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AnHoTarusa

[Ipemmokerno HOBOE TOKA3ATEIHCTBO TEOPEMBI O KJIACCU(MDUKAIMHI CJIYyIaeB TUCTPUDY TUB-
HOCTHU B KJIACCUYECKON WHTEPBAJILHON apudMeTnKe, OCHOBAHHOE Ha CBONCTBAaX XapaKTepu-
CTUK WHTEPBAJIOB. BhIjeeHo npegacTaBieHne HHTEPBAIA B BUE TPON3BEICHUS OTKIOHEHWS
Ha, OTHOCUTEIbHBIN WHTEPBaJ, 0O0OCHOBAHO MCIIOJIHL30BAHNE STOTO MPEICTABICHUS B J0KA3a-
TEJILCTBAX W MOJIYIEHO MPOCTOE JOKA3ATETHCTBO TOUHOM (DOPMYJIBI /IS IITUPUHBI TTPOU3BE-
JIEHUsT MTHTEPBAJIOB.

1. BBenenne

Knaccmaeckasa uaTepBaabiad apudMeTHKa 3a0aHa Ha MHOKecTBe IR BCex BemecTBeHHBIX HHTEp-
BAJIOB, TJIe MOJ BEIECTBEHHBIM UHTEPBAJIOM MOHUMAETCHA 3aMKHYMYLG OTPE30K (CBSI3HBINH KOM-
makT) B R:

AclR < dgaeR: a<a A={aeR|a<a<a}l.

['paHunbl @ u @ HA3BIBAIOTCS COOTBETCTBEHHO HWKHUM W BepXHUM KoHIamu natepsaia A. Tawm,
IJle BaXKHO YKA3aTh KOHIIBI HHTEpBaia A, ero 3amuchiBAIOT B BUJE |a, G).

Omnepanun Ha L MHTEPBAJIAMEI B KJIACCHIECKONW WHTEPBAILHON apuMeTHKe OMPEIeISTIOTCS Te-
pe3 OOBIYHBIE OTIePAIH HAJ| BEIECTBEHHBIME YHCJIAMU TI0 TTPABUITY

A*B:{a*b|a€A,b€B}, *€{+7_7'7/}

(menenue HA HYTHCOJEPKAIMI MHTEPBAJ He ompeseneHo). Ha MpakTHKe HCIOIL3YIOT SKBHBA-
JIEHTHBIE OIpeJie/IeHnsT olepaluii B TepMUHAX KOHIIOB WHTEPBAIOB!

A+ B = [a+ba+l], (1.1)

A—B = [a—b,a—b)], (1.2)

A-B = [min{ab,ab,ab,ab}, max{ab,ab,ab,ab}], (1.3)

A/B = A-[1/b,1/b]. (1.4)

Ha MHOXKecTBe BBIDOKJIEHHBIX WHTEPBAJIOB (TO ecTh WHTepBaJgoB BHaa A = [a,a]) wHTEp-

BaJIbHAas apuMeTHKa COBIAIAET C BEIeCTBEHHOM, HO B IIEJ0M eé anredpandecKkue CBoicTBa 6eI-
Hee. Hampumep, 1719 HEBBIPOXKIEHHBIX MHTEPBAJIOB HE CYIIECTBYET OOPATHBIX I€MEHTOB HH II0
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CJI0YKEHUI0, HU TI0 YMHOYKEHWIO, a BMECTO 3aKOHA AUCTPUOYTHBHOCTH BBHIMOJIHSIETCS JIUITH 3aKOH
cybancTpuby THBHOCTH
A(B+C)C AB + AC.

[TosTomy B mHTEpBAJIBHON apudmMeTnKe, B 00IIEM CIyYae, HEIb3sT HCIOJIH30BAThH MPUBBITHBIE Me-
TOJIBI TPe0OPa30BaHNsT APUMOMETHIECKIX BhIPaykeHuil. cTecTBeHHO BO3HUKAET BOMPOC, KOTIA MbI
BCE-TAKN MOYKeM TI0JIb30BAThCsI MPUBBLITHBIME MpaBuaaMu Berancaenuii? U1 B wacraocTn, Korma
MOYKHO TPUBOJIUTH TOJAOOHBIE CJIaraeMble WM PACKPBIBATH CKOOKHU MO MPABUIAM JUCTPUOYTHB-
HOCTH!

[Tonuplit anaau3 caydaeB AUCTPUOYTUBHOCTH B KJIACCHYECKONH WHTEPBAJILHON apudMeTnke
obL1 ciestan Pagekom. B [1] o TmaresnbHo onmcas MHOXKeCTBO Beex Tpoek narepsasios (A, B, (),
JUIst KOTOPBIX mMeeT MecTo coorrorenne A(B+C') = AB+ AC. JToka3aTeabeTBo ObLIO OCHOBAHO
Ha Tiepebope ciyvaen omnepalnii HaJl KOHIIAMU WHTEPBAJIOB. XOTd 1Mepedop OCYIIECTBIISAICST C WC-
M0JTb30BAaHNEM WHBAPUAHTHBIX CBONCTB, JOKA3ATETHCTBO OKA3aI0Ch TPOMO3IKUM U He MIPUBEICHO
MOJTHOCTBIO JTazKe B caMoit pabore Paueka.

