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Â ðàáîòå ðàññìàòðèâàåòñÿ ëèíåéíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïå-
ðèîäè÷åñêèìè êîýôôèöèåíòàìè

dy

dt
= A(t)y, t ≥ 0, (1)

ãäå A(t) � ìàòðèöà ðàçìåðà N ×N ñ íåïðåðûâíûìè ïî Ëèïøèöó T -ïåðèîäè÷åñêèìè
ýëåìåíòàìè, ò. å.

A(t + T ) = A(t), ‖A(t)− A(s)‖ ≤ M |t− s| (2)

(çäåñü è âåçäå â äàëüíåéøåì ‖ · ‖ � ñïåêòðàëüíàÿ íîðìà). Öåëüþ ðàáîòû ÿâëÿåòñÿ
îïèñàíèå âû÷èñëèòåëüíîãî àëãîðèòìà äëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêîé óñòîé÷è-
âîñòè ðåøåíèé ñèñòåìû (1).

Íàïîìíèì, ÷òî íóëåâîå ðåøåíèå ñèñòåìû (1) ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòà-
ìè àñèìïòîòè÷åñêè óñòîé÷èâî òîãäà è òîëüêî òîãäà, êîãäà âñå ñîáñòâåííûå çíà-
÷åíèÿ ìàòðèöû ìîíîäðîìèè ëåæàò â åäèíè÷íîì êðóãå γ = {λ : |λ| < 1} (ñì.,
íàïðèìåð, [1, 2]). Îäíàêî, õîðîøî èçâåñòíî, ÷òî íàõîæäåíèå ñîáñòâåííûõ çíà÷å-
íèé íåýðìèòîâûõ ìàòðèö íà ÝÂÌ � ïëîõî îáóñëîâëåííàÿ çàäà÷à (ñì., íàïðèìåð,
[3, 4]). Ïîýòîìó ïðè ðåøåíèè êîíêðåòíûõ çàäà÷ çà÷àñòóþ íåîáõîäèìî èñïîëüçîâàòü
äðóãèå êðèòåðèè. Â ÷àñòíîì ñëó÷àå, êîãäà A(t) = A � ïîñòîÿííàÿ ìàòðèöà, èç-
âåñòåí êðèòåðèé Ëÿïóíîâà àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòå-
ìû (1), ôîðìóëèðóåìûé â òåðìèíàõ ðàçðåøèìîñòè ìàòðè÷íîãî óðàâíåíèÿ Ëÿïóíîâà
HA + A∗H = −C, C = C∗ > 0. Èñïîëüçîâàíèå ýòîãî êðèòåðèÿ ïîçâîëÿåò ïîëó÷èòü
áîëåå ýôôåêòèâíûå àëãîðèòìû ÷èñëåííîãî èññëåäîâàíèÿ àñèìïòîòè÷åñêîé óñòîé÷è-
âîñòè ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè [5,
6]. Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ íåêîòîðûé àëãîðèòì äëÿ èçó÷åíèÿ àñèìïòîòè-
÷åñêîé óñòîé÷èâîñòè ðåøåíèé ñèñòåìû ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè (1), êî-
òîðûé ÿâëÿåòñÿ àíàëîãîì àëãîðèòìà, ðàçðàáîòàííîãî äëÿ ñëó÷àÿ ïîñòîÿííûõ êîýô-
ôèöèåíòîâ [5, 6]. Ïðåäëîæåííûé àëãîðèòì îñíîâàí íà èñïîëüçîâàíèè ñëåäóþùåãî
êðèòåðèÿ àñèìïòîòè÷åñêîé óñòîé÷èîâñòè ðåøåíèé ñèñòåìû (1) èç ðàáîòû [7].

