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Ax = b, : ÷<;2>="�
A ∈ IR
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m × n E
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Ξ QSR�T := { x

∣

∣

∣
(∀A ∈ A) (∃ b ∈ b) (Ax = b)

}

, :a` ;

Ξ QSR�T := { x
∣

∣

∣
(∀A ∈ A) (Ax ∈ b)

}

, :cb ;
Ξ QSR�T := { x

∣

∣

∣
(A ∈ A) ⇒ (Ax ∈ b)

}

, :ed ;
Ξ QSR�T := { x

∣

∣

∣
Ax ⊆ b

}

. :af ;gÉê�ç�æ
ó
â¢á�â�è�âoï
ä�ñËá�ç�æ�à�åoô�ç�ë�ç�
oç ãaï
çÍýþâoå£í�ë�ìzó
â£ÿ�âoï
ä��Qï
â[ñ
åoï
ç
ò�ô�ì
ô�ï�ì<h�çoá�ä�í�éi�£í�ç©ãaï
çÍýþâ3�å£í�ë�ç
ù�jØè�ñ�ï�ì<h�çÍýþá�âoï
ä�ñ�ä�ä
åoå�è�â¢á�ç�ë�ì
ï
ä�ñ
Ξ QSR�T ç�î�õÃð
ï
çzä�k�à�í�á�ó�à�
oä
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ãaõ æ
ó
â¢á�å£ítì
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ï
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î�ç
ítì�ù
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ï
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ï
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Ξ QSR�T = { x
∣

∣

∣
|Ǎx − b̌| ≤ b̂ − Â|x|

}

, :cß ;

Ξ QSR�T =
{

x

∣

∣

∣

∣

∣

∣

(x = x′ − x′′) &











Ax′ − Ax′′ ≤ b,
−Ax′ + Ax′′ ≤ −b,

x′, x′′ ≥ 0





}

, :aà ;

ä�æ
ó
â¢á�å£ítì
ëtè�âoï
ä
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ï�
zö b ø

Ξ QSR�T =

{

x

∣

∣

∣

∣

(∃y ∈ R
n)

({

|Ǎx − b̌| ≤ b̂ − Ây,
|x| ≤ y

)

}

= :câ ;

=

{

x

∣

∣

∣

∣

∣

∣

∣

∣

(∃y ∈ R
n)























Ǎx − b̌ ≤ b̂ − Ây,

−Ǎx + b̌ ≤ b̂ − Ây,
x ≤ y,

−x ≤ y









}

. :cã ;

û]çÍñ
åoï
ä
ãTç�î�ç
êlï�ìÍð
âoï
ä�ñ ò�ä
åoæ
çtè�é
êlç�ë�ì
ï
ï
õÃâ[ëWl[ç�ó
ãeàÍè�ì<h :cß ;aä :cã ;>_
A ∈ R

m×n å ï
ä�ý©ï�ñ�ñ�
oó�ì
ï
é�ä
ï�í�âoó
ë�ìrè�é�ï
ç���ã%ìtí�ó
ä�æ
õ
A
ò�írù�â
ù

(A)ij = min
a∈Aij

a ç
A ∈ R

m×n å ë�âoó�h�ï�ñ�ñ@
oó�ì
ï
ézä
ï�í�âoó
ë�ìrè�é�ï
ç���ã%ìtí�ó
ä�æ
õ
A
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ù

(A)ij = max
a∈Aij

a ç
Ǎ ∈ R

m×n å åoâoó
â¢á�ä
ï�ìzä
ï�í�âoó
ë�ìrè�é�ï
ç���ã%ìtí�ó
ä�æ
õ
A
ò
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Ǎ = (A + A)/2 ç
Â ∈ R

m×n å ó�ìÍá�ä�à�åØä
ï�í�âoó
ë�ìrè�é�ï
ç���ã%ìtí�ó
ä�æ
õ
A
ò
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ù

Â = (A − A)/2
ù

è ï�ìrè�ç�
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ð
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õÃâ�ç�î�ç
êlï�ìÍð
âoï
ä�ñ å b, b, b̌, b̂ å ä
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ï
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|x|j = |xj|
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âoï
é±îtè�ä�êlô
ä�_rç�î�ìÃç�ï
äØç�æ
ä
åoõ��ë�ì�ê±í á�ç�æ�à�åoô�ç�ë�ç�â�ãaï
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2(m + n)
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x = x′ − x′′ ò�ì�ë�æ
ó
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A ∈ IR
m×n E b ∈ IR

m E x ∈ R
n
�

Ξ QSR�T ��D :a` ;+ù :af ;

Ξ QSR�T =
{

x

∣

∣

∣

∣

(∃y ∈ R
|I|)

({

|Ǎx − b̌| ≤ b̂ − Â:Iy,
|xI | ≤ y

)

}

, : ÷(ú%;

2>="�
I ? 9%I�&G����="&(7��+����&<�/I�&� �&�D>�6!�)+�[!�����YL,/��&#KJ��)+�
 �&���&>,C����&< µ���� ".���&#K¿="�+����.�1@)+�
&5��4<B�&< ,/!��A����B�.