B nmammoit cratbe npeamaraeTcs HOBBIH COCO0 KIacCHDUKAINN CIyYaeB TUCTPUOYTUBHOCTH.
Ero mokasarenbcTBO OCHOBAaHO Ha CBOHCTBAX XapaKTEPUCTHK WHTEPBAJIOB. BKIOUeHme TAKOTO
JI0Ka3aTe/IbCTBA B KyPC WHTEPBAJIHHOTO aHAJIW3A OyIeT MOJe3HO JJIs JIYUIero MOHUMaHUsT TTPH-
POJIbI CYyOIUCTPUOYTUBHOTO 3aKOHA M JIIsi BHIPAOOTKU HABLIKOB PAabOTHI ¢ XapaKTEePUCTUKAMU
THTEPBAJIOB.

Kpowme Toro, B mamuoit paboTe 0COOEHHO BBIIETEHBI TaKWe XapaKTePUCTUKN WHTEPBAIa KaK
OTKJIOHEHUE U OTHOCHUTEJHHOE TOJOKEHHUe, 0ODOCHOBAHO TMPABUJIO UCIOJIH30BAHUS B JOKA3ATETh-
CTBaX MpeCTaBJICHNs] HEHYJIEBOIO WHTEPBAJIA B BU/IE TPOU3BEIEHNST OTKJIOHEHUST HA OTHOCHTETh-
HBII WHTEPBAJI; MOKA3aHO KAK HA OCHOBE ITOTO MPABUJIA MOJYIAITCS TOUHBIE (DOPMYJIBI JI/Tst
OTHOCUTEIHHOTO TOJIOYKEHUsT W JIJIsT MMAPWHBI TPOW3BEIeHUsT HEHYJIEBBIX HHTEPBAJIOB.

2. Obo3HaYeHNd M OIIpeeIeHns
Boasmuvu naruackuvu Oyksamu A, B, C, K 0ymem 0003HAa4YaTh BEIECTBEHHBIE WHTEPBAJIBI:
A B,C,K € IR.

CoOTBeTCTBYIOIMUME MAJIBIME OYKBaMU OyeM 0DO3HAYATH dJeMEHThl WHTepBaoB. Hampuwmep,
3amnuch a+b — 310 cokpamenne 3anucu a+b, a € A, b € B. [lonuepkuBanue apudMeTHICCKOTO
BBIDAZKEHUS CHU3Y OyIeT 0003HAUATE B3ATHE €0 MEHIMYMa 110 00JIACTH OTpe/Ie/IeHIs (HAIpUMep,
HUKHUI KoHen nuTepBaia A+ B GyneM 3anuceiBath B Buje a + b). Yepra Haj apudMeTuaecKnm
BBIpayKeHneM OyeT 0003HAYATH B3SITHE €0 MaKCHUMyMa. DTO COOTBETCTBYET 3aIMCH WHTEPBAJIA
B Buge A = [a,al.

BemecTBennbrit mHTEPBAJ MTOJTHOCTHIO OMUCHIBAETCST CBOMME KOHIIaMu. JJ1st onucanust CBOHCTB,
OOIUX /I TPYIIBI HHTEPBAJIOB, MMOJE3HbI (DYHKIMH OT KOHIOB MHTepBaaa. OyHKIUU OT KOH-
OB OyeM Ha3BIBATDb Tapaxmepucmukamu urnmepsaira. Hampumep, caMu KOHITBI HHTEpBaJIa, €ro
ceperHa W MIHPUHA — 9TO XapaKTePUCTUKU HHTEPBAJIA.

HamomuuMm, onpeaenennss HEKOTOPHIX MOJE3HBIX XapaKTePUCTUK WHTEPBAIOB:
cepedunoti unmepsana nazpBaercst bynxmus  : IR — R raxas, aro A = (a +@)/2;
wupunol unmepsasa HasbiBaercs dbyukmus w : [R — R takas, aro w(A) =a — a;
modysem (AU abcortommvm 3Hauenuem) urmepsanra HasbiBaercsa dyukmnus |- | : IR — R rakas,
10 | 4] = maxc{a]} = max{a], [a]}
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Omgnaonenuem (deviation) nareppaia vazopéM dyukimio dev : IR — R rakyto, 1ro

eciu [a] = |al,
nHave.

dev(A) = { Z: (2.1)

Oyuknus dev KazKI0My HHTEPBATY CTABHT B COOTBETCTBHE €r0 OTKJIOHEeHHe OT Hyss. OueBHIHO,
aro |dev(A)| = |A|.