Òåîðåìà 1. 1. Åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè ñèñòåìû
(1) ëåæàò â γ, òî äëÿ ëþáîé ìàòðèöû C ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå H(t)
êðàåâîé çàäà÷è {

d
dt

H + HA(t) + A∗(t)H = −C, 0 < t < T,
H(0) = H(T ),

(3)

ïðè ýòîì, åñëè C = C∗ > 0, òî H(t) = H∗(t) > 0, t ∈ [0, T ].
2. Åñëè ïðè C = C∗ > 0 êðàåâàÿ çàäà÷à (3) èìååò ýðìèòîâî ðåøåíèå H(t) òàêîå,

÷òî H(0) > 0, òî âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè ñèñòåìû (1)
ëåæàò â γ.
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Â [7] áûëî ïîêàçàíî: åñëè íóëåâîå ðåøåíèå ñèñòåìû (1) àñèìïòîòè÷åñêè óñòîé÷èâî,
òî ðåøåíèåì êðàåâîé çàäà÷è (3) ÿâëÿåòñÿ èíòåãðàë

H(t) =

∞∫

0

(Y −1(t))∗Y ∗(ξ + t)CY (ξ + t)Y −1(t)dξ, (4)

ãäå Y (t) � ìàòðèöàíò ñèñòåìû (1). Â ñèëó T -ïåðèîäè÷íîñòè ìàòðèöû A(t) ýòîò èíòå-
ãðàë ìîæíî ðàññìàòðèâàòü êàê T -ïåðèîäè÷åñêîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ Ëÿïóíîâà:

d

dt
H + HA(t) + A∗(t)H = −C, t ≥ 0.

Âåçäå â äàëüíåéøåì ìû áóäåì ðàññìàòðèâàòü C = I, ãäå I � åäèíè÷íàÿ ìàòðèöà.
Èç ôîðìóëû (4) è òåîðåìû 1, â ÷àñòíîñòè, ñëåäóåò, ÷òî íóëåâîå ðåøåíèå ñèñòåìû

(1) àñèìïòîòè÷åñêè óñòîé÷èâî òîãäà è òîëüêî òîãäà, êîãäà ñõîäèòñÿ èíòåãðàë H(0) =
∞∫
0

Y ∗(ξ)Y (ξ)dξ. Ëåãêî ïîêàçàòü, ÷òî â ñëó÷àå ‖H(0)‖ < ∞ ñõîäÿòñÿ âñå èíòåãðàëû èç
ôîðìóëû (4).

Ðàññìîòðèì åùå îäíó òåîðåìó èç ðàáîòû [7].
Òåîðåìà 2. Ïóñòü âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè Y (T ) ñè-

ñòåìû (1) ëåæàò â γ. Ðàññìîòðèì ìàòðèöó H(t), îïðåäåëåííóþ â ôîðìóëå (4).
Èìåþò ìåñòî îöåíêè

‖Y ∗(t)H(t)Y (t)‖ ≤ exp


−

t∫

0

1

‖H(s)‖ds


 ‖H(0)‖,

‖Y (t)‖2 ≤ 2a exp


−

t∫

0

1

‖H(s)‖ds


 ‖H(0)‖ (5)

ïðè t ≥ 0, ãäå
a = max

t∈[0,T ]
‖A(t)‖.

Çàìåòèì, ÷òî óòâåðæäåíèÿ òåîðåì 1, 2 è ôîðìóëà (4) îñòàþòñÿ â ñèëå è äëÿ
ñëó÷àÿ, êîãäà A(t) � êóñî÷íî-ïîñòîÿííàÿ T -ïåðèîäè÷åñêàÿ ìàòðèöà. Èç îöåíêè (5) â
ñèëó T -ïåðèîäè÷íîñòè H(t) íåòðóäíî ïîëó÷èòü, ÷òî

‖Y (t)‖2 ≤ 2a exp


−p

T∫

0

1

‖H(t)‖dt


 ‖H(0)‖, t ∈ [pT, (p + 1)T ], p = 0, 1, 2 . . . .

Îòñþäà âûòåêàåò, ÷òî âåëè÷èíà ‖H(0)‖ îòâå÷àåò çà ïîâåäåíèå ðåøåíèÿ y(t) ïðè ìà-
ëûõ t, à âåëè÷èíà

T∫
0

1
‖H(t)‖dt ïðè áîëüøèõ t. Â íàñòîÿùåé ðàáîòå ïðåäëîæåí àëãîðèòì

ïðèáëèæåííîãî âû÷èñëåíèÿ ðåøåíèÿ êðàåâîé çàäà÷è (3).
Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîôåññîðó Äåìèäåíêî Ã. Â. çà ïîñòàíîâêó çàäà÷

è ïîìîùü â ðàáîòå.
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�1. Àëãîðèòì ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëà H(t)

