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1 Ââåäåíèå

Â ðàáîòå áóäåì ðàññìàòðèâàòü ñèñòåìû íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé ñëåäóþùåãî
âèäà 




x(t) =
t∫

y(t)

H(t, τ, x(τ))dτ,

t∫
y(t)

K(t, τ, x(τ))dτ = f(t),

t ∈ [t0, T ), t0 < T 6 ∞, (1.1)

ñ íà÷àëüíûìè óñëîâèÿìè

y(t0) = Y0 < t0, x(τ) ≡ ϕ0(τ), τ ∈ (−∞, t0].

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî çàäàííûå ôóíêöèè H(t, τ, x), K(t, τ, x), f(t), ϕ0(t) íåïðåðûâíû,
íåîòðèöàòåëüíû ïðè τ ∈ (−∞, T ), t ∈ [t0, T ), x ∈ [0,∞) è óäîâëåòâîðÿþò óðàâíåíèÿì
ñèñòåìû (1.1) â òî÷êå t = t0.

Èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà ñ íåèçâåñòíûì ïðåäåëîì èíòåãðèðîâàíèÿ íàõîäÿò
ìíîãî÷èñëåííûå ïðèëîæåíèÿ [1, 3, 15, 16]. Îíè ñëóæàò äëÿ îïèñàíèÿ ìîäåëåé
ìàêðîýêîíîìèêè (ñì. ññûëêè â [8]), ìîãóò áûòü ïðèìåíåíû äëÿ îïèñàíèÿ çàäà÷ çàìåíû
îáîðóäîâàíèÿ â ïðîèçâîäñòâåííûõ ñèñòåìàõ [6, 16] (çàäà÷à îïðåäåëåíèÿ îïòèìàëüíîãî
âðåìåííîãî èíòåðâàëà äëÿ ñëóæáû ïðîèçâîäñòâåííîãî îáîðóäîâàíèÿ [6]), èñïîëüçóþòñÿ â
òåîðèè âîññòàíîâëåíèÿ è ìàòåìàòè÷åñêîé ýêîëîãèè. Â òåîðèè àâòîìàòè÷åñêîãî óïðàâëåíèÿ
ñèñòåìû âèäà (1.1) ïðåäñòàâëÿþò èíòåãðàëüíóþ ìîäåëü íåëèíåéíîé äèíàìè÷åñêîé
ñèñòåìû ñ âõîäîì x(t) è íåèçâåñòíîé âåëè÷èíîé çàäåðæêè t− y(t) > 0.

Ïðèâåäåì äëÿ ñèñòåìû (1.1) òåîðåìó î ñóùåñòâîâàíèè ðåøåíèÿ, äîêàçàííóþ
Þ. Ï. ßöåíêî â ðàáîòå [16].

T å î ð å ì à 1.1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:



1. H(t, τ, x), K(t, τ, x) ïîëîæèòåëüíû ïðè τ ∈ (−∞, T ), t ∈ [t0, T ), x ∈ (0,∞);

2. èíòåãðàë
∫ t0
−∞ K(t, τ, ϕ0(τ))dτ� ðàñõîäèòñÿ, t ∈ [t0, T );

3. H(t, τ, x), K(t, τ, x) è f(t) óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà ïî x, t è, êðîìå òîãî,
H(t,τ,x)
K(t,τ,x)

� îãðàíè÷åíà ïðè τ ∈ (−∞, T ), t ∈ [t0, T ), x ∈ [0,∞).

Òîãäà ñèñòåìà óðàâíåíèé (1.1) èìååò åäèíñòâåííîå ðåøåíèå x(t) ∈ C[t0, T ), y(t) ∈
C[t0, T ), òàêîå, ÷òî x(t) > 0, y(t) < t.