A E �Wû<�#û I =
{

j | (∃i)(Âij > 0)
} ü

R
|I| ? I���&<)+�A�6!���)+�
 �& E �6!<D#,C������&<)+�[$N86&(�
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 "! I
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Â|x| = Â:I |xI |. : ÷�÷<;
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x ∈ R

n
ë�õÃæ
çtè�ï
âoï
çËï
âoó�ì
ë�âoï
å£í�ë�ç

|Ǎx − b̌| ≤ b̂ − Â|x|
ù�Ý åoä�è�à : ÷�÷<;�á�è�ñ xë�õÃæ
çtè�ï
âoï
çzï
âoó�ì
ë�âoï
å£í�ë�ç

|Ǎx − b̌| ≤ b̂ − Â:I |xI |.Ý}êoñ
ë
y := |xI |

ò
ë�ä�á�ä
ãÃò�ð�í�ç©æ�ì
ó�ì
(x, y)

àlá�ç�ëtè�â£í�ë�ç�ó�ñ
â£í©åoä
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∣

∣
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=
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∣

∣
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
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
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Ǎx − b̌ ≤ b̂ − Â:Iy,
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}
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∣
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∣
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∣

∣
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
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
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∣

∣
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å�è�â¢á�à�â£írò�ð�í�ç�æ
ó
ä�ë�åoâ3h

x
ä
ãaâoâ£í©ãaâoå£í�çzï
âoó�ì
ë�âoï
å£í�ë�ç

Â:Iy ≤ b̂. : ÷ à ;
ì�ìtí�ó
ä�æ�ì�ó�ìÍá�ä�à�åoç�ë
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ô�ì
ô�à�ê��ï
ä
î
àlá�é�í�ç�ð
ô�àËãaï
çÍýþâoå£í�ë�ì

Ξ2

ù�û]ç�ç�æ
ó
â¢á�â�è�âoï
ä�ê : ÷ d ;�ë�åoâ]í�ç�ð
ô
ä (x̃, y)
ò�á�è�ñ�ô�ç
í�ç�ó
õ�h

{
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� E �Wû<�#û
(∀x̃ ∈ vert Ξ QSR�T )(∃ỹ ∈ R

|I|)
(

(x̃, ỹ) ∈ vert Ξ1

)

,

(∀x̃ ∈ vert Ξ QSR�T )(∃ỹ ∈ R
n)
(

(x̃, ỹ) ∈ vert Ξ2

)

.ý ��þ�ø�ÿ6ø
�
��	����������ë� é ï�ìÍð�ìrè�ì�á�ç�ô�ìtýþâoã�à�í�ë�âoó�ýþá�âoï
ä
â d á�è�ñ�ãaï
çÍýþâoå£í�ë�ì Ξ1

ùûÉà�å£í�é
x̃ ∈ vert Ξ QSR�T ùrû]âoó
âoåoâoð
âoã�ë�õÃæ�à�ô�è�ç�â}ãaï
ç�
oç�
oó�ì
ï
ï
ç�â%ãaï
çÍýþâoå£í�ë�ç

Ξ1

ì�lCl[ä
ï
ï
õÃã�æ
çoá��æ
ó
ç�å£í�ó�ì
ï
å£í�ë�ç�ãÃò�æ
ó
ç#h�çoá�ñ�k�ä
ãnð
âoó
â£êWí�ç�ð
ô�à
(x̃, 0)

ä©æ�ì
ó�ìrè
è�â�è�é�ï
õÃã æ
ó
ç�å£í�ó�ì
ï
å£í�ë
àzêlï�ìÍð
âoï
ä��æ
âoó
âoãaâoï
ï
ç��
y
ù�û]çtè�à�ð
ä
ãTë�õÃæ�à�ô�è�ç�âØãaï
ç�
oç�
oó�ì
ï
ï
ç�â[ãaï
çÍýþâoå£í�ë�ç

Ξ3 :=
{

(x̃, y) ∈ R
n+|I|

∣

∣ (x̃, y) ∈ Ξ1

}

.

û]ç : ÷ ß ;"ãaï
çÍýþâoå£í�ë�ç Ξ QSR�T ñ
ëtè�ñ
â£í�å´ñþæ
ó
ç�âoô�æ
ä
â���ãaï
çÍýþâoå£í�ë�ì Ξ1

æ�ì
ó�ìrè
è�â�è�é�ï
ç]æ
ó
ç�å£í�ó�ì
ï
å£í�ë
àêlï�ìÍð
âoï
ä���æ
âoó
âoãaâoï
ï
ç��
y
òtì±í�ç�ð
ô�ì

x̃
æ
çÉë�õÃî�ç�ó�à]è�â£ý©ä�í]ëWãaï
çÍýþâoå£í�ë�â

Ξ QSR�T òrêlï�ìÍð
ä�írò Ξ3

ï
âoæ�à�å£í�ç
ù
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È�È�È ÷ `�ã
gÉê[à�í�ë�âoó�ýþá�âoï
ä�ñ ` å�è�â¢á�à�â£írò�ð�í�çzãaï
çÍýþâoå£í�ë�ç Ξ3

ç�
oó�ì
ï
ä
ð
âoï
ç
ùgÉítì
ô ò
Ξ3

ñ
ëtè�ñ
â£í�å´ñQï
âoæ�à�å£í�õÃã ç�
oó�ì
ï
ä
ð
âoï
ï
õÃã ë�õÃæ�à�ô�è�õÃã ãaï
ç�
oç�
oó�ì
ï
ï
õÃã ãaï
çÍýþâoå£í�ë�ç�ãÃù
�(ï�ìÍð
ä�írò�àÔï
â�
oçzâoå£í�é[h�ç
í�é©çoá�ï�ì�ë�âoó�ÿ�ä
ï�ì�_

(∃ỹ ∈ R
|I|)
(

(x̃, ỹ) ∈ vert Ξ3

)

.

û]ç�ô�ìtýþâoãÃò�ð�í�ç
(x̃, ỹ) å ítì
ô�ýþâ�ë�âoó�ÿ�ä
ï�ì ãaï
çÍýþâoå£í�ë�ì

Ξ1

ù�jØè�ñ°�£í�ç�
oç æ
ó
â¢á�æ
çtè�çÍý©ä
ãPæ
ó
ç"�í�ä
ë�ï
ç�â�_
∃(x1, y1), (x2, y2) ∈ Ξ1

ítì
ô
ä
â
ò�ð�í�ç
(x1, y1) 6= (x2, y2)

ä

(x̃, ỹ) =
1

2

[

(x1, y1) + (x2, y2)
]

. : ÷ â ;
Ý�ç
êlãaçÍý©ï
õPá�ë�ìþå�è�à�ð�ìtñ ù
�¢ù

x1 6= x2
ù�û]ç : ÷�÷<;Ãí�ç�ð
ô
ä x1, x2 ∈ Ξ QSR�T ù�gÉê : ÷ â ; x̃ =

1

2
(x1 + x2)