Ïóñòü âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè ñèñòåìû (1) ëåæàò â γ.
Òîãäà ïî òåîðåìå 1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå H(t) êðàåâîé çàäà÷è (3). Ðàçî-
áüåì îòðåçîê [0, T ] íà m ðàâíûõ ÷àñòåé: tl = l T

m
= lτ, l = 0, 1, . . . , m. Áóäåì ñòðîèòü

ïðèáëèæåíèÿ ê èíòåãðàëó H(tl), ãäå l � ïðîèçâîëüíîå öåëîå ÷èñëî îò 0 äî m − 1.
Õîðîøî èçâåñòíî, ÷òî â îáùåì ñëó÷àå ôîðìóëû äëÿ ìàòðèöàíòà ñèñòåìû (1) íå ñó-
ùåñòâóåò, ïîýòîìó öåëåñîîáðàçíî âíà÷àëå êàêèì - òî îáðàçîì ïðèáëèçèòü ìàòðèöàíò
Y (t) ñèñòåìû (1). Äëÿ ýòîãî ðàññìîòðèì ëèíåéíóþ ñèñòåìó

dy

dt
= Aτ (t)y, t ≥ 0, (6)

ãäå Aτ (t) � êóñî÷íî-ïîñòîÿííàÿ ìàòðèöà:

Aτ (t) = A(tj +
1

2
τ) = Aj ïðè tj ≤ t ≤ tj+1, j = 0, 1, . . . , m− 1,

Aτ (t) ïðîäîëæàåòñÿ íà âñþ ïîëóîñü t ≥ 0 ïåðèîäè÷åñêè. Î÷åâèäíî, ÷òî Yτ (t) → Y (t)
ïðè τ → 0, ãäå Yτ (t) � ìàòðèöàíò ñèñòåìû (6). Äëÿ Yτ (t) íåòðóäíî ïîëó÷èòü ÿâíóþ
ôîðìóëó:

Yτ (t) = e(t−tj)AjeτAj−1 . . . eτA0 (7)

ïðè tj ≤ t ≤ tj+1, j = 0, 1, . . . m− 1 è

Yτ (s + qT ) = Yτ (s)Y
q
τ (T ) (8)

äëÿ ëþáîãî 0 ≤ s < T è íàòóðàëüíîãî q (ñì., íàïðèìåð, [8]). Ïîñêîëüêó ñîáñòâåí-
íûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè äëÿ ñèñòåìû (6) òàêæå ñòðåìÿòñÿ ê ñîáñòâåííûì
çíà÷åíèÿì ìàòðèöû ìîíîäðîìèè äëÿ ñèñòåìû (1) ïðè τ → 0, òî, íà÷èíàÿ ñ íåêîòîðî-
ãî τ0, âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè äëÿ ñèñòåìû (6) áóäóò òàêæå
íàõîäèòüñÿ âíóòðè γ, ÷òî îçíà÷àåò ïî òåîðåìå 1 ñõîäèìîñòü èíòåãðàëà

Hτ (t) =

∞∫

0

(Y −1
τ (t))∗Y ∗

τ (ξ + t)Yτ (ξ + t)Y −1
τ (t)dξ, (9)

ÿâëÿþùåãîñÿ ðåøåíèåì êðàåâîé çàäà÷è
{

d
dt

Hτ + HτAτ (t) + A∗
τ (t)Hτ = −I, 0 < t < T,

Hτ (0) = Hτ (T ).
(10)

Ìîæíî ïîêàçàòü, ÷òî ïðè τ → 0

Hτ (t) ⇒ H(t), t ∈ [0, T ].

Ïîýòîìó â êà÷åñòâå ïðèáëèæåííîãî çíà÷åíèÿ èíòåãðàëà H(t) ìîæíî ðàññìîòðåòü
èíòåãðàë Hτ (t) ïðè äîñòàòî÷íî ìàëûõ τ > 0. Èç ñëåäóþùåé òåîðåìû, ïîëó÷åííîé â
ðàáîòå [7], âûòåêàåò îöåíêà äëÿ íîðìû ðàçíîñòè ‖Hτ (t)−H(t)‖, τ > 0.
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Òåîðåìà 3. Ïóñòü êðàåâàÿ çàäà÷à (3) èìååò åäèíñòâåííîå ýðìèòîâî ïîëîæè-
òåëüíî îïðåäåëåííîå ðåøåíèå H(t) è A1(t) � íåïðåðûâíàÿ ìàòðèöà òàêàÿ, ÷òî

