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Let 9t be a countable structure of computable signature. A presentation of 9 on natural
numbers, or simply a presentation of M, is any structure € such that € = 9 and the domain
of € is a subset of w. We can also treat the atomic diagram D(€) of a presentation € as a subset
of w, using some G&del numbering of the atomic formulas of the signature of 1. Recall that a
mass problem [1] is any set of total functions from w to w. A mass problem can be considered as
a set of "solutions" (in form of functions from w to w) of some "informal problem". Important
examples [2,4] of mass problems are the following: for a set A C w the problem of solvability
of A is the mass problem S4 = {xa}, where x4 is the characteristic function of A, and the
problem of enumerability of A is the mass problem £4 = {f :w — w | mg(f) = A}.

Definition 1 The problem of presentability of M is the mass problem M consisting of

characteristic functions of the atomic diagrams of all possible presentations of IM:
M = { xp(e) | € is a presentation of M }

We denote by < the relation of Medvedev reducibility [1] on mass problems, while <,
denotes the relation of Muchnik reducibility [2]|. It follows from the definitions that for any
mass problems A, B, we have A < B = A <, B. A.A.Muchnik [2] established a sufficient
condition under which these reducibilities are equivalent. Unfortunately, it is useless in case of
problems of presentability. The theorem below describes the situation for such problems and
shows that there is a natural connection between problems of presentability and admissible

superstructures [3].

Theorem 1 Let 9 and N be countable structures. The following are equivalent:
1) M <y N
2) M < (M, 7) for some n € N<¥;
3) M is A-definable in HF(N).

We call a structure 9 x-uniform if (9, m) < M for any m € M<“. If M is homogeneous
structure of finite relational signature, then 91 is s-uniform. Also, 91 is *-uniform in case

when 90t is constructivizable (i.e. has a computable presentation). From Theorem 1 we get
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Corollary 1 If M is x-uniform then, for any structure 9, IM < N if and only if M <, N.

Theorem 2 (w{'K; <) is x-uniform, while (W + 1; <) is not x-uniform.

As a corollary we obtain an example of structures 9%, 9 such that M <, N but
W L . Also, we establish the following characterization of mass problems of enumerability

(decidability) which are reducible to mass problems of presentability.

Theorem 3 Let M be a countable structure, and A C w, A # @. The following are equivalent:
1) Ea <w J;
2) Ea < (O, m) for some m € M<¥;
3) A is X-definable in HF(9N).

Theorem 4 Let 9 be a countable structure, and A C w. The following are equivalent:
1) Sq <y M,
2) Sa < (M, m) for some m € M<;
3) A is A-definable in HF(9N).

For mass problems A and B we denote by A = B the fact that A < B and B < A. We say
that a countable structure 9 has strong presentability dimension o (denote Pr-dimg(9) =
«), where « is a cardinal, if 9 = B for some B C M, card(B) = «, and « is the least cardinal
satisfying these conditions. In the same way we can define the notion of weak presentability
dimension. Tt is clear that for any countable 9t we have 1 < Pr-dim,,(9) < Pr-dims(9) <

2“. We introduce some examples of structures with different presentability dimensions.

References

[1] Medvedev Yu. T., Degrees of the mass problems, Dokl. Acad. Nauk SSSR (NS), 104
(1955), 501 — 504.

[2] Muchnik A. A., On strong and weak reducibilities of algorithmic problems, Sibirsk. Mat.
Zh., 4 (1963), 1328 — 1341.

[3] Ershov Yu.L., Definability and Computability, Plenum, New York, 1996.

[4] Sorbi A., The Medvedev lattice of degrees of difficulty, London Mathematical Society
Lecture Notes (Computability, Enumerability, Unsolvability: Directions in Recursion Theory),
24 (1996), 289 — 312.