Ommuocumenvrvim nososcenuem narepsasa OymaeM naszsiBarh dbynkmmo x : IR\ [0, 0] — [—1,1]
TaKyI0, ITO
a/a, ecmn [al > lal,

a/a, wnHade. (2:2)

V(A) = {
@yHKHI/IH X XapaKTepI/IByeT IIOJIOZKeHue HeHyﬂeBOFO I/IHTepBaﬂa OTHOCUTEJIBHO Hyﬂﬂ:

X(A) <0 <= 0 — BHyYTpeHHsisI TOUYKa HHTEpBaga A,
X(A) >0 < 0¢€A,
X(A) =0 <= 0 gpagercsa oxHOil U3 rpanur nHTepBaTa A.

Mg obospumoctu BukIAIOK X(A) u dev(A) Gymem obo3HAUATH TakKe depe3 x4 u devy
COOTBETCTBEHHO.

Ommuocumesvrolm UHMEPSaLOM IS HeHyJIeBoro mHTepBaga A OyaeM HasbiBaTh WHTEPBAJ
(X4, 1]. ITupuny orHOCHTEIHLHOTO WHTEpBaIa OyIeM HA3BIBATH OMHOCUMEALHOT WUPUHOTU.

B cuny onpenenennii (2.1) u (2.2) Kax bl HeHyIeBoit uHTEpBaT A OJHO3HAYHO MPeICTABAM
B BHJIE TIPOM3BEJICHNS OTKJIOHEHHsI HA OTHOCHTE/THHbINH HHTEePBAT:

VA €IR\ [0,0] A=devy - [xa,l]. (2.3)

13 nipe/icTaB/ieHnst HHTEPBAIOB B Bue (2.3) OYEBUIHO, UTO JJIsl HHTEPBAJIA U [T €10 OTHOCH-
TEeJILHOTO MHTEPBA/Ia OJMHAKOBO PEIIalTCs BOIIPOCH O TOM, COIEPXKAT I OHU HYJIb, SIBIATCI JIH
OH BHYTDPEHHeil TOUYKOIi, a ecjiu siBJIsieTcsi, TO B KakoM cooTHomennu (npu devy < 0 ¢ TOYHOCTBIO
10 O6pal[[eHI/IH) OH JEJINT UHTEePBaJI. HO OTHOCUTEJIbHBIC NHTEPBAJIbI, B CUJIYy CBOETO ClieIuaJIbHOT'O
BU/1a, TOPA3/0 ya00Hee [I/IsT aHAH3a.

B knmaccuueckoit nHTEpBaIbHON MaTeMAaTHKe TOXOXKIM, HO D0OJIee TPOMO3IKUM IIPeICTaBIeHH-
eM moab3oBasicss Ratschek [2, 3|. B mosmoit uaTepBaiboil apudmvernke 0606IMEHTeM Tpe/IcTaB-
nenusi (2.3) moap3oBaanck Gardenes, Trepat [4], Ho nx paboThl, K coXKaaeHNI0, 0030pHbIE U He
COZEP’KAT JTOKA3ATETHCTB.

[TpaBuIo UCHOMBL30BAHUS pecTaBIeHns (2.3) B I0KA3aTEILCTBAX AT

YrBepxkaeHue. Bceakuil HeHyae8ol unmepsas npedcmasum 6 eude npoudsedenus Geuie-
CMBENH020 wucAa Ha unmepsas euda [z,1], 2de —1 < x < 1.

s HECUMMEMPUYHBLT UHMEPBAN08 MaKoe NpedcmasieHue eOUHCMBEHHO, OAL CUMMEMPUY-
HOLL — COUHCMBEHHO € OYHOCMBIO 00 3HAKA BEULECTNEEHHO20 YUCAQ.

okazaTeabCcTBO. B kKauecTBe npepcraBieHnst HEHYJIEBOIO HHTepBada A B BHIe TMTPOU3BEIe-
HUSl BEMIECTBEHHOTO YHCJIa HA WHTEPBAJ [x, 1] MOXKHO BHIOGpATH

A=deva-[xa, 1]
[TycTsb cymecTByer apyroe mpejacTaBieHne

A= N[z, 1], Az e R
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Torna
deVA . [XA, 1] =\ [.T, 1].

[Tocko/IbKY J1Ba WHTEpBAJIa CYUTAIOTCS PABHBIMHU, €CJIM UX KOHIBI COBIAJAIOT, paBeHCTBO (2.4)
O3HAYaeT, YTO UMEET MECTO XOTh OJIHA W3 CHUCTEM COOTHOTTEHWH

{ deVA = )\,

devaxa = Az (mpm devy - A > 0)

n
devaxa = A
’ devy - A <0).
{ dov s — A (mpu devy - A < 0)
Tak kak 1o yeaosuto A # [0,0], o devy # 0, A # 0. Buaunr,
deVA:)\, XAI)\/dGVA <O,
nn
XA =T 1= XAT.
Ho |x| u |z| He Gosbire 1, 109TOMY OKOHYATETHLHO HMeeM
{deVA:)\, {XA:x:—l,
TN
XA =1T A= —devy.
DT0 W 03HAYAeT, UTO MPHU Y4 7# —1 (4TO COOTBETCTBYET HECHMMETPHYHOMY HHTepBany A) oba
IpeCcTaBJIeHAs] HHTePBAIa COBIAJAIOT, a IPH X4 = —1 HHTEpBaT A CHMMETpHUYEH U JIOIYCKAET
emé npezacrapienne A = —devy - [xa, 1]