∆ = max
t∈[0,T ]

‖H(t)A1(t) + A∗
1(t)H(t)‖ < 1. (11)

Òîãäà êðàåâàÿ çàäà÷à
{

d
dt

V + V (A(t) + A1(t)) + (A(t) + A1(t))
∗V = −I, 0 < t < T,

V (0) = V (T ),

èìååò åäèíñòâåííîå ïîëîæèòåëüíî îïðåäåëåííîå ðåøåíèå, è âûïîëíåíà îöåíêà

‖H(t)− V (t)‖ ≤ ∆

1−∆
‖H(t)‖.

Èç äîêàçàòåëüñòâà, ïðèâåäåííîãî â [7], ëåãêî ïîëó÷èòü ñïðàâåäëèâîñòü ýòîé òåî-
ðåìû äëÿ ñëó÷àÿ êóñî÷íî-íåïðåðûâíûõ ìàòðèö. Ðàññìîòðèì A1(t) = Aτ (t)−A(t). Èç
îïðåäåëåíèÿ ìàòðèöû Aτ (t):

max
0≤t≤T

‖Aτ (t)− A(t)‖ = max
j=0,1,...,m−1

‖A(tj +
1

2
τ)− A(t)‖

≤ M max
j=0,1,...,m−1

|tj +
1

2
τ − t| ≤ Mτ

2
,

ïîñêîëüêó äëÿ ìàòðèöû A(t) âûïîëíåíî óñëîâèå Ëèïøèöà (2). Îïðåäåëèì τ0 = 1
Mh

,
ãäå

h = max
t∈[0, T ]

‖H(t)‖,

òîãäà, î÷åâèäíî, ïðè ëþáîì τ ∈ (0, τ0) íåðàâåíñòâî (11) áóäåò âûïîëíåíî. Îòñþäà ïî
òåîðåìå 3 ïîëó÷àåì, ÷òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå êðàåâîé çàäà÷è (10) è

‖H(t)−Hτ (t)‖ ≤ Mτh

1−Mτh
‖H(t)‖. (12)

Ïðèáëèæåííîå âû÷èñëåíèå èíòåãðàëà Hτ (tl) ïðîâåäåì ïî àíàëîãèè ñ àëãîðèòìîì
âû÷èñëåíèÿ ìàòðè÷íîãî èíòåãðàëà Ëÿïóíîâà, îïèñàííîãî â ìîíîãðàôèè Ãîäóíîâà Ñ.
Ê. [5]. Â êà÷åñòâå ïðèáëèæåíèé ê èíòåãðàëó Hτ (tl) ðàññìîòðèì ìàòðèöû

Hτ
k (tl) =

2kT∫

0

(Y −1
τ (tl))

∗Y ∗
τ (ξ + tl)Yτ (ξ + tl)Y

−1
τ (tl)dξ, k = 0, 1, 2, . . . .

Âû÷èñëÿòü Hτ
k (tl) ìîæíî ïî ñëåäóþùèì ïðîñòûì ôîðìóëàì:

Hτ
k (tl) = Hτ

k−1(tl) + B∗
k−1(tl)H

τ
k−1(tl)Bk−1(tl), (13)

ãäå
Bk(tl) = B2

k−1(tl), B0(tl) = Yτ (tl)Yτ (T )Y −1
τ (tl).
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Â ñàìîì äåëå, èç ïîñëåäíåé ôîðìóëû ñëåäóåò, ÷òî

Bk(tl) =
(
Yτ (tl)Yτ (T )Y −1

τ (tl)
)2k−1

.

Ñ äðóãîé ñòîðîíû, èìååì

Hτ
k (tl) = Hτ

k−1(tl) +

2kT∫

2k−1T

(Y −1
τ (tl))

∗Y ∗
τ (ξ + tl)Yτ (ξ + tl)Y

−1
τ (tl)dξ.

Îòñþäà ïî ñâîéñòâó (8) ìàòðèöàíòà Yτ (t) ëåãêî ïîëó÷èòü (13).
Ñëåäóþùàÿ òåîðåìà óêàçûâàåò ñêîðîñòü ñõîäèìîñòè ïðèáëèæåíèé Hτ

k (tl) ê èíòå-
ãðàëó Hτ (tl).

