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B pa6ore maercs 0630p COBpEMEHHBIX IIOAXONOB K 33aU€ BHEIIHErO OLEHMBAHNSI MHOXECTB PEIIeHUN WH-
TEPBAJILHBIX JINHENHEIX CUCTEM, Ha, TaPAMETPHI KOTOPHIX HAJIOXKEHBI HOMOJHNTEIbHEIE CBA3U. JIJIg onTUMAaJIEHO-
ro (TOYHOr0) BHELIHEr0 MOKOOPAUHATHOTO OLEHWBAHUI MHOXECTB DEIIeHUI WHTEPBAJILHEIX JIMHEHHEIX CUCTEM
YPaBHEHU C CUMMETPUYHBIMU, KOCOCUMMETPUYHBIMU, TEIIALEBBIMY M MAHKEJIEBHIMI MATPUIAMU MBI Da3BU-
BaEM TaK Ha3bIBAEMEBIE Memoovt dpobaenud napamempos (PPS-meromsr), ocHOBaHHEIE Ha MIeEe AMAIITUBHOTO
OpOGJIEHNS MHTEPBAJIBHEIX MCXOMHBIX MAHHBIX 330a4M.

KiroueBbIe CIIOBa: UHMEPEAIbHBIE AUKETHBIE CUCTIEMb, CEA3AHNHbIE MAPAMEMPLL, adanmueénoe 0pobae-
nue, PPS-memodvt.
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This paper presents a survey of modern techniques for enclosing the solution sets to interval linear systems
whose parameters are subject to additional ties. For optimal (exact) component-wise estimation of the solution
sets to interval linear systems with symmetric, persymmetric, Hankel and Toeplitz matrices, we develop so-
called parameter partitioning methods (PPS-methods) based on adaptive partitioning of the interval initial
data of the problem under consideration.
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1. BsBenenue

DomaraeM, 94TO 330aHA UHMEPBALbHAL 6EAUUUHA (HHTepBaJIBHBIﬁ napame'rp), €CclIu uMe-
€TCs IIEPEMEHHAs, M3MEHAIOIIASCS B MIPENEIaX HEKOTOPOro MHTEpBaia. IHTepBaIbHbBIE BEIu-
YUHBI 1 € £1, T2 € L2, ..., Ty € Ly HAB0OBEM HE3ABUCUMIMU (HeCB;BaHHbIMI/I), €CIIN KOPTEeX
13 COOTBETCTBYIOIIUX II€PEMEHHBIX ($1,m2, ce ,:z:n) OpuHUMAaeT JI00ble 3HAUEHWS U3 OeKap-
TOBA MIPOU3BENEHUS UHTEPBAJIOB UX U3MEHEHUS &1, L2, . - ., Ly, T.€. U3 Opyca (:t:l, Ta,... ,wn).
B mporuBHOM ciiyuae MHTEPBAJILHBIE BEIIMUMHBI HA3LIBAIOTCI 3G6UCUMbBIMU WA CEA3AHHbI-
MU. OyIEM TOBOPUTH TAKXKE, UTO HA HUX HAALONCEHbL C643U, €CIIN UMEIOTCS B BUAY KaKWe-TO
COOTHOIIICHNA OJId T1,L2,...,Ly B BUOE PABEHCTB, HEPABEHCTB U T.II.

KoHkpeTHLI BUL CBA3AHHOCTH (3aBnch0c'rn) WHTEPBAJIBHBLIX BeINYNH yOOOHO IIpencTa-
BJISTH HATJISOHO rpaduryecku Ha depTexe, m300paXkaroIieM MHOXECTBO BCEBO3MOXHBIX 3HA-
YeHU KOPTEXa, (:1:1,:32, e ,a:n) Ha (OHE IEKAPTOBA, MPOM3BENEHUA L1 X &3 X ... X &p. MBI
6yIeM Ha3LIBATL TAKUE YEPTEXRU 0Ua2PAMMAMY CEI3AHHOCTU (nnarpaMMaMn 33.BI/ICI/IMOCTI/I).

K mpumepy, mycTh mepeMeHHbBIE £1 U Lo U3MEHSIOTCSI TaK, YTO MMEET MECTO PABEHCTBO

1 + 2x0 = 2. (1)
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T2 T2 Opu BapsupoBanuu z; B mnpenenax |0,2] mepe-
1 1 MeHHAs T3 Takxke u3MeHsercs B mpemenax [0,1],
a MHOXECTBO HNX COBMECTHBIX 3Ha.‘-IeHHI7[ — I1ap
2 1 2 z1  (x1,%2) — “3aMeraer” IMATOHAIIL B IPSIMOYTOJILHU-

ke [0,2] x [0,1]. JmarpamMma CBSI3aHHOCTH WMHTEP-
Puc. 1. Jlmarpammer CBA3aHHOCTH Is He-  paypHEIX BesmwauH 1 € [0,2] u z € [0,1] BeIrs-
3aBUCHMBIX (C7eBA) M CBA3AHHBIX (CIIPABA)  nym g yroM CIIy4ae Tak, Kak m300paXkeHo Ha MPaBOM
MHTEPBATILHBIX BEJTMTINH gepTexe puc. 1, a IjId TeX Xe CaMbIX, HO HE3aBU-
cumeix 1 € [0,2] m zy € [0,1] mumarpaMma CBA3aHHOCTH MPENCTABIISLIACH OBI IOITHBIM
IPSIMOYTOJILHKOM Ha JIEBOM uepTexe puc. 1.

CBS3aHHOCTD EPEMEHHEIX SIBIISETCS BECbMAa PACIPOCTPAHEHHLIM SBIIEHHEM B OKPYXKAalo-
IIIeéM HaC MHPE€, HO B TPAOVIIMOHHOM HWHTEPBAJIbHOM aHAJIM3€ 3aOda4Yl CO CBA3AHHBIMU IIE€peE-
MEHHBIMU IPAKTUYECKN HE PaCCMATPUBAINCH. OJTO OBLIO BEI3BAHO MPEXIE BCErO TEM 00-
CTOSITENBCTBOM, UTO HONOOHEIE 33amaYyy ropa3no Oojiee CIOXHBI, YeM OOBIUYHBIE ITOCTAHOBKU
C HE3aBUCAMBIMY BXOIHBIMU TAHHBIMU, ¥, KDOME TOr'0, KJIaCCUYeCKas MHTEPBaJIbHAI apudme-
TUKA U OPyrUe UHTEPBAILHEIE ApUGMETUKN, KOTOPHIE SBIISIOTCS OCHOBHBIM MHCTPYMEHTOM
MHTEPBAJILHOTO AHAJIN3A, HAIIEJIEHEI Ha 00Pab0TKY MMEHHO HEe3aBUCHMEIX BEJIMUMH.

Openmer npencrapiseMoil paboThI — 3a1aUM OIEHNBAHNS MHOXECTB PEIIeHNN NHTEPBAIb-
HBEIX CHCTEM JIMHENHEBIX ajrebpanmueckux ypasHenmit (ICJIAY), umerormmx Bun

a1z, +a2es + ... + aipe, = by,
as1x1 + azers + ...+ asr, = bs,

Qp1T1 + @p2T2 + ...+ QppTy = bn,
c uHTepBaNamMu a;; u b;, win, B xpaTkoit dhopwme,
Az =1b (3)

C MHTEpBAaJILHON N X n-Marpuieir A = (@;j) ¥ MHTEPBAJBLHEIM N-BEKTOPOM IIPABOM YaCTH
b = (b;), npuuem Ha 5J€MEHTHI MATPUILI GyIyT HAJIOXKEHBI CBA3M HEKOTOPOTO JACTHOTO BHU-
Ia. Mber monpo6GHO PaccCMOTPUM CIIydall WHTEPBAJIBHBIX CUMMETPUYHBIX JIMHEHMHBLIX CHACTEM,
a ma Hexkorophie npyrue tunsl UCJIAY co cBsI3sMU — UMEOMMMEI KOCOCUMMETPUYHEIE, TIED-
CIMMETPUYHBIC, 'aHKEJIEBBI, TCILJINIIEBBI WJIV ITUPKYJISHTHBIE MAaTPUIBI — HAIIIN PACCY XK OCHUA
IIEPEHOCATCS C MIHUMAIILHBIMI MOTU(DUKAITIIML.