ù��(ï�ìÍð
ä�írò
x̃ 6∈ vert Ξ QSR�T ù� í�ç©æ
ó
ç
í�ä
ë�ç�ó
âoð
ä�í©ë�õÃî�ç�ó�à í�ç�ð
ô
ä

x̃
ù

� �¢ù
x1 = x2

ù!��ç�
¹á(ì
x̃ = x1 = x2

ä©ç�î�âÃí�ç�ð
ô
ä
(x̃, y1)

ò
(x̃, y2)

è�â£ý�ìtí�ë
Ξ3

ù�mÉï
äzó�ìtê£è�ä
ð
ï
õ ä
ë©åoä�è�à : ÷ â ; (x̃, ỹ) =

1

2

[

(x̃, y1) + (x̃, y2)
] ù"�(ï�ìÍð
ä�írò

(x̃, ỹ)
ï
âØñ
ëtè�ñ
â£í�å´ñQë�âoó�ÿ�ä
ï
ç���ãaï
çÍýþâoå£í�ë�ì

Ξ3

ò
ð�í�çzæ
ó
ç
í�ä
ë�ç�ó
âoð
ä�í ë�õÃî�ç�ó�à í�ç�ð
ô
ä
(x̃, ỹ)

ùjØè�ñ�ãaï
çÍýþâoå£í�ë�ì
Ξ1

à�í�ë�âoó�ýþá�âoï
ä
â d á�ç�ô�ìtêÍì
ï
ç
ùjØè�ñ ãaï
çÍýþâoå£í�ë�ì
Ξ2

á�ç�ô�ìtêÍìtí�â�è�é�å£í�ë�ç�ç
ílè�ä
ð�ì
â£í�å´ñÔè�ä�ÿ�é�ç�î�ç�åoï
ç�ë�ì
ï
ä
âoã ë�ç
êlãaçÍý©ï
ç�å£í�ä ë�õ��î�ç�ó�ìþë�âoó�ÿ�ä
ï
õ
(x̃, ỹ)

ä�êØë�õÃæ�à�ô�è�ç�
oç©ãaï
ç�
oç�
oó�ì
ï
ï
ç�
oçzãaï
çÍýþâoå£í�ë�ì
Ξ3 :=

{

(x̃, y) ∈ R
2n
∣

∣ (x̃, y) ∈ Ξ2

}

.

#Éí�ç�î�õ=ç�î�ç�åoï
ç�ë�ìtí�éËï�ìrè�ä
ð
ä
âþë�âoó�ÿ�ä
ï�à�ãaï
çÍýþâoå£í�ë�ì
Ξ3

ò ç�î�ó�ìtí�ä
ã ë�ï
ä
ã%ì
ï
ä
âþï�ì í�ç
ò ð�í�çËç�ï
çñ
ëtè�ñ
â£í�å´ñüæ
çoá�ãaï
çÍýþâoå£í�ë�ç�ã ãaï
çÍýþâoå£í�ë�ì {
(x̃, y) ∈ R

2n
∣

∣ |x̃| ≤ y
} ò�ô�ç
í�ç�ó
ç�â�æ
ó
â¢á�å£ítì
ëtè�ñ
â£íQåoç"�î�ç��þå¹á�ë�ä�
ÃêÍì
ç�å£í�ó
âoï
ï
ç�
oçØô�ç�ï�à�ålì

(0, Rn
+)

ï�ìÉë�âoô�í�ç�ó
(x̃, |x̃|)

ù%mWí�å�ê}á(ì[å�è�â¢á�à�â£írò�ð�í�ç[ãaï
çÍýþâoå£í�ë�ç
Ξ3

ï
âþåoçoá�âoó�ý©ä�íËæ
ó�ñ
ãaõ�h(ù è ë�å´ñ
ô�ç�âþï
âoæ�à�å£í�ç�âzë�õÃæ�à�ô�è�ç�âþãaï
ç�
oç�
oó�ì
ï
ï
ç�âþãaï
çÍýþâoå£í�ë�ç
ò ï
âþåoç"�á�âoó�ý�ì"k�âoâØæ
ó�ñ
ãaõ�h(ò�ä
ãaâoâ£í
h�ç
í�é©çoá�ï�àÔë�âoó�ÿ�ä
ï�à�ù
�	Wí�ë�âoó�ýþá�âoï
ä
â d ãaçÍý©ï
ç�ä
åoæ
çtè�é
êlç�ë�ìtí�éËá�è�ñ æ
ç�ä
åoô�ì�ãaï
çÍýþâoå£í�ë�ì�ò�åoçoá�âoó�ý�ì"k�â�
oçQë�åoâ ë�âoó��ÿ�ä
ï
õ

Ξ QSR�T ù�jØè�ñ �£í�ç�
oç�ï�ìÍá�ç�ï�ì���í�ädë�åoâ©ë�âoó�ÿ�ä
ï
õ ãaï
çÍýþâoå£í�ë�ì
Ξ1 : ãaï
çÍýþâoå£í�ë�ì Ξ2