Òåîðåìà 4. Ïóñòü âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè ñèñòåìû
(1) ëåæàò â γ è Mτh < 1. Òîãäà

‖Hτ (t)−Hτ
k (t)‖ ≤ ‖Hτ (t)‖ exp


−2k

T∫

0

1

‖Hτ (s)‖ds


 , 0 ≤ t ≤ T, k = 0, 1, 2, . . . .

(14)

Äîêàçàòåëüñòâî. Ïîñêîëüêó Mτh < 1, òî ïî òåîðåìàì 1 è 3 âñå ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè Yτ (T ) ñèñòåìû (6) ëåæàò â γ. Ïðîäîëæèì Hτ (t) íà
âñþ ïîëóîñü t ≥ 0 ïåðèîäè÷åñêèì îáðàçîì. Òîãäà ïðè t ≥ 0 ïî òåîðåìå 2 âûïîëíåíà
îöåíêà

‖Yτ (t)‖2 ≤ 2a exp


−

t∫

0

1

‖Hτ (s)‖ds


 ‖Hτ (0)‖, (15)

ãäå a = max
t∈[0,T ]

‖A(t)‖.
Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó ïðè 0 ≤ t ≤ T

d

ds
z(s) = Aτ (t + s)z(s), s ≥ 0. (16)

Î÷åâèäíî, ìàòðèöà Aτ (t+ s) ÿâëÿåòñÿ T - ïåðèîäè÷åñêîé ïî s. Ïóñòü Zτ (s) � ìàòðè-
öàíò ñèñòåìû (16), ò. å. Zτ (s) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè:

{
d
ds

Zτ (s) = Aτ (t + s)Zτ (s),
Zτ (0) = I.

Î÷åâèäíî, èìååì
Zτ (s) = Yτ (t + s)Y −1

τ (t). (17)

Äîêàæåì, ÷òî ñïåêòð ìàòðèöû Zτ (T ) ëåæèò â γ. Â ñèëó (15)

‖Zn
τ (T )‖2 ≤ ‖Yτ (t)‖2‖Y −1

τ (t)‖22a exp


−n

T∫

0

1

‖Hτ (s)‖ds


 ‖Hτ (0)‖.
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Ïîñêîëüêó ìîäóëü ïðîèçâîëüíîãî ñîáñòâåííîãî çíà÷åíèÿ ìàòðèöû íå ïðåâîñõîäèò åå
íîðìû, òî

|λ(Zτ (T ))|2n ≤ ‖Yτ (t)‖2‖Y −1
τ (t)‖22a exp


−n

T∫

0

1

‖Hτ (s)‖ds


 ‖Hτ (0)‖,

ãäå λ(Zτ (T )) � ïðîèçâîëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû Zτ (T ). Òîãäà

|λ(Zτ (T ))|2n → 0

ïðè n →∞. Ñëåäîâàòåëüíî, |λ(Zτ (T ))| < 1, ò. å. ñïåêòð ìàòðèöû Zτ (T ) ëåæèò â γ.
Ïî òåîðåìå 1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå êðàåâîé çàäà÷è:

{
d
ds

H̃τ + H̃τAτ (t + s) + A∗
τ (t + s)H̃τ = −I, 0 < s < T,

H̃τ (0) = H̃τ (T ).

Ýòî ðåøåíèå èìååò âèä

H̃τ (s) =

∞∫

0

(Z−1
τ (s))∗Z∗

τ (ξ + s)Zτ (ξ + s)Z−1
τ (s)dξ.

Î÷åâèäíî, ýòîò èíòåãðàë ÿâëÿåòñÿ T -ïåðèîäè÷åñêèì ðåøåíèåì óðàâíåíèÿ
d

ds
H̃τ + H̃τAτ (t + s) + A∗

τ (t + s)H̃τ = −I

ïðè s ≥ 0. Èç (17) èìååì:
H̃τ (s) = Hτ (t + s). (18)

Ïî òåîðåìå 2 ïðè s ≥ 0 ïîëó÷èì

‖Z∗
τ (s)H̃τ (s)Zτ (s)‖ ≤ ‖H̃τ (0)‖ exp


−

s∫

0

1

‖H̃τ (r)‖
dr


 .