Hrnmepsaavroti cummempuunot sunetinot cucmemot; 6yieM Ha3LIBATH NHTEPBAIILHYIO CU-
cTeMy IMHEMHBIX ajrebpamyeckux ypaBHeHuir (3) ¢ marpuiein A, CUMMETPUYHON OTHOCH-
TEJIbHO TJIABHOU OUWATOHAJM, U TAaKOW, UTO B ee IPeNejlaX TaKXKe PACCMATPUBAIOTCSA TOJIHKO
BemecTsennbre Marpunst A € A, obmagaomme coitcTBom cummerpuarocT, A = AT, Jlns
WHTEPBAJILHLIX CUCTEM YPAaBHEHUN CYIIECTBYIOT PA3JIMUHEBIE OIpPENEesIeHNs PelIeHud M MHO-
XKECTB PEIeHUN, IJIss KOTOPBIX, B CBOIO OYEpPEdb, BO3MOXHEI T€ WJIM WHBEIE CIOCOOBI OLEHU-
BaHUSA, HO HUXE MBI OTDAHUYMMCS TAK HA3LIBAEMBIM 005e0UHEHHbIM MHOHCECTNEOM PeULeHUl
st (3), KoTOpoe 06pPa30BAHO BCEBO3MOXHBEIMU PEIICHUSIMI L TOYEUHBIX cucteM Az = b, xo-
raa marpuna A u BekTop b npoberaior A 1 b COOTBETCTBEHHO, NONYMHAACH HAJIOKEHHLIM HA
HUX CBI3AM. 19 MHTEPBAIIGHEIX JINHENHEIX CHCTEM C HE3ABUCUMEBIMY JAHHLIMU O0bEeIMHEHHOE
MHOXECTBO PEIIEeHUN OIIPENENISeTCS CTPOTrO KakK

Emi(A4,b) ={z e R" | (FA € A)(Ibe b)(Az =b)},

a 00beqUHEeHHOE MHOXECTBO PEIIeHNN NHTEPBAILHON CUMMETPUYHON JIMHETHON CUCTEMEI €CTh
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Eeym(A,b) = {z € R™ | (34 € A)(Tb € b)((A = AT)&(Az = b))} (4)

Mzger 6ynmeM Ha3BIBATHL UX IPOCTO MHONCECMBAMU PEWeHull MHTEPBAJILHON JIMHEWHON CUCTeE-
MBI (3), IOCKONIBKY APYTHE MHOXKECTBA PEIIEHUI HAMU HE UCCIIELYIOTCH.

DamoMHMM, 4TO MaTpuna A HassBaeTcsI Kococummempuunot, ecm AT = —A. Depcum-
MeTPUYHON HA3LIBAETCSA MATPUIA, ¥ KOTOPOM ONWHAKOBEI AJIEMEHTHI, CUMMETPUYHEIE OTHO-
CHUTENILHO MOGOYHON NUArOHAIY (IIPOBENEHHON U3 JIEBOTO HUKHErO YIJIa B IIPABBIM BEPXHUIA).
Marpuia Ha3EIBa€TCS MUPKYJISIHTHON, €CjIu JI00ast ee CTPOKa IIOJIyYaeTCs U3 MPeNbIIyIei
IIyTeM IUKJIMYECKOTO CIBUTA HA ONHY ITO3WUIIMIO BIPABO, TAaK UTO 3JIEMEHTHI JIIO0OW CTPO-
KU TIPENCTABIIAIOT COOOM IMKIIMUIECKYIO IIEPECTAHOBKY SJIEMEHTOB IEPBOM cTpoku. Marpuna
HA3BIBAETCA Menauyesol, eCiIii OMWHAKOBEI 3JIEMEHTHI JII000M ee MUArOHAJIW, IApaJlIeThLHOR
ryiaBHOU quaroHaiu. MaTpuia Ha3bIBA€TCS 2akKeLe601, €CIIN OMUHAKOBEL 3JIEMEHTHI JIF060I ee
IVArOHAJIV, TAPaAJUIEIbHON moGounon auaroHaim. CoOTBETCTBEHHO, MHTEPBAJILHEIE KOCOCUM-
MeTpPHUYHLIE, IEPCIMMETPUYHEIE, TEIINIEBEI U TaHKEJIEBLI CUCTEMBI JIMHEWHBIX YPaBHEHMH
1 X MHOXECTBa pe]’l[eHI/Iﬁ: OIIPEOEIJIAIOTCA COBEPIIIEHHO TaK X€, KaK M OJId CHMMETPUYHBbIX
MAaTPHIL.

B »Toit 3ameTke HAC MHTEPECYeT HAXOXKIEHWE IJIS MHOXECTBA PEIIeHUN BO3MOXHO 60-
jlee Y3KUX 6HEWHUT OIEHOK B BUIE OOBHEMITIOININX MHOXECTB, B KaueCcTBe KOTOPHIX Oepyrcs
6pycel — IPAMOYTOJIbHEIE TAPAILIEIIENIATIENLI B TpocTpancTBe R co cTOpoHAMM, MapaILIeshb-
HBIMU KOOPOWHATHELIM OCSIM, T.€. TeOMeTpudeckre oOpa3bl MHTEPBAJILHEIX BEKTOPOB. Takum
o0pa3oM, MBI perraeM 3309y

Daittu (mo Bo3sMoxHOCTH MeHbInmit) 6pyc U,
COIEPIKAIIMI MHOXECTBO pelleHmit Egym(A, b) (5)
MHTEPBAIILHON JIMHENHOMi cucteMbl Az = b.

B cBoro ouepens, 3amaua (5) MoxeT GBHITH PENYLUPOBAHA K CIIEAYIOIIEN TOKOMIIOHEHTHOMN
dopwme:

I51a mETepBaIbLHON JIMHEMHON CUCTEMEI ypaBHeHnii Az = b maiiTu
KaK MOXHO Gosiee TouHble oumeHku mis min{z, | * € Egm(A4,b)} (6)
cum3y u nnsg max{z, | ¢ € Egym(A, b)} cepxy, v =1,2,...,n.

Opu sTom B nocTaHoBKe (6) MOXHO naXe OrpaHIIUTHCS TPeGOBAHNEM BEIYMCIIEHNS TOIILKO
MuHEMyMa min{z, | ¢ € Egym(A, b)}, mockonbky

max{z, | ¢ € Egym(A,b)} = —min{z, | z € Egym(A, —b)}.

Ouxe MBI TIPEOIIOIATaeM, YTO UHTEPBAILHAA MaTpuia A — HEOCOGEHHAs, T.€. BCe COMEPXKa-
mmecs B Hel BemecTBeHHble MaTpunsl A € A HeocoGeHHBI. ODaKOHEIl, UCIONb3yeMble HAMU
0603HaYEHNST COOTBETCTBYET HENABHO IPUHATOMY IIPOEKTY MEXIYyHAPOLHOro cTanxapra [21].