;]äüë
êoñ�í�éä�h
x
�»â©ô�ç�ç�ó
á�ä
ï�ìtí�õ]ùaû]ç�åoô�çtè�é�ô�àüãaï
çÍýþâoå£í�ë�ì

Ξ1

ä
Ξ2

ç�æ
ä
åoõÃë�ì�ê±í�å´ñnåoä
å£í�âoã%ì
ãaädè�ä
ï
â��
ï
õ�hï
âoó�ì
ë�âoï
å£í�ë
ò�ä�hÔë�âoó�ÿ�ä
ï
õ ãaçÍý©ï
çþä
åoô�ìtí�ézãaâ£í�çoá(ì
ãaä�ë�õÃæ�à�ô�è�ç�
oç©ì
ï�ìrè�ä�êÍì�ù�ì�â£í�çoá�õJ�£í�äËí�ó�à%�á�ç�âoãaô
ä òÕï
ç
òÁë�ç"�»æ
âoó
ë�õ�h(ò}á�è�ñ ï�ì
å�åoâ��
ð�ì
å ë�ìtý©ï�ìdålì
ã%ìnë�ç
êlãaçÍý©ï
ç�å£í�énç
í�õÃåoô�ì
ï
ä�ñ ë�âoó�ÿ�ä
ïá�ç�æ�à�åoô�ç�ë�ç�
oç�ãaï
çÍýþâoå£í�ë�ìËó
â£ÿ�âoï
ä��
Ξ QSR�T ò�ì ë�ç"�»ë
í�ç�ó
õ�h(ò�á�è�ñ�ó
â£ÿ�âoï
ä�ñ �£í�ç���êÍìÍá(ìÍð
ä�î�õÃå£í�ó
õ�hãaâ£í�çoá�ç�ë±ï
âaå£à6k�âoå£í�ë
à�â£í[ëÕæ
ó
ä
ï�æ
ä
æ
â
ù+jØè�ñ]à�åoô�ç�ó
âoï
ä�ñ�æ
ç�ä
åoô�ìÕë�âoó�ÿ�ä
ïØãaï
çÍýþâoå£í�ë�ì

Ξ1 : ãaï
çÍýþâ3�å£í�ë�ì
Ξ2

;aãaçÍý©ï
ç�ä
åoæ
çtè�é
êlç�ë�ìtí�é�ç�åoç�î�âoï
ï
ç�å£í�äÔåoä
å£í�âoãaõ ï
âoó�ì
ë�âoï
å£í�ë
ò�ô�ì
ô©æ
ç�ô�ìtêÍì
ï
ç�ëØæ
ó
ä
ãaâoó
âä�êØó�ìtê�á�â�è�ì d ùá]ó
ç�ãaâØí�ç�
oç
ò�ä�ê�à�í�ë�âoó�ýþá�âoï
ä�ñ d ä�ä�ê�í�ç�
oç
ò�ð�í�ç�á�ç�æ�à�åoô�ç�ë�ç�â�ãaï
çÍýþâoå£í�ë�ç ó
â£ÿ�âoï
ä���ñ
ëtè�ñ��â£í�å´ñ�ç�ó�í�ç�
oç�ï�ìrè�é�ï
ç���æ
ó
ç�âoô�æ
ä
â���ãaï
çÍýþâoå£í�ë�ì
Ξ1 : ãaï
çÍýþâoå£í�ë�ì Ξ2

;�ò�ë�õÁí�âoô�ì
â£írò�ð�í�ç�_
å ç
í�õÃåoô�ì
ëzçoá�ï�à ä�ê[ë�âoó�ÿ�ä
ï�ãaï
çÍýþâoå£í�ë�ì

Ξ1 : ãaï
çÍýþâoå£í�ë�ì Ξ2

;�äËë
êoñ
ëþâoâ
x
��ê ô�ç�ç�ó
á�ä
ï�ìtí
à�òãaõ æ
çtè�à�ð
ä
ãTí�ç�ð
ô�àÔä�êØãaï
çÍýþâoå£í�ë�ì

Ξ QSR�T�çå ç
í�õÃåoô�ì
ë�ï
âoåoô�çtè�é�ô�ç�ë�âoó�ÿ�ä
ïüãaï
çÍýþâoå£í�ë�ì
Ξ1 : ãaï
çÍýþâoå£í�ë�ì Ξ2

;Wä ë
êoñ
ëËë�õÃæ�à�ô�è�à�ê6ç�î�ç"�è�ç�ð
ô�ànä�h
x
�ah�ô�ç�ç�ó
á�ä
ï�ìtírò}ãaõ æ
çtè�à�ð
ä
ã ë�ï�à�í�ó
âoï
ï�êAê�ç�æ
âoï
ô�à�ãaï
çÍýþâoå£í�ë�ì

Ξ QSR�T ë�õÃæ�à�ô�è�õÃããaï
ç�
oç�
oó�ì
ï
ï
ä
ô�ç�ã çå âoå�è�ä�ä�êlë�âoå£í�ï
ç
ò(ð�í�ç�á�ç�æ�à�åoô�ç�ë�ç�â�ãaï
çÍýþâoå£í�ë�ç ó
â£ÿ�âoï
ä��Qç�
oó�ì
ï
ä
ð
âoï
ç
ò�í�ç â�
oç©ãaçÍý©ï
ç©ä
å3�ô�ìtí�é©ô�ì
ô�ë�õÃæ�à�ô�è�à�êAç�î�çtè�ç�ð
ô�àÔãaï
çÍýþâoå£í�ë�ì
x
�ahËô�ç�ç�ó
á�ä
ï�ìtí ë�âoó�ÿ�ä
ï�ãaï
çÍýþâoå£í�ë�ì

Ξ1 : ãaï
çÍýþâ3�å£í�ë�ì
Ξ2

;�ù



÷ b ú Â
È-ÄµÈ�Àîí�ï�í<ð
û]ç�å�è�â¢á�ï
âoâþä�ê[�£í�ä�hQí�ó
â3hQå�è�â¢á�å£í�ë�ä���å�l[ç�ó
ãeàÍè�ä
ó�à�âoã î�çtè�âoâ�í�ç�ð
ï
çÔäËá�ç�ô�ìtýþâoã æ
çoá�ó
ç�î�ï
çë�ë�ä�á�â]à�í�ë�âoó�ýþá�âoï
ä�ñ f ù�Ô����� ��� �a�������%$��'&Z2a�6!�����7��+����&<�	="&(I�96)+86&< �&<�C,/��&#KJ��)+�
 �&Å���+M
�+����']�� ������+�
)5�  ".FI�9%8%V��&(' &(4"&5��&(7�86&(' ,/��&#KJ��)+�
 "!�I���&<�+8%B���'  �����M[���*,/��&#KJ��)+�
 "!