Âîçüìåì s = 2kT , âîñïîëüçóåìñÿ ðàâåíñòâàìè (17) è (18):

‖(Yτ (t + 2kT )Y −1
τ (t))∗Hτ (t + 2kT )Yτ (t + 2kT )Y −1

τ (t)‖

≤ ‖Hτ (t)‖ exp


−

2kT∫

0

1

‖Hτ (t + r)‖dr


 .

Íàïîìíèì, ÷òî Yτ (t+2kT ) = Yτ (t)Y
2k

τ (T ) è ìàòðèöà Hτ (t) ÿâëÿåòñÿ T -ïåðèîäè÷åñêîé.
Òîãäà

‖
(
Yτ (t)Y

2k

τ (T )Y −1
τ (t)

)∗
Hτ (t)Yτ (t)Y

2k

τ (T )Y −1
τ (t)‖

≤ ‖Hτ (t)‖ exp


−2k

T∫

0

1

‖Hτ (s)‖ds


 .
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Ïîñêîëüêó

‖Hτ (t)−Hτ
k (t)‖ = ‖

(
Yτ (t)Y

2k

(T )Y −1
τ (t)

)∗
Hτ (t)Yτ (t)Y

2k

τ (T )Y −1
τ (t)‖,

òî îöåíêà (14) äîêàçàíà.
Òåîðåìà äîêàçàíà.
Èç ôîðìóëû (14) âûòåêàåò, ÷òî ïðè íàõîæäåíèè èíòåãðàëîâ Hτ

k (tl) íóæíî âû÷èñ-
ëÿòü ìàòðèöû Bk(tl) è Hτ

0 (tl). Ïðè íàõîæäåíèè ìàòðèö Bk(tl) íå âîçíèêàåò îñîáûõ
òðóäíîñòåé, ïîñêîëüêó

B0(tl) = Yτ (tl)Yτ (T )Y −1
τ (tl),

ãäå
Yτ (t) = e(t−tj)AjeτAj−1 . . . eτA0

ïðè tj ≤ t ≤ tj+1, j = 0, 1, . . . m− 1 è

Bk(tl) = B2
k−1(tl).

Àëãîðèòì âû÷èñëåíèÿ íà÷àëüíîãî ïðèáëèæåíèÿ ìàòðèöû Hτ
0 (tl) îïèñàí â ñëåäóþùåì

ïàðàãðàôå.

�2. Ïðèáëèæåííîå âû÷èñëåíèå èíòåãðàëà Hτ
0 (tl)

Â êà÷åñòâå ïðèáëèæåíèÿ ê H0
τ (0) ðàññìîòðèì ñóììó

Ĥ0
τ (0) =

m−1∑

n=0

Y ∗
τ (tn)Yτ (tn)τ. (19)

Ââåäåì îáîçíà÷åíèå äëÿ l = 1, 2, . . . , m− 1

Ĥ0
τ (tl) =

m−1∑

n=0

(
Y −1

τ (tl)
)∗

Y ∗
τ (tn+l)Yτ (tn+l)Y

−1
τ (tl)τ. (20)

Ïîëó÷èì îöåíêó ñêîðîñòè ñõîäèìîñòè ïðèáëèæåíèé Ĥ0
τ (tl) ê èíòåãðàëó H0

τ (tl).
Òåîðåìà 6. Ïóñòü ìàòðè÷íàÿ ïîñëåäîâàòåëüíîñòü {Sj} òàêàÿ, ÷òî ðÿäû

∞∑
j=0

S∗j (Ĥ
τ
0 (tl)−Hτ

0 (tl))Sj è
∞∑

j=0
S∗j H

τ
0 (tl)Sj ñõîäÿòñÿ. Åñëè τ òàêîå, ÷òî

∆ =
e2aτ − 2aτ − 1

2a
< 1, (21)

òî
‖
∞∑

j=0

S∗j (Ĥ
0
τ (tl)−H0

τ (tl))Sj‖ ≤ ∆

1−∆
‖
∞∑

j=0

S∗j H
0
τ (tl)Sj‖. (22)

Äîêàçàòåëüñòâî. Ïóñòü l = 0. Äëÿ l áîëüøå 0 äîêàçàòåëüñòâî àíàëîãè÷íî. Â
ñèëó (7)

T∫

0

Y ∗
τ (ξ)Yτ (ξ)dξ −

m−1∑

n=0

Y ∗
τ (tn)Yτ (tn)τ =

m−1∑

n=0

Y ∗
τ (tn)