2. Teopus

N3yuyenne MHTEPBAILHLIX JIMHEWHBIX CUCTEM CO CBS3SIMU W TEPBBIE TOMBITKYA PEIICHUS
Il HUX 33734l BHEIIHEro oneHmBaHuUs (5) Bocxomsar k Hauairy 90-X rONOB IIPOILIOTO Be-
ka [15, 17]. Opennoxennsiir I'. Anedpensmom u I'. Maitepom B [15] mrTepBanbHLLL MeTOL
Xo0meccKoro ABIGeTCS €CTECTBEHHBIM MHTEPBAJILHEIM PACIIMPEHNEM BEIIECTBEHHOTO METONIa
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Xomecckoro (M3BECTHOrO Takke Kak “MeTol KBAAPATHOrO KOPHS’), U UNCIIEHHBIE HKCIIEPU-
MEHTHI IE€MOHCTPUPYIOT €ro HeBhICOKOe KauecTBo. [lasee B GosbimoMm mukise pabor [8-14] u
npyrux . Amedensn, B. Kpeitnosuu u I'. Maitep o0paTminck K TEOPETUUECKOMY UCCIIE-
mosaamio VICJIAY ¢ cuMMeTpuYHBEIMEM, KOCOCMMMETPUYHLIMY, TEIUINIEBEIMU U Oaxe Gosee
O0IIIMY BUIaMU CBA3€EN, NaB XapaK TEPU3ANNIO COOTBETCTBYIOIINX MHOXECTB pemennit. Ouu
YCTAHOBU/IN, B YACTHOCTU, UTO MHOXECTBA PEIIEHUN CUCTEM C HEOCOOEHHBIMU MATPUIAMU
SABJIAIOTCA 3aMKHYTHIMU U CBA3HBIMUI, HO UX I'DAHUIIBI B O6]'.U,'eM Ciry4dae KpMBOJIMHeﬁHBI B OT-
JInuue OT KyCOYHO-TUIOCKUX rpauui MHOXecTB permernunt UCJIAY ¢ mesaBucuMBIMU aHHBIMUA.
Qomnee Touno, ecmu Az = b — uHTEpBaNLHAA CUMMETPUYHAS JIMHENHAS CACTEMA YPaBHEHWIA,
to ectb A = AT € IR™" u b € TR™, To B KaXIOM OPTAHTE IPOCTPAHCTBA R” MHOXECTBO pe-
meHnit Egym (A, b) MoxeT GBITH IpeNCTaBIEHO KaK IepecedeHre o0beIMHEeHHOIO MHOXeCTBA
pemenuii Eyyi( A, b) cuctemer 6e3 CBs3€ll 1 HEKOTOPHIX MHOXECTB, MMEIOIINX IPAHUIIAMMA 0~
BEPXHOCTU BTOPOrO MHOPsAOKAa. 10 Xe caMoe BEPHO IJIsi MHOXECTB PEIleHWi WHTEPBAIILHBIX
KOCOCUMMETPUYHLIX U IEPCAMMETPUYHBIX JIMHENHBIX cucteM [10].

B 6Gostee obitiem ciryuae, Korna Ha 37eMeHTHI MaTpuIlsl u npasor yactu UCJIAY mamoxens:
apduHHBIE CBI3U, UMEIOIINE BUL

P P
aij = a’z(;')) + > aijafa m b= b§°’ + > biafa
a=1 a=1

© 50

roe a;;’, b; ", Gija, bia — BEIIECTBEHHbBIE KOHCTAHTEL, P M ¢ — LEJIBIE 9UCIA, A fo € fo — He-
KOTOpLIE HEe3aBUCUMEIE MHTEpBabHEIe BeuunHel, ['. Amedensn, B. Kpeitmosuu u I'. Maiiep
nokasanu B [11, 12], uro muoxectso pemennit ICJTAY sBnsercs Tax Ha3bIBA€MBIM IIOJLyail-
rebpam4ecKuM MHOXECTBOM.

s akkypaTHOU (POPMYIIMPOBKU COOTBETCTBYIOIIAX PE3y/ILTATOB HAIOMHUM, UTO MHO-
xecTBo B R™ HaswIBaeTcsa noayazebpauveckum (CM., HaIp., [2]), eciu oHO sBIIsIeTCS 0OBEMU-
HEHUEM KOHEUHOT'O YHMCJIa ITOAMHOXECTB, KaXI0€ U3 KOTOPHIX OIPENESISieTCs CUCTEMON TIOIIH-

HOMUAJIBHBIX YD aBHEHUI

P.(z1,...,24) =0, r € R,

U HEpaBeHCTB BUIA
Py(z1,...,24) >0, se€S, LR 1% Py(z1,...,24) >0, teT,

¢ HeKOTOpEIMHU ouHOMamu P, P; u P; u xoHeuHbIMU MHOEKCHBIMU MHOXecTBamu R, S u T'.
OxaseiBaercs [11, 12], uTo mo6as MPOEKINA MHOXECTBA PEIIEHWI HHTEPBAILHON JIMHENHOMN
cucTeMbl ypaBHeHU! ¢ adPUHHLIMU CBSI3SIMU SIBJISIETCS MOJIyaJIreOpamdyecKuM MHOXECTBOM.
1 o6paTHO, Beskoe momyasireGpamdeckoe MHOXECTBO MOXET ObITH IMPENCTABIIEHO KAaK IIPOEK-
U MHOXKECTBA PEIIEHNIN HEKOTOPON WHTEPBAJILHON JIMHEWHON CUCTEMEI ¢ adPUHHLIMU CBSI-
3IMU Ha ITapaMeTpPEHL.

s Tounoir xapakrepusanuu MHOXecTB perrenuir UCJIAY co cBa3sIMu crienmaanHOTO BU-
ma I'. Anepensn, B. Kpeitnosuu u I'. Maitep pa3paboTaiu METOM UCKIIIOUEHNUSI, POACTBEHHBIN
nponeccy uckimoderus Oypoe-MonkuHa i1 CICTEM JIMHERHBIX HEpaBeHCTB. K coxaseHm:o,
€ro TPYIOEMKOCTH OBICTPO PACTET C PA3MEPHOCTHIO 33[QadUr. DalpUMEpP, IJiS WHTEPBAJILHON
CUMMETPUYHON JIMHENHOW CHUCTEMBI, MIMEIOIIEN TPEXAUATrOHAJILHYIO 1o X N-MaTPUITy, KOJIImJe-
CTBO HEPABEHCTB, IIOJIyYAOIINXCSI B PE3yJILTATE HTOTO IPOIECCa IS ONMCAHUS IIepecedeHns
Esym(A,b) ¢ OTmENBHBEIM OPTAHTOM OTPAHMYEHO CBEPXY HUMCIIOM %n(n2 + 5), npuuem sTa
orerka TouHa [9]. Il MHTEPBAIBHBIX JIMHEMHBIX CUCTEM CO CBS3SIMU, UMEIOIMX ILUIOTHO 3a-
[IOJIHEHHY IO MATPUILY, CHTYaIUs €IIe XyXKe: I 3 X 3-CUCTEMEI, HAIIPUMED, PE3YJIbTUPYIOLIas
CUCTeMa HEPABEHCTB, OMUCHIBAIONIAS MIEPECEUeHNe Sgyy C OMHUM OPTAHTOM IIPOCTPAHCTBA R3
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nmeer 44 umepasencrBa [13]. Takum 06pa3oM, B CHIILy OTPDOMHOU TPYIOEMKOCTH METONA KC-
kimouenus Amnedensoa-Kpeiinosuua—Maiiepa OH mMeeT, TVIABHBEIM O0pPa30M, TEOPETUYECKOE
3HAYEHNE, A 331343 IIPAKTUIECKOr0 BLIYUCIIeHns oneHoK MHoxecTB pemenuit ICIIAY ¢ cum-
MeTPUYHLIME, KOCOCUMMETPUYHLIMIA U T.II. MATPUIIAMU CO CBSI3aHHBEIMU JIEMEHTAMM CTOUT
BECHMa, OCTPO.

s yrouHeHUs BHENTHUX OIIEHOK MHOXECTB PEIIeHN MHTEePBAILHEIX CUCTEM ypPaBHEHUNR
aBTopoM B paborax [5, 7, 26] 6blm NIpEmNIOKEHBI W PAa3BUTHL TaK HA3BIBAEMEBIE MEMOObL
dpobaenug napamempos. OHI OCHOBAHBI HA YACTO UCIIOIHL3YEMO B MHTEPBAJIILHOM AHAJIN3E
uzee amanTUBHOLO (T. €. HONCTPAMBAIOIIErOCS IO 33034y U TEKYIIUI Pe3yJIbTAT) IPOBIeHIs
MHTEPBAJIBHBIX BXOOHBIX MAaHHBIX. ,H.T.[i[ MHTEPBAJIBHBIX J'.[I/IHeﬁ:HBIX CuCTeM C HE3aBUCHUMBIMN
BeJIMUMHAME HA BXOI€E BLIUNMCIINITEIHHAS CXeMa METONOB OPOOIJIEHWS IapaMeTpPOB BBHITIISIUT
0COOEHHO MPOCTO, TAK KAaK SKCTPEMAJIbHBLIE OIEHKZ MHOXECTB PEIIeHUN AOCTUraI0TCS Ha
KPalHIX MATPUIAX UM IIPABHIX dacTix (reopema Deka-Ouxkens). IpobieHne MHTEPBAILHBEIX
IIapaMeTpOB CUCTEMEI CBOOUTCSI B 5TOM CiIydae, GaKTUUIECKN, K PACIAIEHNAI0 NHTEPBAIA Ha
€0 KOHIIEI.