2 Èòåðàöèîííûé ìåòîä

Äëÿ ïîñòðîåíèÿ ïðèáëèæåííîãî ìåòîäà ðåøåíèÿ ñèñòåìû (1.1) íà îòðåçêå [t0, T ],

ïåðåïèøåì åå â âèäå




P1(x(t), y(t)) ≡ x(t)−
t∫

y(t)

H(t, τ, x(τ))dτ = 0,

P2(x(t), y(t)) ≡ f(t)−
t∫

y(t)

K(t, τ, x(τ))dτ = 0,

0 < t0 6 t 6 T (2.1)

èëè â îïåðàòîðíîé ôîðìå

P (X) =
(
P1(X), P2(X)

)
= 0, X = (x(t), y(t)). (2.2)

Óðàâíåíèå (2.2) áóäåì ðåøàòü ìîäèôèöèðîâàííûì ìåòîäîì Íüþòîíà-Êàíòîðîâè÷à.
Ïðåäëîæåííûé íèæå àëãîðèòì ÿâëÿåòñÿ îáîáùåíèåì èòåðàöèîííî-ïðîåêöèîííîãî ìåòîäà,
ïîñòðîåííîãî â [2], íà ñëó÷àé íåëèíåéíîñòè ïî ïåðåìåííîé x ÿäåð H(t, τ, x) è K(t, τ, x)

èíòåãðàëüíûõ óðàâíåíèé ñèñòåìû (1.1) (ñì òàêæå [9]).
Èòåðàöèîííûé ïðîöåññ ïðèìåò âèä

Xm+1 = Xm − [P ′(X0)]
−1(P (Xm)), m = 0, 1, . . . ., (2.3)

ãäå X0 = (x0(t), y0(t)) � íà÷àëüíîå ïðèáëèæåíèå.
Íåòðóäíî ïîêàçàòü, ÷òî ïðîèçâîäíàÿ P ′(X0) íåëèíåéíîãî îïåðàòîðà P (X) â òî÷êå X0

îïðåäåëÿåòñÿ ìàòðèöåé èç ÷àñòíûõ ïðîèçâîäíûõ



∂P1

∂x

∣∣∣
(x0,y0)

∂P1

∂y

∣∣∣
(x0,y0)

∂P2

∂x

∣∣∣
(x0,y0)

∂P2

∂y

∣∣∣
(x0,y0)
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Ñëåäîâàòåëüíî, ñèñòåìà îòíîñèòåëüíî ïîïðàâêè íà ïåðâîé èòåðàöèè èìååò âèä




∂P1

∂x(t)

∣∣∣
(x0,y0)

(∆x(t)) + ∂P1

∂y(t)

∣∣∣
(x0,y0)

(∆y(t)) = −P1(x0(t), y0(t))

∂P2

∂x(t)

∣∣∣
(x0,y0)

(∆x(t)) + ∂P2

∂y(t)

∣∣∣
(x0,y0)

(∆y(t)) = −P2(x0(t), y0(t)),

(2.4)

ãäå ∆x(t) = x1(t)− x0(t), ∆y(t) = y1(t)− y0(t);

∂P1

∂x

∣∣∣
(x0,y0)

= lim
s→0

P1(x0 + sx, y0)− P1(x0, y0)

s
= x(t)−

t∫

y0(t)

H3(t, τ, x0(τ))x(τ)dτ ;

∂P1

∂y

∣∣∣
(x0,y0)

= H
(
t, y0(t), x0(y0(t))

)
y(t);

∂P2

∂x

∣∣∣
(x0,y0)

= −
t∫

y0(t)

K3(t, τ, x0(τ))x(τ)dτ ;

∂P2

∂y

∣∣∣
(x0,y0)

= K
(
t, y0(t), x0(y0(t))

)
y(t);

H3(t, τ, x0) =
∂H(t, τ, x)

∂x

∣∣∣∣
x=x0

, K3(t, τ, x0) =
∂K(t, τ, x)

∂x

∣∣∣∣
x=x0

.

(Ïðåäïîëàãàåòñÿ, ÷òî ÿäðà H è K � äèôôåðåíöèðóåìû ïî ïåðåìåííîé x â òî÷êå x0.)
Òàêèì îáðàçîì, ñèñòåìà (2.4) ïðèíèìàåò âèä





∆x(t)−
t∫

y0(t)

H3(t, τ, x0(τ))∆x(τ)dτ + H
(
t, y0(t), x0(y0(t))

)
∆y(t) =

=
t∫

y0(t)

H(t, τ, x0(τ))dτ − x0(t),

−
t∫

y0(t)

K3(t, τ, x0(τ))∆x(τ)dτ + K
(
t, y0(t), x0(y0(t))

)
∆y(t) =

=
t∫

y0(t)

K(t, τ, x0(τ))dτ − f(t).