Ξ1

� ,/��&#KJ��)+�
 "!
Ξ2

� ��!�I���&(V)+�A�6!���)+�
 �&	D"��!�7��+����'°I������-,C�+����&('
x E �Wû<�#û

Ξ QSR�T = conv
{

x
∣

∣ (x, y) ∈ vert Ξ1

}

, : ÷ ã ;
Ξ QSR�T = conv

{

x
∣

∣ (x, y) ∈ vert Ξ2

}

. :a` ú%;ý ��þ�ø�ÿ6ø
�
��	�����������æ
ó
ç�ë�â¢á�âoã á�è�ñ�ãaï
çÍýþâoå£í�ë�ì
Ξ1

ù6jØè�ñ�ãaï
çÍýþâoå£í�ë�ì
Ξ2

ç�ï
çzì
ï�ìrè�ç�
oä
ð
ï
ç
ùû]ç©à�í�ë�âoó�ýþá�âoï
ä�ê3÷[á�ç�æ�à�åoô�ç�ë�ç�âþãaï
çÍýþâoå£í�ë�çÔó
â£ÿ�âoï
ä��
Ξ QSR�T ñ
ëtè�ñ
â£í�å´ñQë�õÃæ�à�ô�è�õÃã ãaï
ç�
oç"�
oó�ì
ï
ï
õÃãÃù�û]ç�à�å�è�ç�ë�ä�êJç�ï
ç�ç�
oó�ì
ï
ä
ð
âoï
ç
ò"êlï�ìÍð
ä�í�ñ
ëtè�ñ
â£í�å´ñdë�õÃæ�à�ô�è�õÃã ãaï
ç�
oç�
oó�ì
ï
ï
ä
ô�ç�ã äæ
ó
â¢á�å£ítì
ë�ä
ãaç©ô�ì
ô�ë�õÃæ�à�ô�è�ìtñ�ç�î�çtè�ç�ð
ô�ìþåoë�ç�ä�hËë�âoó�ÿ�ä
ï�_

Ξ QSR�T = conv{ x | x ∈ vert Ξ QSR�T }.
û]ç à�í�ë�âoó�ýþá�âoï
ä�ê d ô�ìtýþá(ìtñ�ë�âoó�ÿ�ä
ï�ì ãaï
çÍýþâoå£í�ë�ì

Ξ QSR�T ñ
ëtè�ñ
â£í�å´ñQæ
ó
ç�âoô�æ
ä
â���ï
âoô�ç
í�ç�ó
ç��ë�âoó�ÿ�ä
ï
õ=ãaï
çÍýþâoå£í�ë�ì
Ξ1

ù(û]ç : ÷ ß ;¢ò�ë�åoâ�ç�å£ítìrè�é�ï
õÃâþë�âoó�ÿ�ä
ï
õ=ãaï
çÍýþâoå£í�ë�ì
Ξ1

æ
ó
ç�â�æ
ä
ó�à�ê±í�å´ñë�ãaï
çÍýþâoå£í�ë�ç
Ξ QSR�T ù��(ï�ìÍð
ä�írò

Ξ QSR�T = conv{ x | (x, y) ∈ vert Ξ1 }. �

	Wí�ë�âoó�ýþá�âoï
ä
â f ò�ç�åoï
ç�ë�ì
ï
ï
ç�âÃï�ì]æ
ó
â¢á�å£ítì
ëtè�âoï
ä�ñ�h :câ ;�ä : ÷(ú%;¢ò�æ
ç
êlë�çtè�ñ
â£íØï�ì<h�çoá�ä�í�é]á�ç�æ�à�å3�ô�ç�ë�ç�â ãaï
çÍýþâoå£í�ë�çQó
â£ÿ�âoï
ä�� òaô�ç�
¹á(ì�êÍì
ó�ì
ï
âoâÔä�êlë�âoå£í�ï
ç
òeð�í�ç*�£í�ç�ãaï
çÍýþâoå£í�ë�çQç�
oó�ì
ï
ä
ð
âoï
ç
ù èãaçÍý©ï
ç©è�äQåþæ
ç�ãaç�k�é�êAà�í�ë�âoó�ýþá�âoï
ä�ñ f ä
åoô�ìtí�é á�ç�æ�à�åoô�ç�ë�ç�â�ãaï
çÍýþâoå£í�ë�çËó
â£ÿ�âoï
ä�� ò�âoå�è�ä�ãaõï
â]êlï�ì
âoãÃò�ç�
oó�ì
ï
ä
ð
âoï
çP�£í�çzãaï
çÍýþâoå£í�ë�ç©ä�è�ä�ï
â£í!
ì�çÍý©ï
ç
ùpjØè�ñ �£í�ç�
oç ï�ìÍá�çüë�ç�åoæ
çtè�é
êlç�ë�ìtí�é�å´ñTí�âoã lØì
ô�í�ç�ãÃò}ð�í�ç
Ξ QSR�T ó�ìtê£è�çÍý©ä
ãaçüëüå£à�ã �ãeà è�ä
ï
â��
ï
ç�
oç æ
çoá�æ
ó
ç�å£í�ó�ì
ï
å£í�ë�ì å�ë�õÃæ�à�ô�è�õÃã ãaï
ç�
oç�
oó�ì
ï
ï
ä
ô�ç�ã/ö d øúù�û]ó
äL�£í�ç�ãAè�ä
ï
â��
ï
ç�âæ
çoá�æ
ó
ç�å£í�ó�ì
ï
å£í�ë�ç ãaçÍý©ï
ç�ï�ì���í�ä�ä�êØåoä
å£í�âoãaõ à�ó�ì
ë�ï
âoï
ä��

{

xI = 0,
A:PxP = 0,


¹á�â
P
ä ï�ì
î�ç�óTä
ï�á�âoô�åoç�ëüë�õÃó
çÍýþá�âoï
ï
õ�hTå£í�çtè�î�æ
ç�ëdã%ìtí�ó
ä�æ
õ