Qo o cucTeM CO CBA3AHHBIMU IAPAMETPAME 3TOT (PAKT yXKe HEeBEpPEH. DalpuMep, It
WHTEPBAJIbHON CUMMETPUYHON JIMHENHON CUCTEMBI

1 [0, 1] _ ([0, 2]
0,1 =4 -11 )%\ [0, 2]
I'. Anepensn, B. Kpeitnosuu u I'. Mantep mokasaim

B [13], 4TO ee MHOXeCTBA DELIEHWIT NMEIOT BUI, M30-
6paXeHHBI Ha pUC. 2, U, KpOMe TOrO,

(7)

max{z; | £ € Egym(A,b)} =1+ V2,

IpUYEM 3TOT MAKCUMYM OOCTUTAETCS HaA BEIIICCTBEH- 0

- T 1
HOU CHCTEMe

ﬂl—l ﬁ—Il “‘":<§>

. Lo -2
MAaTpPUIla KOTOPOIl HE SABJAETCS KpailHeil (IIpW 5TOM

z2 = —1). Takum 06pa3oM, aIrOPUTMEI METORA IPO- Puc. 2. MuoxecTBO perennit #HTep-
6ileHMs TApaMeTpPOB, OMMCaHHbIE B [5, 7, 26|, mempy- ~ BATBHOM CUMMETDITHOW TNHEMHOW CI1-
cremer (7) B CpPaBHEHHEH C MHOXe-

MEHUMBI HAMIPSAMYO IUIS Y TOUYHEHUS OIEHOK MHOXECTB . "

o o CTBOM DPEIICHUN TaKO!U XK€ CHCTEMBL
PEIeHn MHTEPBAIBLHBIX JIMHENHELIX CUCTEM CO CBSI3- 63 Cnsei
vu. Tem He MeHee, TTyTEM HECIIOXHOW MOTUGDUKAIIAN
MCXOOHOM CXEMBI MBI MOXEM UCIIPABUTH 3TO IMOJIOXKEHME, TIOJIYUNB B PE3YIIHLTATE METOMEI I
BBIUVCJIEHNS] TOYHEIX (ONTUMAJIbHEIX) OmeHOK MHOXeCTB pemenunit ICITAY co cBazsavm.

3. MeTonbl npobisieHNsA MapaMeTpPoOB OJiA MHTEPBAJILHbBIX
JIMHEMHBIX CHUCTEM
OcuoBHEIE UAen HAMEN MOOUGUKAIIANA METOMOB APOOJIEHUS MapaMeTPOB MPOCTHI U €CTe-
CTBEHHBI:

® MBI OTKA3LIBAEMCS OT ITOKOHIIEBOTO IOPOOIIEHWS 3JIEMEHTOB WHTEPBAJILHOW CUCTEMBI U
IpobuM, KaK 3TO OOBIYHO ZeIaeTCsI, MHTEPBAJILHEIE ITaPDAaMEeTPLI CUCTEMEI Ha ITIONNHTED-
BaJIBI HEHYJIEBON IJIVHEI, B OObeQUHEHNN HAIOINe MCXOMHBIN IPOOMMBIA WHTEPBAJ,
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e MBI OPOOMM WHTEpPBAJIbHYIO CUCTEMY TakK, YTOOBLI ITOJIYYalOIIAeCs CUCTEMBI-IIOTOMKN
COOTBETCTBOBAJIN CBSI3SIM, HAKJIQALIBAEMEIM HA CUCTEMY.

Damnpumep, eciu pacCMaTPUBAETCS WHTEPBAIbHAS CAMMETPUYHAS CACTEMA ypPaBHEHU, TO
B €OUMHNYHOM aKTe€ JIpO6.T.[eHI/[5[ OOJIXKHBI OMHOBPEMEHHO JIpO6I/[TI>C5I CIMMETPUYHBIE OTHOCH-
TEJHHO TJIABHON MUATOHAIIM 3JIEMEHTHI MATPUIHL, YTo6bI momyyatormecs MCJTAY cuosa ume-
JII MHTEPBAJIBHBIE CUMMETPUYHEBIC CICTEMBI. ECJ'.[I/[ MaTpuIa I/ICXOI[HOﬁ CIICTEMBI 651.113, THTEP-
BAJILHOI KOCOCUMMETPUYHOM ([I€PCUMMMETPUYHON, FaHKEIEBOM, TEILINIIEBOM, IXPKYIITHTHON
nrT. 1'[.), TO 1 CACTEMBI-IIOTOMKM Ha KaXXOO0M IIIare aJiIrOpmuTMa JOJI2KHEI IIOPOX OaThCA TaK, 9YTO-
6bI IMETH KOCOCUMMETPUYHYIO (IIEPCAMMMETPUYIHYIO, TAHKEJIEBY,, TEIUIAIEBY, IIMPKYJISHTHYIO
U T.II.) MATPHUILY.

Opucrynas K peanum3aldyd HAMIMX 330yMOK, ODO3HAUNM, AHAJIOTAYHO TOMY, KaK 3TO
coenaso B [5, 7, 26],

Encl - xakoi-uubyns GUKCHUPOBAHHBIN METON BHEIIHErO OLEHWBAHWS MHOXECTB PEeIIeHUN
NCJIAY (mb1 Gymem Ha3BIBATH €ro 6a306blM);

Encl(Q,r) — mosy4aeMBIil ¢ €ro MOMOIIBI0 WHTEPBAJILHBEIN BEKTOD BHEIIHEH OLEHKU MIJIs
MHOX€ECTBA PelreHmit Egym (Q, r) cuctemsr Qz = r, T.e. Encl(Q,r) € IR" un

EHCI(Q,T) 2 Esym(Q’r);

T(Q,r) — HYXHUI KOHEIT V-1 KOMIIOHEHTHI (Ii1s 3agaHHo0ro ¢pukcuposanuoro v € {1,2,...,n})
BHEIIIHEN MHTEPBAJILHOM OLIEHKI MHOXECTBA PELIeHNA Egym (Q, ), IOy yaeMoil MeTomoM
Encl, T.e.

T(Q,r) := (Encl(Q, 7)), (8)

DomuepkHeM, 49TO, KOiIb CKOPO Egym(A,b) C E(A,b), To B kadecTBe Ga3’oBBIX METONOB
MOXHO 6paTh TPAOUIMOHHBIE M XOPOIIO pa3paboTaHHBEIE METONBI BHEIIHErO OLEHWBAHUS
muoxects pemenuir VICJIAY 6Ges csseir, ommcansbie, x mpumepy, B [1, 3, 6, 16, 18, 19,
22, 25]. Domyuaercs, uTo anroput™ oueHuBaHus MHOXecTB permenuii ICJIAY co csasamu
KOHCTpyUpyeTcs u3 Gomee MpocThIX u rpy6rix Meromos perenus UCJIAY ¢ mesaBucumbiMu
IAHHBIMU.