[peacraBienne (2.3) mosie3no npu paboTe ¢ MPOU3BEIEHUIME MHTEPBAJIOB, MOCKOIBKY, KAK
Oy/eT MoKa3aHo B KOHIIE CJIEJIYIONIEro pas3jiesa, OHO pa3dUBaeT YMHOKEHNE HHTEPBAJIOB Ha YMHO-
JKeHne OTKJIOHEHWN W YMHOYKeHWe OTHOCUTETbHBIX WHTEPBAJIOB M TEM CAMBIM JIae€T BO3MOXKHOCTH
paboTarh OTIEJBHO C HEKOTOPOIl BENIeCTBEHHON XapaKTepUCTHKONH WHTePBAJIOB (OTKJIOHEHWEM)
1 (OTHOCHUTETHHBIM) UHTEPBAJIOM, MPOCTHIM JIJIsl YMHOYKEHUsS. B CIeyIomemM pasjiese 3To Mpei-
CTaBJIEeHIEe UCHOTb3YeTCS MPH MOMyIeHUusT (POPMYILL I X AB-

3. HekoTophle cBoiicTBa XxapaKTepuUCTUK MHTEPBAJIOB

CsoiicrBo 1. [Ing HenyieBoro mHTepBaga A IHpPHHA PABHA MPOU3BEIEHUIO MOJY/IS HA OT-
HOCHTE/ILHYIO TITHPUHY:
w(A) = [A[(1 = xa)- (3.1)
(DYHKIHIO X 4 B CUJIY 9TOTO CBOWCTBA MHOT/IA HA3BIBAIOT OMHOCUMENLHOT Y30CMbI0 HHTEPBAJIA. )
HokazarenscrBo. Cragana mokaxeM, 910 VA € R w(AA) = |[A|w(A). [To npaButam ymHO-
KeHund

\A — [Aa, Aa] mpu A > 0,
| [\a,\a] mpm A <O.

SaMeTuM, UTO MIXPHHA WHTEPBaJIa PaBHA MOIY/II0 PAa3HOCTH €ro KOHIIOB, MTO3ITOMY
w(AA) = |Aa — Xa| = [Ma —a)| = [A|la —a] = [Aw(A).

Terepb BOCTOIB3yeMCsl TIpeJICTABIeHIeM HHTepBaia (2.3) B BUje MPOU3BEICHUs] OTKIOHEHUS
Ha OTHOCUTETHLHBIN WHTEepPBAJI.

w(A) = w(deva - [xa, 1]) = [deval - w(lxa, 1) = [A|(1 = xa)-
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3.1. Cymma mHTEpBaJIOB

CsoiicTBo 2. [llupuna cyMMbl HHTEPBAJIOB PaBHA CyMMe UX IIHPHH:
w(A+ B) = w(A) + w(B). (3.2)

dokazareanCcTBO.

w(A + B) d:fa+b—a+b(1:1)5+5—g—ézﬁ—g+l_)—l_)d: w(A) + w(B).

~

CsoiicTBo 3. Mo/y/ib CyMMbI HHTEPBAJIOB PaBeH CyMMe WX MOJLYJIEi, eCJii CepeuHbl ITUX
MHTEPBAJIOB HE JIeKAT MO Pa3Hble CTOPOHBI OT HYJISA, W CTPOTO MEHBITe — HHaJe:

= i.B>
{ |A+ B|=|A|+|B|, ecxu A-B >0, (3.3)

|A+ B| < |A| + |B|, wnnaue.

okazareabcTBO. /Ij151 Tpon3BOJIHLHOTO HHTEpPBAJIA K onpeieeHne MOyt MOXKHO 3aInCaTh
B Buje | K| = max{—k, k}. [leiicrBurennHo,

Torna |A+ B| = max{—a +b,a+ b} = max{—a — b,a + b},
|A| + |B| = max{—a, @} + max{—b,b}.

[Tosromy |A+ B| < |A|+|B|, nupu 5ToM paBeHCTBO HMEET MECTO TOT/Ia M TOJIBKO TOT/IA, KO/

TO eCTh KOTJIa BHITIOJHEHO TpeboBanne (@ + a)(b+b) > 0, 9T0 SKBUBATIEHTHO YCJIOBHIO HA EHTPHI

A-B>0.
CgoiicTBo 4. JI1s1 nHenyneBbix natepBagoB A, B u A+ B 0THOCHTE/IFHOE TIOJIOKEHHE CYMMbI

IS

ISH

NN
Sals]
IS

IS
VWV
SHlESY

BBIYHUC/IAETCS 110 (DOPMYIIe

e =1 — [A[(1 = xa) +|B[(1 — x5)

(3.4)

HokazarenbcTBo. B dhopmyny st MUPUHB CyMMBI HHTEPBAJIOB (CBOMCTBO 2) MOJCTABUM
NpeJ/ICTaB/IeHe IMPUHBI Yepe3 MOJYJbh WHTePBaJa W ero OTHOCHTEIhHOE TOJI0kKeHHe (CBOWCTBO
1). TTomyanm

|A+ B|(1 = xa+5) = [Al(1 — xa) + [B[(1 = x5).