(2.5)

Ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (2.5) � ëèíåéíà, ðåøàÿ åå îòíîñèòåëüíî ∆x(t) è
∆y(t), íàõîäèì

(
x1(t), y1(t)

)
. Ïðîäîëæèâ ýòîò ïðîöåññ, ïîëó÷èì ïîñëåäîâàòåëüíîñòü

ïðèáëèæåííûõ ðåøåíèé
(
xm(t), ym(t)

)
, îïðåäåëÿåìûõ èç ñèñòåì





∆xm(t)−
t∫

y0(t)

H3(t, τ, x0(τ))∆xm(τ)dτ + H
(
t, y0(t), x0(y0(t))

)
∆ym(t) =

=
t∫

ym−1(t)

H(t, τ, xm−1(τ))dτ − xm−1(t),

−
t∫

y0(t)

K3(t, τ, x0(τ))∆xm(τ)dτ + K
(
t, y0(t), x0(y0(t))

)
∆ym(t) =

=
t∫

ym−1(t)

K(t, τ, xm−1(τ))dτ − f(t).

(2.6)
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ãäå ∆xm(t) = xm(t)− xm−1(t), ∆ym(t) = ym(t)− ym−1(t), m = 2, 3, . . . .

Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ êàæäîãî ñëåäóþùåãî ïðèáëèæåíèÿ òðåáóåòñÿ ðåøåíèå
ñèñòåìû äâóõ ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà. Ïðè ýòîì ÿäðà óðàâíåíèé â
ëåâûõ ÷àñòÿõ íà êàæäîì øàãó îñòàþòñÿ íåèçìåííûìè.

Ïóñòü C =
{
X = {x(t), y(t)} : x(t), y(t) ∈ C[t0,T ]

}
� âåêòîðíîå ôóíêöèîíàëüíîå

ïðîñòðàíñòâî ñ íîðìîé ‖X‖C = max{‖x‖C[t0,T ]
, ‖y‖C[t0,T ]

}. Ñôîðìóëèðóåì òåîðåìó
ñõîäèìîñòè äëÿ èòåðàöèîííîãî ïðîöåññà (2.6) [5, 2]:

T å î ð å ì à 2.1. Ïóñòü îïåðàòîð P èìååò íåïðåðûâíóþ âòîðóþ ïðîèçâîäíóþ â
øàðå Ω0 (‖X −X0‖ 6 r) è âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1. ñèñòåìà (2.5) èìååò â îáëàñòè [t0, T ] åäèíñòâåííîå ðåøåíèå, ò.å. ñóùåñòâóåò Γ0 =

[P ′(X0)]
−1;

2. ‖∆X‖ = max{‖∆x‖C[t0,T ]
, ‖∆y‖C[t0,T ]

} 6 η;

3. ‖Γ0P
′′(X)‖ 6 L â Ω0.

Òîãäà, åñëè h = Lη < 1
2
è 1−√1−2h

h
η 6 r 6 1+

√
1−2h
h

η, òî óðàâíåíèå (2.2) èìååò â Ω0

åäèíñòâåííîå ðåøåíèå X∗, ê êîòîðîìó ñõîäèòñÿ ïðîöåññ (2.6), à ñêîðîñòü ñõîäèìîñòè
îöåíèâàåòñÿ íåðàâåíñòâîì

‖X∗ −Xm‖ 6 η

h
(1−

√
1− 2h)m+1, m = 0, 1, . . . .

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà òåîðåìû ïðîâåðèì âûïîëíåíèå óñëîâèÿ 1 è
ïðîâåðèì îãðàíè÷åííîñòü âòîðîé ïðîèçâîäíîé, íåîáõîäèìîé äëÿ îöåíêè êîíñòàíòû L â
óñëîâèè 3.