Mzer norpebyem jimmns ot 6a3oBoro merona Encl ymoiieTBopeHus CenyOMuIM yCIIOBUSM:

orrerka Y (Q, r) MOHOTOHHA 0 BKITIOYEHUIO OTHOCUATEIHLHO MATPHU-
mer Q u BekToOpa 7, T.e. mig Beex Q', Q" € IR™™ u 7', ¢ € IR™ (C1)
npu Q' C Q" u ' C »” sepno mepasencrso Y(Q',r') > T(Q",»")

onerka Y (Q,”r) ABIAETCS TOYHOU HA BEINECTBEHHBIX JIMHENHEBIX
anmre6pamdeckux cucremax, r.e. Y(Q,r) = (Q7lr), mma Bcex (C2)
Q € R g1 p € R™.

Ecnu 6a30Be1it MeTon Encl sBisieTcst ecTeCTBEHHBIM MHTEPBAIBLHEIM PACIINPEHNEM KaKOT0-
HUOYOb BEIECTBEHHOIO MeToAa (Kak, HAIpUMEp MHTEpBaIbHBIN Meron ['aycca), wium, Gomee
061110, mepeso Kanroposuua 6a3oBoro merona Encl cBoumu y3imamMu umeeT TOIBKO UHTEPBAIIH-
Hble apubMeTnyeckue onepamun, To cBoicTBo (C1) oueBMIHBIM 06PA30M BBIIOIHAETCS B CHILY
CBOICTBa MOHOTOHHOCTY UHTEPBAJILHEIX apudMeTuk mo BkiodeHuio. Nuade, ecjiu B ajrropur-
Me 6a30BOr0 METONA BCTPEUYAIOTCS HEMHTEPBAIIbHBIE omeparmu, To cBoicTBo (Cl) moxer u
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HapyIIaThCsI. DPOBEPKY TOrO, UTO HAHHBIN KOHKPETHEIN 6a30BLIA MeTON 06IaTaeT CBOMCTBOM
(C1), mb1 BO3/IaraemM Ha pa3paboOTUMKOB IPOrPAMM.

Uveem min{z, | € Egym(A,b)} = (A '), mnst HEKOTOPHIX TOUEUHOI CHMMETPUUIHOM
marpumet A = (@;;) € R™" u moueunoro Bextopa b = (b;) € R", cocraBmemmex m3
IPENCTABUTENEN 5JIEMEHTOB MaTpumbl A m BekTOpa b, mpwueM mo caMOMy ONpENeSIeHUIO
omenkm Y: T(A,b) < (A 1b),. Dpemmonoxmm, 9To mIs HEKOTOPOH mapsr WHIEKCoB k,l €
{1,2,...,n} B MaTpune A cUMMETPUYHEIE OTHOCATENILHO [JIABHOM AUATOHAIIN SJIEMEHTHL Q)
U @), MMEIOT HEeHYJIEBYIO MUPUHY, 0003HAYUNM:

A’ — marpuna, nonyuennas w3 A 3aMeHOit SIIEMEHTOB ay U Ay HA [ay;, mid ag),

A" — maTpuna, nonyuennas u3 A 3aMeHOl 3IeMEHTOB @y U @y Ha [mid ag, Gxl,

A’ - maTpuna, monyuyennas u3 A 3aMeHON 3IIEMEHTOB di; U 4jp, Ha [ay;, mid ag],

A" — varpuna, nonyuennas n3 A 3aMeHOI 3JIEMEHTOB Gy U djp, Ha [mid ak, G-

NHTepBajbHbIE CHCTEMBI JIMHEHHBIX anrebpamdeckux ypasHenmmii A’z = b u A"z = b,
HOJ‘Iy‘IeHHbIe n3 MCXOI[HOﬁ CACTEMBIL HyTeM pacceueHmd IIapbl CUMMETPUYHBIX OTHOCUTEJIBHO
IJTaBHOM MUATOHAM MHTEPBAJIBHLIX 3JIEMEHTOB IOMOJIaM, MEI G6yIeM Ha3BIBATL CUCTEMAMU-
nomomxamyu s Az = b. Ilanee, rax kax A’ C A' C A, A" C A" C A, ubC b, To ycosne
(C1) mmeer cBOMM CIleACTBHEM HEPABEHCTBA

T(A,b) <Y(A',b) <T(A',b) m T(A,b)<T(A",b) <T(A"D).

CnenoBaTenbHO, 6epsi HOYIEHHBI MAHUMYM OT COOTBETCTBYIOIINX YACTE HEPABEHCTB, MEI
MOJIY YM

T(A,b) < min{Y(A’,b),T(A"”,b)} < min{Y(A',b), (A" b)}. (9)

Kpome Toro, mockonbky mMarpuna A obssarensHo comepxkutca 6o B A', mubo 8 A", To
CIIpaBENJIMBO, IO KPalHEd Mepe, OOHO U3 HEPABEHCTB

T(A',b) < T(A,b) mwm Y(A",b) < Y(A,b),
TaK 49TO

min{Y(A’,b), Y(A",b)} < T(4,b) < (A7'b), = min{z, |z € E__(A4,b)}.  (10)

—sym

Comnocrasnenue HepaseHcTB (9) u (10) IPUBOOUT K COOTHOIIEHMIO
Y(A,b) < min{T(A',b),T(A",b)} < min{z, | z € Eiym(A,b)},
1, KaK CIIECTBUE, K CIIELYIOMEMY [IPAKTUIECKOMY DELENTy:

pewus dee unmepsasbrbiz “cucmemvi-nomomra”’ A’z = b u A"z = b, mvr modcen
nputimu, 60obwe 20680pd, K 60aee Mounoti oyenke CHu3y 04d UCKOMO20 3HAYEHUSL

min{z, | ¢ € Esym(A, b)} 6 sude min{YT(A',b), Y(A",b)}.

Taxoir xe sdpdexT nMeeT u OPOOIIEHNE B BEKTOPE MIPABLIX YacTel b Kakoro-Hubynb MHTEp-
BaJILHOTO d7leMeHTa b; Ha momuHTepBasHI [b;, mid b;] u [mid b;, b;], uro Moxer 6eITH 060CHOBA-
HO BBIKJIAIKaMu, coBepmreHHO aHajormuaeivu (9)—(10). Dosromy Brnpens mis equaOO6pasms
morosopuMcs o6o3uauars MCITAY-“moromkn”, monyuatormecss u3 Az = b npobienueM mmo-
TI0JIaM OTHOTO MHTEPBAJILHOTO 3jleMeHTa B Marpune A ymbo B BekTope b, uepes A'z = b’ u

-‘4'"m — b”.
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Oporenypy ymaydinenus omeHkn mis min{z, | £ € Egym(A, b)} nocpencrsom mpobaeHns
3JIEMEHTOB WHTEPBAILHOU CUCTEMBI (3) MOXHO MOBTOPUTH MO OTHOIIEHWIO K CUCTEMaM-
noromkam A’z = b' u A"z = b"”, 3arem croBa pa3burs moTomkos or A’z = b' u A"z = b"
7 CHOBA YJIyUIIAThL OLEHKY W T.A. MbI 0)OPMUM TMOMOGHBIA MPOIECC IIOCIENOBATEIHLHOTO
yilydineHus oueHku cHu3y mis min{z, | € € Egm(A, b)} Tak, kak 3To HmenaeTcs B IIMPOKO
U3BECTHOM B KOMOMHATOPHOW ONTHMU3AIMM “MeTome BeTBell u rpaHur’ [4] u kax 5To GBIIO
aaNTUPOBAHO IJIL MHTEPBAILHBIX METONOB III06aIbHON onTuMm3ammy (CM., Hamp., [18, 19)):

1. OpranusyeMm BCe MHTEPBAJILHBIE CUCTEMBI QT = P, KOTOPHIE BO3HUKAIOT B IIPOIIECCE
npobnenus ucxonuoit ICJIAY Az = b, Bmecre ¢ ux ouenkamu Y (Q,”r) B HEKOTOPHIZ
crmcok L;

2. Oymem mpobuTh jminb Ty WHTEPBAJIBHYIO cucTeMy Qx = 7 m3 cumcka L, KOTOpas
obecrieurBaeT PEKOPAHYIO (HAWIYUINyl0) HAa MAHHBIM MOMeHT omeHky Y (Q,r) mms
MCKOMON BeqmymHbl min{z, | & € Egym (A, b)};