τ∫

0

esA∗nesAnds− τI


 Yτ (tn).
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Ïóñòü j � ïðîèçâîëüíîå öåëîå íåîòðèöàòåëüíîå ÷èñëî. Ïîýòîìó äëÿ ëþáîãî âåêòîðà
v âûïîëíÿåòñÿ íåðàâåíñòâî

∣∣∣
〈(

S∗j (Ĥ
0
τ (0)−H0

τ (0))Sj

)
v, v

〉∣∣∣ ≤
m−1∑

n=0

∥∥∥∥∥∥

τ∫

0

esA∗nesAnds− τI

∥∥∥∥∥∥
|Yτ (tn)Sjv|2 τ.

Îöåíèì âåëè÷èíó
∥∥∥∥∥∥

τ∫

0

esA∗nesAnds− τI

∥∥∥∥∥∥
, n = 0, 1, . . . , m− 1.

Òàê êàê äëÿ ëþáîãî âåêòîðà u âåðíà îöåíêà
〈


τ∫

0

esA∗nesAnds− τI


 u, u

〉
=

τ∫

0

(
|esAnu|2 − |u|2

)
ds ≤

τ∫

0

(
e2as − 1

)
ds|u|2 = ∆|u|2.

Ñëåäîâàòåëüíî,

‖
τ∫

0

esA∗nesAnds− τI‖ ≤ ∆|u|2.

Ïîýòîìó
∣∣∣
〈(

S∗j (Ĥ
0
τ (0)−H0

τ (0))Sj

)
v, v

〉∣∣∣ ≤ ∆
〈(

S∗j Ĥ
0
τ (0)Sj

)
v, v

〉
, j = 0, 1, 2, . . . .

Òîãäà ∣∣∣∣∣∣

〈

∞∑

j=0

S∗j (Ĥ
0
τ (0)−H0

τ (0))Sj


 v, v

〉∣∣∣∣∣∣

≤
∞∑

j=0

∣∣∣
〈(

S∗j (Ĥ
0
τ (0)−H0

τ (0))Sj

)
v, v

〉∣∣∣ ≤ ∆

〈

∞∑

j=0

S∗j Ĥ
0
τ (0)Sj


 v, v

〉
.

Îòñþäà èç íåðàâåíñòâà ∆ < 1 ñëåäóåò îöåíêà (22).
Òåîðåìà äîêàçàíà.

�3. Îöåíêà ñêîðîñòè ñõîäèìîñòè
ïðèáëèæåíèé Ĥτ

k (tl) ê èíòåãðàëó H(tl)

Ïóñòü ïðèáëèæåíèÿìè ê èñõîäíîìó èíòåãðàëó H(tl) áóäóò èíòåãðàëû Ĥτ
k (tl), êî-

òîðûå ïîëó÷àþòñÿ ïî ôîðìóëå (13), åñëè â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ âçÿòü
èíòåãðàëû Ĥτ

0 (tl). Ýòîò ïàðàãðàô ïîñâÿùåí ïîëó÷åíèþ îöåíêè ñêîðîñòè ñõîäèìîñòè
ïðèáëèæåíèé Ĥτ

k (tl) ê èíòåãðàëó H(tl). Äîêàæåì ñëåäóþùóþ òåîðåìó.
Òåîðåìà 6. Ïóñòü âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ìîíîäðîìèè ñèñòåìû (1)

ëåæàò â γ è τ óäîâëåòâîðÿåò íåðàâåíñòâó (21) è Mτh < 1, ãäå M � êîíñòàíòà
Ëèïøèöà èç íåðàâåíñòâà (2), h = max

t∈[0, T ]
‖H(t)‖. Òîãäà âûïîëíåíà îöåíêà

‖H(tl)− Ĥτ
k (tl)‖ ≤

[
Mτh +

1

1−∆
exp

(
−2k(1−Mτh)

T∫

0

1

‖H(s)‖ds

)
+

∆

1−∆

]

8



× 1

1−Mτh
‖H(tl)‖, l = 0, 1, . . . , m− 1, (23)

k � öåëîå íåîòðèöàòåëüíîå ÷èñëî, i � íàòóðàëüíîå ÷èñëî, a = max
t∈[0,T ]