Òàê êàê â óñëîâèÿõ òåîðåìû 1.1, ôóíêöèè H è K ïîëîæèòåëüíû, òî, èñêëþ÷èâ èç
ñèñòåìû (2.6) ∆y(t), èìååì





∆xm(t)−
t∫

y0(t)

h0(t, τ)∆xm(τ)dτ = Fm(t),

∆ym(t) = 1

K
(

t,y0(t),x0(y0(t))
)

[
t∫

y0(t)

K3(t, τ, x0(τ))∆xm(τ)dτ+

+
t∫

ym−1(t)

K(t, τ, xm−1(τ))dτ − f(t)

]
.

(2.7)
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ãäå
h0(t, τ) = H3(t, τ, x0(τ))− H

(
t, y0(τ), x0(y0(τ))

)

K
(
t, y0(τ), x0(y0(τ))

)K3(t, τ, x0(τ)),

Fm(t) =

t∫

ym−1(t)

[
H(t, τ, xm−1(τ))− H

(
t, y0(τ), x0(y0(τ))

)

K
(
t, y0(τ), x0(y0(τ))

)K(t, τ, xm−1(τ))

]
dτ+

+
H

(
t, y0(τ), x0(y0(τ))

)

K
(
t, y0(τ), x0(y0(τ))

)f(t)− xm−1(t).

Ïåðâîå óðàâíåíèå â ñèñòåìå (2.7) ÿâëÿåòñÿ ëèíåéíûì èíòåãðàëüíûì óðàâíåíèåì
Âîëüòåððà âòîðîãî ðîäà ñ íåïðåðûâíûìè êîýôôèöèåíòàìè. Ïîýòîìó, âûáðàâ íà÷àëüíîå
ïðèáëèæåíèå y0(t) òàêèì, ÷òîáû Y0 6 y0(t) 6 t, äåëàåì âûâîä, ÷òî ýòî óðàâíåíèå
èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ìîæåò áûòü ïîëó÷åíî ìåòîäîì ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé (ñì. íàïðèìåð [7]). Ôóíêöèÿ ∆ym(t) çàòåì îäíîçíà÷íî îïðåäåëÿåòñÿ èç
âòîðîãî óðàâíåíèÿ ñèñòåìû (2.7).

Òàêèì îáðàçîì, ñèñòåìà (2.6) èìååò åäèíñòâåííîå ðåøåíèå (â òîì ÷èñëå ïðè m = 1),
ò.å. âûïîëíÿåòñÿ óñëîâèå 1 òåîðåìû.

Íåòðóäíî ïðîâåðèòü, ÷òî äîñòàòî÷íûì óñëîâèåì îãðàíè÷åííîñòè âòîðîé ïðîèçâîäíîé
P ′′(X0)(X) ÿâëÿåòñÿ äèôôåðåíöèðóåìîñòü íà÷àëüíîãî ïðèáëèæåíèÿ x0(t) è ôóíêöèé H è
K ïî âòîðîé ïåðåìåííîé. Äîêàçàòåëüñòâî îêîí÷åíî.

Ïîêàæåì òåïåðü, ÷òî äëÿ äîñòàòî÷íî áîëüøèõ m áóäåò âûïîëíåíî óñëîâèå ym(t) < t.
Äåéñòâèòåëüíî, òàê êàê òî÷íîå ðåøåíèå ñèñòåìû (1.1) y∗(t) < t, òî max

t∈[t0,T ]
y∗(t) = t− q,

ãäå q = const > 0. Èç òåîðåìû 2.1 ñëåäóåò, ÷òî ‖ym − y∗‖ 6 εm, ò.å.

max
t∈[t0,T ]

|ym(t)− y∗(t)| 6 εm,

|ym(t)− y∗(t)| 6 εm, ∀t ∈ [t0, T ],

−εm 6 ym(t)− y∗(t) 6 εm,

y∗(t)− εm 6 ym(t) 6 y∗(t) + εm,

èëè
ym(t) 6 t− q + εm < t, ïðè εm < q,

÷òî äîñòèãàåòñÿ âûáîðîì äîñòàòî÷íî áîëüøîãî ÷èñëà èòåðàöèé m.
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3 Óðàâíåíèÿ Âîëüòåððà ñ ïåðåìåííîé çàäåðæêîé

Íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà (2.6) âîçíèêàåò íåîáõîäèìîñòü ðåøåíèÿ
ëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà ñëåäóþùåãî âèäà

x(t)−
t∫

y(t)

h(t, τ)x(τ)dτ = F (t), t ∈ [t0, T ], (3.1)

ãäå y(t) < t � íåóáûâàþùàÿ ôóíêöèÿ, y(t0) = Y0 < t0, x(t) = ϕ0(t) ïðè t 6 t0.