3. B momsepraemont gpobienuio UCJTAY wmer Gymem Opo6UTH JIMINE CAMBIN IMIUPOKUN U3
MHTEPBAIILHEIX JIEMEHTOB.

Wrak, B mpoIecce BBLITIOIHEHUS AJITOPUTMA, MBI OyIEM IO AEPXUBATEL CIUCOK L, COCTOS-
N U3 3aIUCEN-TPOEK BUIA

(@, 7, 1(Q,7)), (11)

rme (Q — maTepBasibHAA N X n-marpuna, Q C A, r — umHTEpBaJbHEIA N-BeKTOp, 7 C b.
Kpowme Toro, obpasyrormme £ 3amucu 6yoyT yIOPSIOYEHBI IO BO3PACTAHUIO 3HAUCHUN OIEHKN
T(Q,r), a mepBylo 3amuCh CHOUCKA, Tak Xe kKak u coorBercryomme UCIIAY Qz = r
n onerky Y(Q,r) (pexopmHyio B crmcke), MbI OyIeM Ha3bIBATH 6e0YWUMU HA ITAHHOM
miare. JOJHBIA TICEBIOKOM IOJIYYAlOIIEroCss HOBOTO AJIFOPUTMA, KOTOPBIA MBI AHAJIOTUYIHO
[7] Taxxe Haz0BeM memodom Opobaerud Napamempos, NPENCTABIEH Hke (roe depes “«”
o6o3nauen omeparop mpucBamBauus). OH ornmUaeTcs oT MeToma APOGIEHUs IAPaMeETPOB,
mpencTaBieHHOro B [5, 7, 26] crmoco6oM MOpOXIEHWS WHTEPBAILHBIX CHCTEM-IIOTOMKOB U3
Be,[[y]l[eﬁ HHTepBaJ’[BHOI;’I CUCTEMEBI U yCJIOBIEM OCTAHOBKU.

Bxon

WNuTepBanbHas cuMMeTpUYHAA IMHEHHA cucrema Az = b.
Powmep onenmBaemoit kommorenTs: v € {1,2,...,n}.
Meron Encl, opmupyromuit onerxy Y mo npasuiy (8).
KorcrarTa § > 0.

Beixon

Omnerka Z cumsy mis min{z, | ¢ € Egym(A, b)}.

Asnropurm

npucBauBaeM Q < A u r + b;

BBIUUCIIAEM OLEHKY v < Y (Q,r);

nHUnuanunsupyeMm padounmi cucok L + {(Q,r,v)};

DO WHILE ( MaxCUMyM LIADHHEI 3JIEMEHTOB B (Q U 7 IPEBOCXOMUT § )

B marpune Q = (g;;) u BexTOpe T = (7;) BLIOUPAEM MHTEPBAIBHbIN BIIEMEHT 8,
MMEoLAA HanOOIbIIYIO IIUPAHY;

HOPOXaeM MHTEPBAIbHbIE CUCTeMBI-TTIOTOMKY Q'z = v’ 1 Q"'z = r'":

ecnu 8 = @y, o Hekotopex k,l € {1,2,...,n}, To monaraem
q;ﬁj « q;,; «— qij 1 (7”.7) # (kal) min ('LaJ) 7& (lak)a
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qp, < iy < [, midgy], @ < g < [mid gy, @y, 7' 7" <7
eciu 8 = 7y, musa Hekoroporo k € {1,2,...,n}, To momaraem
Q' + Q"+ Q,r} + [ry,midry], ) « [midr,Ts), v, 7} « rmnai # k;
seruncngem omenku v' <+ Y(Q',r') mv" + T(Q",»");
ynansgeMm u3 L ObiBiIyio Bemyiuei sanuck (Q,r,v);
samocum 3amucu (Q', 7', v') u (Q",r",v') B cimcox L, COXpaHss €ro yIopsAnOIeHHOCTD
[0 BO3PACTAHWIO TPETHErO MOJIS;
0603HaYaEM MEPBYIO 3aMKUCh CIUCKa uepes (Q,r,v);
END DO
Z <+ v;

To, HAaCcKOIBKO OIM3KMMU OKaXyTCS APYT K OPYTY Pe3yiIbTaT PaboThHI aJITOPUTMa U
uckombrit min{z, | ¢ € Egym(A,b)}, 3aBucuT, c OXHOM CTOPOHBEI, OT CcIOCOGa IIOJIyde-
mus onenku Y (Q,7), T.e. oT BeIGpaHHOrO Hamm 6a3oBoro meroma myis pemenms WCJIAY-
IIOTOMKOB, & C OPYTOA — OT OOYCJIOBIIEHHOCTYW TOYEYHBIX CHCTEM, OODPA3YIOIIUX IIOCIIEIHIOIO
BENyIIyI0 CACTEMY (€€ MOXHO OIIEHWBATH B IIPOIECCE BBINOJIHEHUS AJITOPUTMA). B wacTHO-
ctu, M Toro, 4robel mpu § — ( BEIYMCIIEHHOE AJITOPUTMOM 3HAYEHUE CTPEMMIIOCH OBI K
min{z, | z € Egym(A, b)}, Heo6xomumo u mocraTouno BemonHeHus yciaosus (C2). Ecmn xe B
ucxonuonn UCJIAY cymmapHas mupuHa MHTEPBAIILHBIX 3JIEMEHTOB OKA3BIBAETCSI “GOJIBITION”
B CPaBHEHUHU C §, TO, KAK MPABWIIO, IMIPOCTENIMI METON OPOGIEeHUs MapaMeTpoB He Gymer
popabaThIBAThL 0 KOHIA, U IOTOMY IiejiecooOpa3Hell pacCMaTPUBAThH €r0 KaK UTEPATUBHYIO
Y TOYHSIIOIIYIO IIPOLENYPY -

4. TecT Ha MOHOTOHHOCTDL

OycTs mama mHTEpPBaJIbHAS CUCTEM3, JIMHEMHEIX ajrebpamyeckux ypaBHeHuin Qr = r, u

HAM U3BECTHEI
amu(Qar) 833,,(Q,7')
i) o, ZZvise )
0qi; or;

CyTh MHTEPBAJILHLIE PACIINPEHUS COOTBETCTBYIOIINX IIPOM3BOMHEIX

amu(Qar) 837”(62’7')

0i; or;
OT V-#i KOMIOHEHTHI BEKTOPA DEIEHUs CUCTEMbl YPABHEHUN QT = 7 MO ij-My 3JIEMEHTY
Marpunbl QQ = (g;;) M i-My 57eMeHTy BeKTOpa r = (r;), B3STHIX C yYETOM HAJIOXEHHBIX

Ha cucTeMy cBasedl. Ecrm unTeppampmpie n X n-marpuma Q = (g;;) u n-sextop * = (#;)
o6pa3oBaHbI U3 3JIEMEHTOB

0z, (Q,r) oz,
[gij’ﬂij] nmpn 3qij >0, [zi’fi] npu % >0,
~ S — 3.’12,,(Q,"") - 3:13,,(Q 1')
..o= .. .. - 7 <0 i = _i,_’i ) < ,
qi; [@,9;;] Tpm dqi; r [73,7;] mpm or; <0
.. 0z,(Q,
(12)

rae “int” o603HauUaeT BHYTPEHHOCTH MHTEPBAJIA, TO, OUEBUIHO,

min{:z:,, | TE Esym(Q,f‘)} = min{ml/ | T e Esym(Q’r)}'
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A 1OCKOIBKY KOIMUYECTBO CYIECTBEHHO MHTEPBAJILHBLIX (C HEHYJIEBOW IIVPUHON) 3IIEMEHTOB
B Q U 7 MOXET OBbITH, BOOOIIE TOBOPS, MEHBIIINM, 4eM B Q © P, TO, MEPEXONS OT MCXOMHON
NCJIAY Qz = 7 x cucreme Qx = #, MBI yIpomaeM 3a4ady BhMCIeHns min{z, | ¢ €
Beym(Q,7)}-

