y = 0;

d ; 










x1 ≤ 2,
−x1 = 2,
x2 = 0,
y = 0äËà�ô�ìtêÍìtí�é©ä�hËóâ£ÿ�âoïä�ñ�_
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−1
1
1



 ;
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1
−1

1
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2
0
0
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0
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ì�õdï�ìtÿØè�ä�ë�åoâ%ë�âoó�ÿ�äïõdãaïçÍýþâoå£í�ë�ì
Ξ1

ù"mWí�î�óç�åoäëÕà[ô�ìtýþá�ç��[ë�âoó�ÿ�äïõ
y
��ê ô�ç�ç�ó
á�äï�ìtí
à�òæçtè�à�ðäãOãaïçÍýþâoå£í�ë�çò�ë�ô�ç
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Ξ QSR�T _

vert Ξ QSR�T ⊆
{(

−1
1

)

,

(

1
−1

)

,

(

2
0

)

,

(

−2
0

)}

.

	Wýþâ}ç
í�ãaâoð�ìrè�ç�åoéòtð�í�çWëWï�ìtÿ�âoã�æóäãaâoóâ
Ξ QSR�T ç�
oó�ì
ïäðâoïçÉä�æç
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ô

Ξ QSR�T = conv
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1

)

,

(

1
−1

)

,

(

2
0

)

,

(
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0
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