Äëÿ ðåøåíèÿ óðàâíåíèÿ (3.1) âîñïîëüçóåìñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé:

xn+1(t) = F (t) +

t∫

y(t)

h(t, τ)xn(τ)dτ, t ∈ [t0, T ], x0(t) = F (t). (3.2)

Ââåäåì íà îòðåçêå [t0, T ] ðàâíîìåðíóþ ñåòêó (w), ñîñòîÿùóþ èç òî÷åê ti = t0 + (T −
t0)

i
N

, i = 1, N. Êàæäûé èç èíòåðâàëîâ [tk−1, tk], k = 1, N, ðàçîáüåì â ñâîþ î÷åðåäü òî÷êàìè

tjk =
tk + tk−1

2
+

tk − tk−1

2
ξj, t0k = tk−1 j = 1, r − 2, k = 1, N,

ãäå ξj � íóëè ìíîãî÷ëåíà Ëåæàíäðà ñòåïåíè r − 2, à ïàðàìåòð r çàâèñèò îò ãëàäêîñòè
âõîäÿùèõ â èíòåãðàëüíîå óðàâíåíèå (3.1) ôóíêöèé.

Çíà÷åíèÿ î÷åðåäíîãî ïðèáëèæåíèÿ â òî÷êàõ tjk áóäåì îïðåäåëÿòü èç ðàâåíñòâ

xn+1(t
j
k) = F (tjk) +

tjk∫

y(tjk)

h(tjk, τ)xn(τ)dτ, j = 0, r − 2, k = 1, N. (3.3)

Ïðèáëèæåííîå ðåøåíèå íà êàæäîé èòåðàöèè ïðåäñòàâëÿåò ñîáîé íåïðåðûâíûé
ïîëèíîìèàëüíûé ñïëàéí x̃n(t), ñîñòàâëåííûé èç N èíòåðïîëÿöèîííûõ ïîëèíîìîâ ñòåïåíè
r−1, ïîñòðîåííûõ ïî óçëàì tjk è tk, j = 0, r − 2, äëÿ êàæäîãî èíòåðâàëà [tk−1, tk], k = 1, N.

Ââåäåì íà ñåòêå (w) öåëî÷èñëåííóþ ôóíêöèþ

Vw(t) =





l, ïðè t ∈ (tl−1, tl], l = 1, N,

0, ïðè t /∈ (t0, T ]

è îáîçíà÷èì Vk,j = Vw(y(tjk)). Òîãäà ðàâåíñòâà (3.3) ìîæíî çàïèñàòü â âèäå

xn+1(t
j
k) = F (tjk) +

tVk,j∫

y(tjk)

h(tjk, τ)ϕ0(τ)dτ+

+
k−1∑

i=Vk,j+1

ti∫

ti−1

h(tjk, τ)xn(τ)dτ +

tjk∫

tk−1

h(tjk, τ)x̃n(τ)dτ, j = 0, r − 2, k = 1, N.

(3.4)
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Ïåðâûé èíòåãðàë ïî îòðåçêó [y(tjk), tVk,j
]â ôîðìóëå (3.4) âû÷èñëÿåì ïî êâàäðàòóðíîé

ôîðìóëå Ãàóññà ñ (r − 2) óçëàìè, à â ñëó÷àå åñëè tVk,j
− y(tjk) > T−t0

N
� ïî ñîñòàâíîé

ôîðìóëå Ãàóññà ñ øàãîì, íå áîëüøèì T−t0
N

. Äëÿ âû÷èñëåíèÿ îñòàëüíûõ èíòåãðàëîâ â (3.4)
òàêæå èñïîëüçóåòñÿ ôîðìóëà Ãàóññà ñ (r−2) óçëàìè, ïðè ýòîì â êà÷åñòâå ïðîìåæóòî÷íûõ
çíà÷åíèé ïðèáëèæåíèÿ xn(t) ïðè àïïðîêñèìàöèè ïîñëåäíåãî èíòåãðàëà èñïîëüçóþòñÿ
çíà÷åíèÿ ñïëàéíà x̃n(t).