A
òaírù�â
ù

P = {1, . . . , n} \ I
ùè ë�õÃæ�à�ô�è�õZ��ãaï
ç�
oç�
oó�ì
ï
ï
ä
ô òtô�ì
ô�æ
ç�ô�ìtêÍì
ï
çWë�ö f øúòrãaçÍýþâ£íÉî�õÁí�éWç�æ
ä
ålì
ï�ë±ë�ä�á�â�ç�
oó�ì
ï
ä
ð
âoï
ï
ç�
oçá�ç�æ�à�åoô�ç�ë�ç�
oç©ãaï
çÍýþâoå£í�ë�ì�ó
â£ÿ�âoï
ä�� ò�êlï�ìÍð
ä�írò�â�
oçzãaçÍý©ï
ç�ï�ì���í�ä�å[æ
ç�ãaç�k�é�ê à�í�ë�âoó�ýþá�âoï
ä�ñ f ù

(PÊÌËÎÍ Þ*) Û Í
û]ó
ä
ë�â¢á�âoãdð
ä
å�è�ç�ë�ç��©æ
ó
ä
ãaâoó�á�è�ñ©ä�è
è�êWå£í�ó�ì�æ
ä
äÔç�åoï
ç�ë�ï
õ�h�í�âoç�ó
â£í�ä
ð
âoåoô
ä�hËæ
çtè�çÍýþâoï
ä��P�£í�ç��ó�ì
î�ç
í�õ]ùÞ�ì
åoåoãaç
í�ó
ä
ãAá�ç�æ�à�åoô�ç�ë�ç�â�ãaï
çÍýþâoå£í�ë�çdó
â£ÿ�âoï
ä���á�è�ñTä
ï�í�âoó
ë�ìrè�é�ï
ç���è�ä
ï
â��
ï
ç��Oåoä
å£í�âoãaõà�ó�ì
ë�ï
âoï
ä�� : ÷<;±å�ä
ï�í�âoó
ë�ìrè�é�ï
ç�� ã%ìtí�ó
ä�æ
â��

A =
(

1 [−1, 3]
)

∈ R
1×2

ä�ä
ï�í�âoó
ë�ìrè�é�ï
õÃã ë�âoô��í�ç�ó
ç�ã
b = [−2, 2] ∈ R

1
ò
êÍìÍá(ì
ï
ï
ç�â[ë�ë�ä�á�â :af ;3_

Ξ QSR�T :=
{(

x1

x2

)

∈ R
2

∣

∣

∣

∣

(

1 [−1, 3]
)

(

x1

x2

)

⊆ [−2, 2]

}

.
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È�È�È ÷ b ÷
û]âoó
ë�õZ�På£í�çtè�î�â�æPã%ìtí�ó
ä�æ
õ

A
ë�õÃó
çÍýþá�âoï ò}ï
çdç
ílè�ä
ð
âoï ç
ídï�àÍè�ñ ò}æ
ç��£í�ç�ãeàTã%ìtí�ó
ä�æ�ì

Aï
âÔä
ãaâoâ£íQè�ä
ï
â��
ï
çQêÍì
ë�ä
åoä
ãaõ�hnë�õÃó
çÍýþá�âoï
ï
õ�hnå£í�çtè�î�æ
ç�ë
ùpÝ3ö d ø%á�ç�ô�ìtêÍì
ï
ç
ò�ð�í�ç�á�ç�æ�à�åoô�ç�ë�ç�âãaï
çÍýþâoå£í�ë�çËó
â£ÿ�âoï
ä���á�è�ñ�ítì
ô
ä�h�ã%ìtí�ó
ä�æ�ç�
oó�ì
ï
ä
ð
âoï
ç
ù"û]ç©à�í�ë�âoó�ýþá�âoï
ä�ê f ãaï
çÍýþâoå£í�ë�ç Ξ QSR�Të
�£í�ç�ãOå�è�à�ð�ì
âØãaçÍý©ï
çþï�ì���í�ä�æ
ç
l[ç�ó
ãeàÍè�ì
ã : ÷ ã ; : ä�è�ä :a` ú%;-;�ùÝ ï�ìtÿ�âoãTð
ä
å�è�ç�ë�ç�ãTæ
ó
ä
ãaâoó
â
Ǎ =

(

1 1
)

, b̌ = 0, b = −2,

Â =
(

0 2
)

, b̂ = 2, b = 2.

mÉæ
ä
ålì
ï
ä
âØãaï
çÍýþâoå£í�ë�ì
Ξ2

ëzã%ìtí�ó
ä
ð
ï
ç�ãTë�ä�á�â[ë�ç�î�k�âoãTå�è�à�ð�ì
âØë�õZ
�è�ñ�á�ä�í©ítì
ô�_

Ξ2 =















(

x
y

)

∈ R
2n

∣

∣

∣

∣

∣

∣

∣

∣









Ǎ Â

−Ǎ Â
E −E

−E −E









(

x
y

)

≤









b
−b

0
0























,


¹á�â
E å â¢á�ä
ï
ä
ð
ï�ìtñ�ã%ìtí�ó
ä�æ�ì�ó�ìtêlãaâoó
ï
ç�å£í�ä

n
ù è ëzï�ìtÿ�âoãTæ
ó
ä
ãaâoó
â

Ξ2 =







































x1

x2

y1

y2









∈ R
4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

















1 1 0 2
−1 −1 0 2

1 0 −1 0
0 1 0 −1

−1 0 −1 0
0 −1 0 −1

























x1

x2

y1

y2









≤

















2
2
0
0
0
0















































. :a` ÷<;

ì�ï
çÍýþâoå£í�ë�ç
Ξ1

ë�ç�î�k�âoãTå�è�à�ð�ì
âØä
ãaâoâ£í©ã%ìtí�ó
ä
ð
ï
ç�âØç�æ
ä
ålì
ï
ä
â

Ξ1 =















(

x
y

)