DaHee B MHTEPBAJILHOM aHAJIM3€ B PsAle UNUCIEHHBIX METONUK YK€ WCIIOIL30BAJIUCEH IIPO-
M3BOMHBIE PEIIEHWN CHCTEM JIMHEWHLIX YPABHEHWN II0 3JIEMEHTAM MATPUILI X IPABON YaCTH
(cm., manp., [1, ri. 17]). BemBenem dbopMysisl A 3TUX NPOM3BOLHBIX C yUYETOM CHMMETDUY-
HOCTY MATPUILI CUCTEMBI ypaBHeHUt. JDycTh k u [ — HeKOTOpBIE DUKCHPOBAHHBIE WHOEKCHI,
rakue uto 1 < k <[ < n. Dacimmem cucremy ypasueHuUZ QT = r B BUIE

n
ZquSE] =T, 1=1,2,...,n, (13)
j=1

u nponudGepeHIUpPYEM O k. Y YATHIBAS, UTO

0 aqij 333]'
—(giiz;) = —x; +qii ——,
3le( %3) Oagr " Oaw
roe
94i _{ 0, ecmn (3,5) # (k,1),
Oqr 1, ecmm (Z’J) = (k’l)’
nosyunm u3 (13)
( n
Oz
Z%‘jﬂ:(}, ecmm i £k ui#l,
o Oam
n
O
X:qijﬂ +z; =0, ecmi=k,
i Oam
n
Oz
quz'jﬂ +z,=0, ecmm ¢=1.
— " Oqri
\ j=1
Taxum obpazom, eciu
oz (8:31 3:1:n>T
Oqr Oqr’ " Oqr)
TO
Oz
an (0,...,0,—z,0,...,0,—z,0,...,0)T,

rue (—x;) HaxomuTcs B k-1 mo3umuu BeKTOpa, a (—zy) — B [-i1 mosumum. Orciona

Oz
1 T
@:Q '(0,...,0,—%[,0,...,0,—$k,0,...,0) ;
u ecmn Y = (y;;) — obpaTHas Marpuna s (), TO IPOM3BOINHEIE PEIIEHUs BEIIECTBEHHON

CIMMETPUYHON JIMHEAHON CUCTEMBI (Q = 7 IO 3JIEMEHTAM MATPUILI HAIOTCI GOPMYIaMu

oz,
Oqr

= —YvkZl — YuiTk-
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Huddepenmmposanue ypasuenuii (13) mo rj, npusonuT K 6osiee IPOCTHIM COOTHOIIEHUSIM

n

Oz
E qija—:] =0, ecmm i#k,
=1 k

L 3113_7' .
Zqﬁﬁ =1, ecmu i=k.
j=1 k

Taxum obpazom, eciu

ox (83:1 oz, ) T

a—T'Ic a—m,...,a—m
TO
Oz T
-—=(0,...,0,1,0,...,0
Q 8rk (7 b Bt e ’ ) )

rlle equHULIA HaXonuTCs B k-1 mo3unuu BekTopa. OrTcona

Oz
-1 T
a—']"k:Q '(0,...,0,1,0,...,0) )
u ecimm Y = (y;;) — ob6paTHas Marpuna s (), TO IPOM3BONHEIE PEIIEHUS BEIIECTBEHHON

CIMMETPUYHON JIMHEAHON CUCTEMBLI QT = T IO BJIEMEHTaM BEKTOPa IIPABOM YACTHU HAOTCA
dopmynamu 9z, /Oy = Yk,

CnenoBarenbHo, ecim Y = (y”) — “obparHas mHTepBaJibHas Marpuma’ mius @, T.e.
BHEIIIHSS WHTEPBAJIbHASI OLEHKA IJIs MHOXECTBa 00paTHHIX MaTpul u3 @,

Y2{Q'|QeQq}

a xy 1 @] — k-1 1 [-1 KOMIIOHEHTEI HEKOTOPOTO MHTEPBAJILHOIO BEKTOPA & Esym(Q, r), TO
MBI MOXEM IIPUHATH CIIEAYIOIEe MHTEPBAIILHBIE OIEHKY IIPON3BOMHEIX:

0z, (Q,r) 0z,(Q,r)

= —Y, T — Y| T = Y-
anl YTl — YTk, 8rk Yuk

,HJ'IF[ MHTEPBaJIBHBIX JIMHENHLIX CUCTEM C KOCOCUMMETPUYHBIMIA MaTPUIaAMU aHAJIOTUYHBIC
MHTEPBAJIBHBIE OIICHKU IIPOU3BOAHBIX, KaK HETPYIHO y6e,z[nT1>ca, NMEIOT BUL

0z, (Q,r) 0z,(Q,r)

= —Y, T + Y, T ——— =Y,
aqkl Yokl T Yy 1T, aT'k Yok

Brorunciienne “o6paTHON MHTEPBAJIBHOA MATPULLL’ mjis () MOXHO BBIIOJIHATH KaK pe-
IIIeHNE 3a0a4Yll BHEIITHEr'O OLICHNBAHWMA O6’]’>eJII/IHeHHOI‘O MHOXECTBa pemennﬁ THTEPBAJIBHOT'O
MarpuuHoro ypasuenus QY = I, | — enuauynas MaTpula, IPUMEHUB, K IPUMEPY, 1 pa3
(mms xkaxmoro cTosbIfa) TOT e CaMBI MeTOL BHeIIHero oreHuBanus Encl, koTopsil BEIGpan
6a30BbIM Mjis BCero ajroputMa. COOTBETCTBYOIIUE MHCTPYKIUU — MEPECUET OOPATHON WH-
TEPBAJILHOM MATPUIILI ¥ IPOBEPKY HA MOHOTOHHOCTH C BO3MOXHOW ITOCIJIENYIOIIEN 3aMEHON
HEKOTOPBIX HHTEPBAJIBHBIX 3JIECMEHTOB Ha UX KOHIIBI IIO (I)OpMyJ'.[a.M (12) — CJIEAYET BBIIIOJIHATH
Cpa3y Iocile IOPOXIEHNS MHTEPBAILHEIX CICTEM IIOTOMKOB B OCHOBHOM ITMIKJIE AJITOPHUTMA.
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5. Crparerusa apo6iieHus

B mpocreitimem MeTome mpoGiieHMs mMapaMeTPOB MBI PACCEKAIN HA KaXIOM IIare CaMbId
MIAPOKUI U3 MHTEPBAJIbHLIX 3jieMeHTOB Bemymmern VICJIAY. MoxHo nu myTeM crenuajibHO-
ro BeIOOpa 3eMeHTa Iy IpobieHuUs obecrreunTh HambOiee 3HAUMTEIbHOE YIIydIleHUue Ife-
jleBoi QyHKIME Ha KaxnoMm miare ajiropurma’ CrTporas m TOYHAS ONTUMU3AIMUSA METOMOB
IpobIIeHrsI TapaMeTPOB B TAKOM BHIE TPYIHA U BPSM JIU IeJecoobpa3Ha B HOJIHOM OObeMe.
Mzr GymeM permaTh 3TOT BOMPOC, PYKOBONCTBYACH CJEOYIOIIAMU 3BPUCTUUYECKUME COOOpa-
XKCHUSAMU: BEJINYWHA ITPOM3BEOCHUA INTMPUHBL (I/IJ'.[I/I pannyca) VMHTEPBAJIBHOT'O 3JIEMEHTA Ha
MOIY/Ib MHTEPBAJILHOIO PACIIMPEHUS COOTBETCTBYIOIIEN IPOU3BOMHON PEIIeHNs] MOXET CIIy-
XUTh, B HEKOTOPOM CMBICIIE, MEPOI TOTO, KaK OUCEKIUs 3JIeMEHTOB 13 () jubo T BiIMSET HA
min{z, | z € Egym(Q,7)} 1 pazmeprr o6renunenHoro Muoxecrsa pemenuit ICJIAY.