[To ycnosuto A + B nenyseroii, mosromy |A + B| # 0, u cBoiicTBo 4 n10Ka3aHo.
CsoiicTBo 5. /I1g HenyneBbix uaTepBaios A, Bu A+ B

N |Alxa + | Blxs
h=
| Al + | B
e |Alxa + |B|xs
+ )
|Al + | B

, ecrm A-B >0,

nHa4ve.
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HoxkazarenabcTBo. CBOICTBO 5 — 3TO MpsSIMOE CJIeICTBUE CBOUCTB 3 1 4.
CsoiicTBo 6. /[1g HenymeBbix uaTepBagoB A, B u A + B oTHocHTe/NIbHAS Y30CTh CYMMBI He
60JIbIIIe HAUDOJIbINEH OTHOCUTE/THHOM Y30CTH:

XA+B < max{xa, X5} (3.6)

CsoiicTBo 7. Ecn 11eHTpbl HeHY/IEBBIX HHTEPBAIOB He JIeXKAaT M0 pa3Hble CTOPOHBI OT HYJIS,
TO OTHOCUTEJIbHAS Y30CTh UX CYMMBI He MeHbITle HauMeHbITeil OTHOCUTEeThbHON Y30CTH:

Xasrp = min{xa, xg} mupz A-B > 0. (3.7)

JlokazaTeabcTBa CBOWCTB 6 M 7 HEMOCPEJACTBEHHO CJIEAYIOT W3 CBOMCTBA b.
CsoiicTBo 8. Ec/in 11eHTphl HEHYJIEBBIX WHTEPBAJIOB HE JIeYKAT M0 pa3Hble CTOPOHBI OT HYJIS,
TO OTHOCUTEJIbHOE TTOJIO?KEHNE UX CYMMBI HAXOJAUTCA MEXKAY NX OTHOCUTEJIbHBIMU TTOJIOZKEHUAMM:

He[0,1]  xarp=1txa+ (1—1t)xs. (3.8)

JokazaTejabCcTBO. DTO CBOWCTBO — OYEBHUIHOE CJAEICTBHE CBOICTB 6 1 7.

3.2. IlpousBesenne MHTEPBAJIOB

CaoiicTBo 9. Moy/ib NpON3BeIeHNsT WHTEPBAJIOB PAaBEH MPON3BEICHUIO MOJLYJIei
|AB| = |A] - |B|. (3.9)
dokazareanCcTBO.

AB| = max {Jobl} = max {lal - o} = mae{lal} - max{|bl} = |4] - |B].

CsoiictBo 10. [ITupuna npousBejeHnsi HEHYJIEBHIX WHTEPBAJIOB paBHA ITPOU3BEICHUIO UX
MOJTyJTeil Ha OTHOCUTETbHYIO IMTUPUHY MPOU3BEICHUS

w(AB) = || |B (1 - xap). (3.10)
HokazarenbcTBo. aTepBas AB HeHyJIeBOii, W 1JIsT HErO CIPaBeIINBO CBOWCTBO 1:
w(AB) = |AB| (1 — xaB)-

Tenepnb Bocmob3yeMcst CBOCTBOM 9.
CsoiicTtBo 11. OTHOCHTETBHOE MOTOXKEHNE TPOU3BEICHNsT HEHY/IeBBIX MHTEPBAJIOB OIpee-
nsgercs 1o popmyie

XA = min{xa, X5, X4 - XB}- (3.11)

HoxkazarenbcTBo. [lycth A u B nenynesbie waTepBaibl, Torya AB Toxe HeHyIeBoi n

AB = devalxa,l1]-devg[xp,1] =devs devg - [xa, 1] [x5, 1]
= devy devg - [min{xa, x5, xax5, 1}, max{xa, X5, xaxs, 1}]

| |:<1 deVA deVB ' [min{XAu XB, XAXB}, 1]
XIx
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[Tockoabky | min{xa, X5, Xaxs}| < 1, T0 B cuy YTBepKaeHus U3 paszesna 2