∈ R
n+|I|

∣

∣

∣

∣

∣

∣

∣

∣









Ǎ:P Ǎ:I Â:I

−Ǎ:P −Ǎ:I Â:Iú
EI −EIú

−EI −EI













xP

xI

y



 ≤









b
−b

0
0























, :a`�` ;


¹á�â
EI

å â¢á�ä
ï
ä
ð
ï�ìtñËã%ìtí�ó
ä�æ�ì�ò
ó�ìtêlãaâoóÔô�ç
í�ç�ó
ç��Ëó�ì
ë�âoïÔð
ä
å�è�ài��è�âoãaâoï�í�ç�ë�ãaï
çÍýþâoå£í�ë�ì
I
ò�írù�â
ùð
ä
å�è�àËï
âoë�õÃó
çÍýþá�âoï
ï
õ�h�å£í�çtè�î�æ
ç�ëzã%ìtí�ó
ä�æ
õ

A
ùÝ ï�ìtÿ�âoãTæ
ó
ä
ãaâoó
â

P = {1}
ò
I = {2}

ò
Ǎ:P = 1

ò
Ǎ:I = 1

ò
Â:I = 2

ò

Ξ1 =



















x1

x2

y



 ∈ R
3

∣

∣

∣

∣

∣

∣

∣

∣









1 1 2
−1 −1 2

0 1 −1
0 −1 −1













x1

x2

y



 ≤









2
2
0
0























. :a`�b ;

mÉæ
ä
ålì
ï
ä
â :a`�b ;�ãaï
çÍýþâoå£í�ë�ì Ξ1

æ
ó
ç�k�â
ò
ð
âoãQç�æ
ä
ålì
ï
ä
â :a` ÷<;�ãaï
çÍýþâoå£í�ë�ì Ξ2

_tä�ê :a` ÷<; àlá(ìrè�âoï�ìæ
âoó
âoãaâoï
ï�ìtñ
y1

òÕì ítì
ô�ýþâ åoç�ç
í�ë�â£í�å£í�ë
à�êUk�ä�� â�� í�ó
â£í�ä�� å£í�çtè�î�â�æ ã%ìtí�ó
ä�æ
õ4äOá�ë�â�å£í�ó
ç�ô
äï
âoó�ì
ë�âoï
å£í�ë
ò�ëzô�ç
í�ç�ó
õ�h�î�õ�è�ìþêÍìÍá�â��
å£í�ë�ç�ë�ì
ï�ì
�£ítìzæ
âoó
âoãaâoï
ï�ìtñ ùmÉî�ç
êlï�ìÍð
ä
ã6ð
âoó
â£ê
C

ã%ìtí�ó
ä�æ�à�òÕìüð
âoó
â£ê
d å æ
ó�ì
ë
à�ê4ð�ì
å£í�énã%ìtí�ó
ä
ð
ï
ç�
oç ï
âoó�ì
ë�âoï
å£í�ë�ìä�ê :a`�` ;3_

C :=









Ǎ:P Ǎ:I Â:I

−Ǎ:P −Ǎ:I Â:Iú
EI −EIú

−EI −EI









, d :=









b
−b

0
0









.



÷ b%` Â
È-ÄµÈ�Àîí�ï�í<ð
Ý ï�ìtÿ�âoãTæ
ó
ä
ãaâoó
â

C =









1 1 2
−1 −1 2

0 1 −1
0 −1 −1









, d =









2
2
0
0









.

gÉêØë�õÃæ�à�ô�è�ç�
oç ì
ï�ìrè�ä�êÍìþä�êlë�âoå£í�ï
ç
ò�ð�í�ç�í�ç�ð
ô�ìþñ
ëtè�ñ
â£í�å´ñ�ë�âoó�ÿ�ä
ï
ç���ãaï
çÍýþâoå£í�ë�ì
Ξ1 =

{(

x
y

)

∈ R
n+|I|

∣

∣

∣

∣

C

(

x
y

)

≤ d

}

í�ç�
¹á(ìzäÔí�çtè�é�ô�çzí�ç�
¹á(ì�ò�ô�ç�
¹á(ìzç�ï�ìþç�æ
ä
åoõÃë�ì
â£í�å´ñ�åoä
å£í�âoãaç��














C ′

(

x
y

)

= d′,

C ′′

(

x
y

)

≤ d′′,

:a`"d ;


¹á�â
C ′ å ï
âoë�õÃó
çÍýþá�âoï
ï�ìtñËô
ë�ìÍá�ó�ìtí�ï�ìtñÔæ
çoá�ã%ìtí�ó
ä�æ�ì�ã%ìtí�ó
ä�æ
õ

C
ó�ìtêlãaâoó
ï
ç�å£í�ä

n + |I| ç d′ å
åoç�ç
í�ë�â£í�å£í�ë
à�êUk�ä��næ
çoá�ë�âoô�í�ç�ódë�âoô�í�ç�ó�ì

d ç C ′′

(

x
y

)

≤ d′′ å ítì�ð�ì
å£í�é�åoä
å£í�âoãaõ
C

(

x
y

)

≤ d
ò

ô�ç
í�ç�ó�ìtñ�ï
â[æ
âoó
â£ÿØè�ìzëzó�ì
ë�âoï
å£í�ë�ç
C ′

(

x
y

)

= d′ ù
Ý}êoñ
ëTç�î,+"â¢á�ä
ï
âoï
ä
â ó
â£ÿ�âoï
ä�� ë�åoâ3h åoä
å£í�âoãxë�ä�á(ì :a`"d ;�òÃæ
çtè�à�ð
ä
ã ãaï
çÍýþâoå£í�ë�çTë�åoâ3h ë�âoó��ÿ�ä
ï

Ξ1

ù
á[ì
ôQó
â£ÿþìtí�éËåoä
å£í�âoãaõÐë�ä�á(ì :a`"d ; 
-	Éó�ì
ë�ï
âoï
ä
â

C ′

(

x
y

)