Hasee, orenku 06bequuentoro MmuoxecTsa, pemrenuit MCJIAY, nomyuyaemeie mo 60sIbImH-
CTBY CYILECTBYIOIIMX METONOB, SBJIAIOTCS T€M 00Jlee TOUHBIMU, UEM MEHBIIE Pa3MepPEHI HTOr0
MHOXecTBa pertenuii. C momo6HEIMU 6a30BLIMEA METONAMU yMEHBIEHNE pPa3MepOB MHOXe-
CTBa perneHmit Egym(Q, 7) NOIKHO IPUBONUTH K AHAJOIMYHOMY U CPABHIMOMY IIO BEJIMYIHE
m3menenuio B ouenke Y (Q,r). Opu sToM, cirenoBarensHO, TpeboBaHme HamGoilee GHICTPOrO
YIIyUIIEHns 1IeJIeBo GYHKITAM 33 OOWH ITar METONA APOOJIeHUs MapaMeTPOB CTAHOBUTCS, IIO
CYLIIECTBY, SKBUBAJIEHTHEIM yCJIOBUIO Haubosee OLICTPOro yMEHBIIEHUSI PA3MEPOB MHOXECTBA
pertenuit mpu npobnenun Bemyiein NCJTAY .

YuuThIBas COEAHHBIE BEIMIE 3aKI/IIOYEHNUs, MBI peKOMeHAyeM apobuts Bemymme VUCJIAY
10 BJIEMEHTaM, Ha KOTOPHIX HOCTUTAETCS MAKCUMAJILHAS U3 BEJIMUUH

0z, (Q,r ) 0z, (Q,r . .
‘M - wid g;;, 02,(Q,r) -widr;, wid- mmpuna uaTepsasos,  (14)
0qi; or;
i,j € {1,2,...,n}, T.e. mo 3reMeHTaM, Ha KOTOPHIX HOCTUTAETCA MAKCAMYM IIPOV3BENEHUS

OIIEHKU IIPOM3BONHON PEIeHUs Ha NIINPUHY WHTEPBaJIa, a HE IIPOCTO II0 CAMBIM IIMPOKUM
semernTaMm VCJIAY. Crparerus npobrenus, Tpebyromas Makcumusamy sesmanH (14), 6bwta
BIIEPBBEIE PACCMOTPEHA ABTOPOM B cTaThe [26], a Iy MHTEPBAIBHBIX METONOB IJI0GAIILHON
omruMu3amun ee Hezasucumo npensoxun . Darr [23, 24]. Ormerum, uTo sTa crpaTerus
IpobsieHysI OmpaBoaHa HE TOJIBLKO C TOUYKW 3PEHUs 34PABOr0 CMBIC/IA WJIM BBIYUCIIMTEJILHON
mpakTuku (CM. 1. 6), HO IMeeT U TeOpeTUIECKoe OGOCHOBAHME, KAK OMTUMAIILHAS B HEKOTOPOM
Pa3yMHOM CMEICIe, UTO 651T0 ycranosieHo O.0. Kupdorrom u B. Kpeitnosuuem B [20].

6. YmciaeHHBIN IpUMeEp

B kauecTBe mpumepa mpuMeHeHUs Pa3pabOTAHHOIO HAMU IOAXONA PACCMOTPUM HHTEP-
BaJILHYIO CUMMETPUYHYIO JINHENHYIO CUCTEMY

(Lo By Y, (02, (15)
[07 1] [_47 _1] [07 2]

KOTOpas OTJIMYaeTCs OT cucreMsbl (7) m3 paborTel [13] eNUHCTBEHHBIM 3JIEMEHTOM @11 B
marpune. Kaxercsa, uro I'. Amedennn, B. Kpeitnosuu u I'. Maitep HaMepeHHO B3 €ro
TOYEUHBIM, TAK KAK WHAYE BBINOJHEHHBLIE UMU BDPYUYHYIO BBIKJIAAKU (X 6e3 TOro BechMa
IUIMHHBIE), IPUBONAIIE K TOYHOMY ONWCAHWIO (POPMBI MHOXECTBAa pemeHmit cuctemsl (7),
erre ObI 3HAUUTEILHO YCIIOXHUINACE. MBI HE CTeCHEHBI MOMOOHBIMY OrPDAHNYEHUSIMU U JIETKO

MOXEM BBIUYNCJ/INTDH OLICHKN MHOXECTB pemeHm‘& 5TOI CICTEMEI C CYILIIECTBEHHO NHTEPBAJIBHBIM
3JIEMEHTOM Qaj1q.
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Meton mpob6ienus mapaMeTpoB, B KOTOPOM B KadecTBe 6a30BOTO METONa WMCITOIb30BAJICS
nHTEepBaIbHEI MeTon ["aycca—3eiinens (omucanme KOTOPOro MOXHO HAWTH, HAID., B [19, 22]),
CHAGXEHHBII IPOBEPKOU MOHOTOHHOCTH (m3 I. 3) 1 MOXMOUIMPOBAHHON CTPATETHEN BHIGOPA
Ipobumoro siemeHTa (3 m. 4), HANEXKHO HAXONUT BHEIIHIOK OLEHKY MHOXECTBA PEIIeHU
stoit UICJIAY B Bume

[—7.61868e—8, 2.41421]
( [—2.00000, 1.00000] )

(MBI COXpaHUIM [0 IECTH 3HAYAIIMAX UUGD pPe3yibTaTa). OpU 5TOM 6PyC HAUAIILHON OLEHKM,
BBIUNCIIEHHBIN C IIOMOIIBIO IIpoenypsl XaHceHa-OoHa [25], oka3ancs paBHBIM

[—14.9333, 23.7333]
[—44.6667, 38.0000] )’

TO ecTh BecbMa rpy6OpiM. o HaXOXIeHWS HUXKHUX OIIEHOK MHOXECTBA PEIIeHWA CHUCTe-
mer (15) Mbr 3aTpaTumm no kaxmnou koopauaaTe no 1000 nrepannii, 1 yTOYHEHHNE STUX OLEHOK
IIJI0 MCKITIOUNTEINHHO 3a cuer Gucekimu siemenTos ICIIAY, xors (mobonerTHem daxt!) nua-
FHOCTUKA CBUAETEILCTBYET, YTO TECT HA MOHOTOHHOCTH (12) mourwm Ha kaxmoMm mare cyxas
T€ WK MHBIE NHTEPBAJILHEIE 3JIEMEHTEI B CUCTEMAX-IIOTOMKAX, HOSBIISIOIINXCS II0 XOOy pabo-
THI AJITOPUTMA. D0, KAK HU CTPAHHO, 5TO HE IIPUBEJIO K IMOBBIMIEHNIO 3PHEKTUBHOCTHU BCETO
aropuTMa B 1meyioM. UTo KacaeTCss BEPXHUX OLIEHOK, TO 3[€Ch TECTHI MOHOTOHHOCTY CHITDAJIN
CBOIO TIOJIOXUTEILHYIO POJIb, U KOJINUECTBA IIIAr0oB MeTOona APOOIIeHNI TapaMeTPOB OKa3aJInCh
paBubIME Beero 40 mo nepBoil KOMIIOHEHTE U 33 IO BTOPOU.

Kakx BummM, OIlEHKM MHOXECTBA PEITEHUN CUACTEMEI (15) HE W3MEHWJINCHh B CPABHEHUU C
cucremoir (7), T.€. HHTEPBAIM3AIMS SJIEMEHTA @11 HUKAK HE [OBJIMSIIA HA HUX.

OTMeTUM B 3aKIIIOUEHNE, YTO [IPU IPOBENEHNY BEIUNCIINTEIIHLHBIX SKCIIEPUMEHTOB C 0n06-
HOTO COPTa 33[1aYaMU OTHON U3 OCHOBHBLIX TPYIOHOCTEN SIBJIIETCSA B HACTOAIIEE BPEMS OTCYT-
CTBUE TECTOBLIX IIPUMEPOB.
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