Xap = min{xa, X5, XAXB}

[Ipu nokazarenbcTBe cBoiicTBa 11 MBI Ha caMOM jiejie TIOKa3a/d, 9TO OTHOCHTEIbHBIN WH-
TepBaJl TPOU3BEACHUA MHTEPBAJIOB pPaB€H IMPOU3BEACHUIO WX OTHOCHUTE/JIbHBIX HWHTEPBaAJIOB, IPH
YMHO?KEHUN OTHOCUTEJIbHBIX MHTEPBAJIOB BerHI/Iﬁ KOHelIl, BCer/la paBeH 1, a HUYKHUN NIIeTcCd KakK
MHUHUMYM TPeX 3JeMeHTOB. ECIu CpaBHUTH ¢ MPABUIOM YMHOXKeHUs OOBIYHBIX HHTepBaIoB (1.3),
TO IIpou3BegeHne OTHOCUTE/JIbHBIX HHTEepPBaJIOB I'Opa3/10 y;L06Hee 14 aHaJin3a, IIOCKOJBKY JIETKO
OlucaTh Cjay4daun, Korla X ap HPUHUMAET KazK/J0€ N3 BO3SMOZKHBIX 3HAYEHUIA.

3ameuaHue K cBoiicTBy 11.

(ean = xa) = ((xa < minf0,xp}) man (x5 = 1)),

(
(an=x5) <= ((ca <min{0,xa}) mm (xa = 1)),
(can = xa-xz) <= (0 <min{xa,xp}) nam (xa = 1) nan (xp = 1)).

JlokazaTreanCcTBO.

croticteo 11

XA“XB | xa <0 - x4 >0
< XB XI<1 x4 < XB x5 =1

X
(p<C:1>a) ((XA < min{0, xg}) wmm (xp = 1))

(xap = xa) = (

Mgl JOKa3aJIn IePBYIO0 9aCThb 3aMeYaHudd.
HOCKOJ’Ibe VYMHOZKEHHE MHTEPBaJIOB KOMMYTAaTHUBHO, TO BTOpPad YaCTb 3aMe€YaHHud TOXKe d0-

Kazana. Pemenne ypasHenust min{x 4, X5, XaAX5} = Xp MOKa3aHO Ha puc. 16.
JTokarkem Temnepb MOCIeIHION (POPMYIIY U3 3aMedaHusd.

XA'XB<XA)

v =xaxa) e, (X4 XR S

Tak kak |y| < 1, To mocaeHss cucTeMa HEPABEHCTB SKBUBAJEHTHA YTBEPIKICHUIO

xa =0 x <0 xa <0
(XB>0)I/IJII/I<XA:1)I/IJII/I<XB: )

XA ]_AXA ]_AXA

—1 —1 —1

a) min{xa, X5, XAXB} = X4  0) min{xa,xB,XxaxB} = x5 B) min{xa, X5, XaXB} = XAXB

Puc. 1:
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A mocsiesiHee yTBEpIKIEHIE PABHOCHIBHO (CM. PUC. 1B) YTBEPKIEHUIO

=0
(ié;l>()) wim (y4=1) wm (yg=1).

CaoiicTBo 12. [[lupuna mpousBeaeHns HEHYJIEBbIX HHTEPBAJIOB OIPeIeIsaeTcs 1o (opMyie

w(AB) = |A] - [B| (1 — min{xa, x5, X4 - xB})- (3.12)

HokazarenbcTBo. dra GHOpMyIa MOJYUAETC MPOCTON MOoAcTaHOBKON dopmyst (3.11) B
dbopmyy (3.10).
(CpaBHuTe ¢ JOKa3aTEJLCTBOM aHAJIOrHIHOI dopmysst B [5].)

4. Knaccudukanusg cjaydaeB BbITIOJTHEHUS
JAACTPUOY TUBHOCTH

Hamomuum, 9T0 /17151 OOBIYHO WHTEPBAJILHON apudMETUKH UMeeT MeCTO 3aKOH CyOIuCTPUOY THB-
HOCTH:

A(B+C) C AB + AC. (4.1)

DTO JIETKO TMOHATD, €CJIH OOPATUTHCA K TEOPETUKO-MHOKECTBEHHOMY IIPEICTABIEHUI0 HHTEPBAJIOB
1 Omepanuii CJI0KeHns U YMHOXKeHus. [leiictBurensro, mis moobx uaTepsaios A, B, C

AB+C) = {alb+c¢)|ac Abe BijceC}={ab+ac|ac Ajbe B,ce C}
= {ab+dc|la=d, a,d € Ajbe B,ceC}
C {ab+dc|a,d e Ajbe Bice C} =AB+ AC.

Yenosust ma waTepBasasl A, B, C', npu KOTOPHIX B 3aKOHE CyOAUCTPUOYTUBHOCTH HMEET MeCTO
PaBEHCTRBO, JIACT CJIEYIONIast
Teopema. IIycmv A, B,C € IR, mozda paserncmeo

A(B+C)=AB+ AC (4.2)
IKGUBANEHMHO GBINOAHEHUIO TOMb 00H020 U3 ymBGpOfCGBHUfZ.'

1) cpedu unmepsanos A, B, C' ecmv nyaesol,
2) xa =1,

3) max{xp, xc} < min{0, x4},

4) (B-C=0) u(xa <min{0, xz xc}),
5)(B-C>0)u(0<min{xa, x5, xc}).