= d′ ë�åoâ�
¹á(ìÔä
ãaâoâ£íËâ¢á�ä
ï
å£í�ë�âoï
ï
ç�â
ó
â£ÿ�âoï
ä
â
ù�jØè�ñQó
â£ÿ�âoï
ä�ñ åoä
å£í�âoãaõ :a`"d ;Õï�ìÍá�çËï�ì���í�ä��£í�çËâ¢á�ä
ï
å£í�ë�âoï
ï
ç�âzó
â£ÿ�âoï
ä
â�à�ó�ì
ë�ï
âoï
ä�ñ
C ′

(

x
y

)

= d′ äËæ
ó
ç�ë�âoó
ä�í�é
ò�àlá�ç�ëtè�â£í�ë�ç�ó�ñ
â£ízè�ä�ç�ï
ç�ï
âoó�ì
ë�âoï
å£í�ë
à C ′′

(

x
y

)

≤ d′′ ù
Ýnó�ì
åoåoã%ìtí�ó
ä
ë�ì
âoãaç�ãüï�ì
ãaä�ð
ä
å�è�ç�ë�ç�ã æ
ó
ä
ãaâoó
â±ä
ãaâoâ£í�å´ñ©ë�åoâ�
oç[ð
â£í�õÃó
âWåoä
å£í�âoãaõ]ò�ô�ç
í�ç�ó
õÃâãaç�
£à�ízêÍìÍá(ì
ë�ìtí�ézë�âoó�ÿ�ä
ï
õ

Ξ1

_
÷<; 






1 1 2
−1 −1 2

0 1 −1
0 −1 −1













x1

x2

y





=
=
=
≤









2
2
0
0









;

` ; 






1 1 2
−1 −1 2

0 1 −1
0 −1 −1













x1

x2

y





=
=
≤
=









2
2
0
0









;

b ; 






1 1 2
−1 −1 2

0 1 −1
0 −1 −1













x1

x2

y





=
≤
=
=









2
2
0
0









;

d ; 






1 1 2
−1 −1 2

0 1 −1
0 −1 −1













x1

x2

y





≤
=
=
=









2
2
0
0









.

gAhËãaçÍý©ï
ç�ó
â£ÿ�ä�í�é©ë�ó�à�ð
ï�à�ê�ù�jØè�ñ�ç�îtè�â�
oð
âoï
ä�ñ�ó
â£ÿ�âoï
ä�ñ�êÍì
ãaâ£í�ä
ãÃò�ð�í�ç
(

1 1 2
−1 −1 2

)





x1

x2

y



 =

(

2
2

)

⇐⇒

(

1 1 0
0 0 2

)





x1

x2

y



 =

(

0
2

)

⇐⇒

{

x1 = −x2,
y = 1

:a`�f ;
ä

(

0 1 −1
0 −1 −1

)





x1

x2

y



 =

(

0
0

)

⇐⇒

(

0 1 0
0 0 1

)





x1

x2

y



 =

(

0
0

)

⇐⇒

{

x2 = 0,
y = 0.

:a`�ß ;
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È�È�È ÷ b�b
Ý ç�î�k�âoãTå�è�à�ð�ì
âWá�è�ñËà�æ
ó
ç�k�âoï
ä�ñ�ó
â£ÿ�âoï
ä�ñ�ãaçÍý©ï
çþä
åoæ
çtè�é
êlç�ë�ìtí�é©ì
ï�ìrè�ç�
oä
ð
ï
õÃâØåoë�ç��
å£í�ë�ì�_

(

Ǎi: ÂiI

−Ǎi: ÂiI

)(

x
y

)

=

(

bi

−bi

)

⇐⇒

(

Ǎi: 0

0 ÂiI

)(

x
y

)

=

(

b̌i

b̂i

)

⇐⇒

{

Ǎi:x = b̌i,

ÂiIy = b̂iä
(

0 Ei: −Ei:

0 −Ei: −Ei:

)





xP

xI

y



 =

(

0
0

)

⇐⇒

(

0 Ei: 0
0 0 Ei:

)





xP

xI

y



 =

(

0
0

)

⇐⇒

{

(xI)i = 0,
yi = 0.

Ý�ç
êlë�ó�ì"kþìtñ
åoéþôÔð
ä
å�è�ç�ë�ç�ãeà©æ
ó
ä
ãaâoó�à äÔç�æ
ä
ó�ìtñ
åoé�ï�ì�åoë�ç��
å£í�ë�ì :a`�f ;%ä :a`�ß ;¢ò�ãaçÍýþâoã æ
âoó
â3�æ
ä
ålìtí�é©ð
â£í�õÃó
âØó�ì
åoåoã%ìtí�ó
ä
ë�ì
âoãaõÃâ�åoä
å£í�âoãaõ ë�ë�ä�á�â
÷<; 












x1 = −x2,
y = 1,
x2 = y,
−x2 ≤ y;

` ; 










x1 = −x2,
y = 1,
x2 ≤ y,
x2 = −y;

b ; 










x1 = 2,
−x1 ≤ 2,
x2 = 0,
y = 0;

d ; 










x1 ≤ 2,
−x1 = 2,
x2 = 0,
y = 0äËà�ô�ìtêÍìtí�é©ä�hËó
â£ÿ�âoï
ä�ñ�_

÷<; 


−1
1
1



 ;
` ; 


1
−1

1



 ;
b ; 


2
0
0



 ;
d ; 


−2
0
0



 .

ì�õdï�ìtÿØè�ä�ë�åoâ%ë�âoó�ÿ�ä
ï
õdãaï
çÍýþâoå£í�ë�ì
Ξ1

ù"mWí�î�ó
ç�åoä
ëÕà[ô�ìtýþá�ç��[ë�âoó�ÿ�ä
ï
õ
y
��ê ô�ç�ç�ó
á�ä
ï�ìtí
à�òæ
çtè�à�ð
ä
ãOãaï
çÍýþâoå£í�ë�ç
ò�ë�ô�ç
í�ç�ó
ç�ã�è�â£ý�ìtízë�åoâ[ë�âoó�ÿ�ä
ï
õ
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