‖A(t)‖.
Äîêàçàòåëüñòâî. Ïóñòü l � ïðîèçâîëüíîå öåëîå ÷èñëî îò 0 äî m−1. Ïîñêîëüêó

â ñèëó (12)

‖H(tl)− Ĥτ
k (tl)‖ ≤ Mτh

1−Mτh
‖H(tl)‖+ ‖Hτ (tl)− Ĥτ

k (tl)‖, (24)

òî îñòàëîñü îöåíèòü ‖Hτ (tl)− Ĥτ
k (tl)‖. Èç ôîðìóëû (13) ñëåäóåò, ÷òî

Ĥτ
k (tl) =

2k−1∑

j=0

(
Yτ (tl)Y

j
τ (T )Y −1

τ (tl)
)∗

Ĥτ
0 (tl)Yτ (tl)Y

j
τ (T )Y −1

τ (tl). (25)

Îáîçíà÷èì ÷åðåç H
τ
(tl) ñóììó ðÿäà

∞∑

j=0

(
Yτ (tl)Y

j
τ (T )Y −1

τ (tl)
)∗

Ĥτ
0 (tl)Yτ (tl)Y

j
τ (T )Y −1

τ (tl). (26)

Òîãäà
‖Hτ (tl)− Ĥτ

k (tl)‖ ≤ ‖Hτ
(tl)− Ĥτ

k (tl)‖+ ‖Hτ (tl)−H
τ
(tl)‖. (27)

Îöåíèì ïåðâîå ñëàãàåìîå â (27). Èç (9) ëåãêî ïîëó÷èòü, ÷òî

Hτ (tl) =
∞∑

j=0

(
Yτ (tl)Y

j
τ (T )Y −1

τ (tl)
)∗

Hτ
0 (tl)Yτ (tl)Y

j
τ (T )Y −1

τ (tl). (28)

Òîãäà, ïîëàãàÿ â òåîðåìå 5 Sj = Yτ (tl)Y
2k+j
τ (T )Y −1

τ (tl), j = 0, 1, 2, . . ., â ñèëó (25)
èìååì

‖Hτ
(tl)− Ĥτ

k (tl)‖ ≤ 1

1−∆
‖

(
Yτ (tl)Y

2k

τ (T )Y −1
τ (tl)

)∗
Hτ (tl)Yτ (tl)Y

2k

τ (T )Y −1
τ (tl)‖

(ó÷èòûâàÿ òåîðåìó 4 è îöåíêó (12))

≤ 1

1−∆

1

1−Mτh
‖H(tl)‖ exp


−2k(1−Mτh)

T∫

0

1

‖H(s)‖ds


 .

Ñëåäîâàòåëüíî,
‖Hτ

(tl)− Ĥτ
k (tl)‖ ≤ 1

1−∆

1

1−Mτh
‖H(tl)‖

× exp

(
−2k(1−Mτh)

T∫

0

1

‖H(s)‖ds

)
. (29)

Îöåíèì òåïåðü âòîðîå ñëàãàåìîå â (27). Â ñèëó (26), (28)

‖Hτ (tl)−H
τ
(tl)‖ ≤ ‖ (Hτ

0 (tl))
− 1

2 (Hτ
0 (tl)−Hτ

0 (tl)) (Hτ
0 (tl))

− 1
2 ‖
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×‖
∞∑

j=0

(
Yτ (tl)Y

j
τ (T )Y −1

τ (tl)
)∗

Hτ
0 (tl)Yτ (tl)Y

j
τ (T )Y −1

τ (tl)‖.

Èç (21) èìååì
‖Hτ (tl)−H

τ
(tl)‖ ≤ ∆

1−∆
‖Hτ (tl)‖.

Â ñèëó (12)
‖Hτ (tl)−H

τ
(tl)‖ ≤ ∆

1−∆
‖H(tl)‖. (30)

Èç (27), (29) è (30) ïîëó÷àåì îöåíêó

‖Hτ (tl)−H
τ
(tl)‖ ≤

[
1

1−∆
exp

(
−2k(1−Mτh)

T∫

0

1

‖H(s)‖ds

)
+

∆

1−∆

]

× 1

1−Mτh
‖H(tl)‖.

Òîãäà â ñèëó (24) îöåíêà (23) äîêàçàíà.
Òåîðåìà äîêàçàíà.
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