HokazarenbcTBo. Ecau XoTh OJUMH U3 WHTEPBAJIOB HyIeBoil (T.e. pasen [0,0]), To umeer
MeCTO paBeHCTBO (4.2).

Teneps Oyaem paccMaTpuBaTh TOJIBKO HeHy/eBbie naTepBabl A, B, C. B cuty cybmuctpuby-
THBHOIO 3aKOHA PaBeHCTBO (4.2) MMeeT MeCTO TOTJa M TOJBKO TOTJIA, KOTAa

w(A(B+C)) =w(AB+ AC). (4.3)
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[To mpaBu/Iy BEIYUCICHUST MIUPUHBI CYMMBI HHTEPBAJIOB (CBOMCTBO 2) 9TO PABHOCHIBHO PABEHCTBY
w(A(B + C)) = w(AB) + w(AC). (4.4)

Ecmu 661 MBI ObLTH yBepeHbl, 9TO uHTepBaa B + C' HeHy/l1eBoil, TO MOXKHO OBLTO OBI Temephb
BOCIIOJTB30BaThCs cBoitcTBoM 10. Ho unrepsan B+ C moxer 6uITh HyneBbiM ipu B = —C = [b, 1],
b € R; B3ToMm ciydae

(4.4) <= 0=w(AB) + w(AC) < w(AB) = w(AC) =0

A,B,C— HEHYJIEBBIE A=la,a], a e R\ {0} <= xa=1.

Takum obpazom, s Hynesoro uurepana B + C upu uenynesbix A, B u C' pasencrso (4.2)
PABHOCHIBHO BTOPOMY YTBEPXKIEHHIO U3 YCIOBUS TEOPEMBI.

Tenepsb obpaTuMcs K pacCMOTPEHHIO CHTyalnuu, Korma Bce maTepBanbl A, B, C u B + C
HeHyaeBble. [IJ1g TAKMX HHTePBAIOB OIIPEIETeHO OTHOCUTEILHOE MOTOKEeHINe U MOYKHO BLIINCATH
CeIYIONIYIO TEeMOYKY SKBHBAJIEHTHBIX IPEoOpPa30BaHMIi:

(4.4)
{ (cBoiicTBo 10 17151 HEHYJIEBBIX HHTEPBAJIOB)
[Al[(B+ O)(1 = xamrc)) = [AllBI(1 = xas) + [A[|C](1 = xac)
{ (rak kak A nHemyJieBoii)
| B+ Cl(1 = xam+e)) = |BI(1 = xap) + [Cl(1 = xa0)- (4.5)

Mpbl nmosyunmiau pasenctBo (4.5), sxkBuBanentHoe (4.2) mns HenyneBbix unTepBanos A, B,C u
B+ C. Vccnenyem ero B 3aBUCHMOCTH OT TOTO, KaKOe 3HAYEHHE TPUHIMAET X A(B+C)-

[To croiicTBy 11 )
XA(B+C) = Min{ x4, XB+C, XA " XB+C }- (4.6)

Caywati 1: X a(p+c) = Xa- YpaBHenue (4.5) npumver BH
B+ C|(1 = xa) = [B|(1 = xas) + [C[(1 = xac)-
[TepeneceM Bce WIeHBI B IPaBYIO 9aCTh U IpeoGpasyeM K BHILY
0=(|B|+|C] =B+ C)(1 = xa) + |Bl(xa — xas) + |C|(xa = xa0)-

3/1ech BCe COMHOXKUTE/N B CIaraeMbIX IIPaBoii 9acTi HEOTPUIIATETbHBI, TOTOMY PAaBEHCTBO HMEET
MECTO TOTJAa M TOJbKO TOTJA, KOLIa

((BI+1C1 = 1B+ Cl = 0) mam (1= xa) =0) 1 (xa = xa8) 7 (xa = Xac).
{ (cBoiicTso 3)

<(B +C' > 0) mm (ya = 1)) n (XA = XaB = X4aC)

{ (cBoitctBo 11)

((B-C>0)m(xa=xan=xac)) wm (xa=xp=xc=1). (4.7)
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Caywati 2: xap+c) = XB+c. B oTOM ciyuae ypasnenne (4.5) npumver Buj
|B+ C[(1 = xp+c) = [B|(1 = xan) + |C[(1 = xac). (4.8)

DTO OUEHBb MOXOXKe Ha TOXKJECTBO, BHIPAKAIOIIEE MUPUHY CyMMbI HHTepBaIoB B 1 C' Kak cymMmy
WX IMUPHH (CBOMCTBO 2), HO BBIHCAHHOE B TEPMUHAX MOJYJsl U OTHOCHTETBHOTO TOJOKEHUS
(cBoiicTro 1):

|B+C|(1=xs+c) = |B|(1 = x5) +|C[(1 = xc)- (4.9)
Borarem u3 ypasuenust (4.8) toxzgectso (4.9). Momyanm
0 =[Bl(xs — xan) + |Cl(xc — xa0)-
[Tockobky B u C' HenyseBbie, TO 10 CBOWCTBY 11 paBeHCTBO BO3MOYKHO JIUIIH MPU YCJIOBUH
(xaB = XxB) 1 (Xac = Xc)- (4.10)
Caywati 3: Xap+c) = XA - XB+c. Ypasuenne (4.5) mpumer BIJ
|B+ C[(1=xa - xB+c) = [BI(1 = xap) + [Cl(1 = xac)-
BorareMm u3 3TOr0 ypaBHEHUS TOXKIECTBO (4.9), yMHOXKeHHOE Ha X 4. [Toaydum
|B+ Cl(1 = xa) = |B[(1 = xa) + |B|(xaxs — xan) + |C[(1 = xa) + |C|(xaxc — xac)-
[Tepenecém Bce 4jieHBI B IPABYIO 9aCTh:
0=(Bl+1C =B+ = xa) + [Bl(xaxs = xas) + [Cl(xaxc — xac)-

[TockoIbKY BCe COMHOXKHUTEJIM B CJIaraeMbIX MMPaBOil YacTh HEOTPUIATEIHHBI, TO PABEHCTBO BO3-
MOYKHO TOTJIa U TOJIBKO TOIJA, KOTJIA

((B1+1C1 = 1B+ €1 = 0) man (xa = 1)) 1 (xap = vaxs) 1 (xac = xaxc).
{ (cBoiicTso 3)

((B -C > 0) um (x4 = 1)) u (XaB = XaXB) B (Xac = XaXC)-
{ (cBoitctBo 11)

(ea = 1) man ((B-C > 0) n (xap = xaxs) 1 (Xac = Xaxc) ). (4.11)
PaccMoTpeB Bce TPH CIydasi, Mbl TOJYUYHIN HeoOXoaumoe yeaosue aist (4.5):

(4.7) wmun (4.10) wmm (4.11).

Tak kak (x4 = xB = Xc = 1) = (x4 = 1), TO 3TO yc/I0BHe MOKHO 3alUCATH B BUJE:

(xa=1)

nan (s = xa) 1 (vac = xc))
(B-C>0)u (xap = xac = XA)) (4.12)
(

B-C> 0) u (XaB = xaXB) 7 (Xac = XAXC))'
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[To 3ameuanuio K cBoiicTBy 11 MBI EMeeMm:

( Xap— s ) = (x4 = 1) mm (max{xz, xc} < min{0, x4}), (4.13)
XAc = Xc puc. 2
1 XA 1 XA
-1 1 -1 1
XB Xc
—1 —1]
Puc. 2:
— < >
XAB = XA ) XAS 0 Wn Xa 20 , (4.14)
Xac =Xa ) puc.3 \ xa < min{xg, xc} XB=Xxc =1

XAB = XAXB xa <0 xa =0
< =1) nm T . . (4.15
( XAc = XAXcC ) puc. 4 (xa=1) ( 1 ) ( min{xg, xc} =0 (4.15)

1XA

—1 —1
Puc. 4:

Ucnonwsys (4.13), (4.14) u (4.15), yeaosue (4.12) MOXKHO BBIDA3UTh B TEPMUHAX XapaKTepH-
ctuk maTepBasoB A, B u C:

} < min{0, x4}) (4.16)
u (xa < minf{0, x5, xc}))
m (0 < min{xa, x5, Xc}))-

wim  (max{xg, xc
(B-C

nin
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Mper nosryansn yeaosue (4.16), Koropoe siBasieTcss HeOOXOANMBIM JI7IsT paBeHcTBa (4.5) 1 BBI-
pazkeHo B TepMHUHAX XapakrepucTuk waTepBasoB A, B u C.

Ternepb, ncnosb3yst croiictBo 11 u 3amMevanne K HeMy, MokazkeM, 9to yciaosue (4.16) sBiasercs
JOCTATOYHBIM JIIsT paBeHCTBa (4.5):

XA(B+C) = XB+C

xa=1 = XAB = XB — (4.5) obpamaercs B ToxKaecTBO (4.9);
cBoitcTso 11, XAc = Xc
x <1

XA(B+C) = XB+C)
(max{xp, xc} < min{0, xa}) =— XAB = XB
CBOHCTBO 6, XAc = Xc

3aMeTaHue
K cBoiicTBy 11

(4.5) obpammaercst
B TOXK1eCTBO (4.9);

o XA(B+C) = XA,
B-C>0 XAB = XA

. - == (4.5);

( xa < min{0, x5, xc'} ) XAC = XA (45)

|B+C|=|B|+|C|

cBoiicTBO 7,
3aMedaHue
K cBoiicTBy 11

o XA(B+C) = XAXB+C)
( B-C>0 ) = Xas = Xa = (4.5).

0 < min{xa, x5, xc} Xac = xa (4.9)
|B+C|=|B|+|C] '

cBoiicTBO 7,

3aMedaHue
K cBoiicTBy 11

DTO 3aBeplIaeT J0Ka3aTeTbCTBO TEOPEMBI.
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