Íà ïðàêòèêå ÷àñòî áûâàåò óäîáíî èñïîëüçîâàòü àïïðîêñèìàöèþ òî÷íîãî ðåøåíèÿ
êóñî÷íî-ëèíåéíîé ôóíêöèåé (r = 2). Ïðÿìîé ÷èñëåííûé ìåòîä ðåøåíèÿ óðàâíåíèé âèäà
(3.1) äëÿ ýòîãî ñëó÷àÿ ïîäðîáíî îïèñàí â [2].

×èñëåííàÿ ðåàëèçàöèÿ ïðåäëîæåííîãî àëãîðèòìà ðåøåíèÿ ñèñòåì âèäà (1.1) íà
ìîäåëüíûõ çàäà÷àõ ïîäòâåðæäàåò åãî âûñîêóþ ýôôåêòèâíîñòü.

4 Ïðÿìîé ìåòîä

Îäíîé èç ãëàâíûõ òðóäíîñòåé â ïðèìåíåíèè èòåðàöèîííûõ ìåòîäîâ ÿâëÿåòñÿ âûáîð
"äîñòàòî÷íî õîðîøåãî"íà÷àëüíîãî ïðèáëèæåíèÿ, îáåñïå÷èâàþùåãî ñõîäèìîñòü ïðîöåññà.
Â ýòîì ïàðàãðàôå ïîñòðîåí ïðÿìîé ÷èñëåííûé ìåòîä äëÿ îïðåäåëåíèÿ ïðèáëèæåííîãî
ðåøåíèÿ äëÿ ñëó÷àÿ ñèñòåì ñ ÿäðàìè, ëèíåéíûìè ïî ïåðåìåííîé x (ñì. òàêæå [8, 10, 11]).

Ðàññìîòðèì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé



x(t) =
t∫

y(t)

H(t, τ)x(τ)dτ,

t∫
y(t)

K(t, τ)x(τ)dτ = f(t),

0 < t0 6 t 6 T (4.1)

ìåòîäîâ
Äëÿ ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ ñèñòåìû (4.1) ðàçîáüåì âåñü èíòåðâàë

ïëàíèðîâàíèÿ [t0, T ] íà N ÷àñòåé òî÷êàìè tk = t0 + (T − t0)
k
N

, k = 0, N.

Ðåøåíèå áóäåì èñêàòü â âèäå êóñî÷íî-ïîñòîÿííîé ôóíêöèè xN(t) è êóñî÷íî-ëèíåéíîé
yN(t).

Ñëîæíîñòü ïîñòðîåíèÿ âû÷èñëèòåëüíîé ñõåìû äëÿ îïðåäåëåíèÿ ïðèáëèæåííûõ
ðåøåíèé xN(t) è yN(t) ñèñòåìû (4.1) çàêëþ÷àåòñÿ â àïïðîêñèìàöèè èíòåãðàëîâ ñèñòåìû
êâàäðàòóðíûìè ñóììàìè, ââèäó òîãî, ÷òî îäíà èç íåèçâåñòíûõ ôóíêöèé ñîäåðæèòñÿ â
ïðåäåëå èíòåãðèðîâàíèÿ, ò. å. äàæå äëÿ ôèêñèðîâàííîãî çíà÷åíèÿ t = tk íåèçâåñòíà äëèíà
èíòåðâàëà èíòåãðèðîâàíèÿ.
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Îáîçíà÷èì ÷åðåç vk íîìåð ñåãìåíòà, íà êîòîðûé ïîïàäàåò çíà÷åíèå yk = y(tk), ò. å.
yk ∈ [tvk−1, tvk

].

Ïîòðåáóåì, ÷òîáû â òî÷êàõ t = tk óðàâíåíèÿ ñèñòåìû (4.1) îáðàùàëèñü â ðàâåíñòâà:




x(tk) =
tk∫

y(tk)

H(tk, τ)x(τ)dτ,

tk∫
y(tk)

K(tk, τ)x(τ)dτ = f(tk), k = 1, N.

(4.2)

Îòìåòèì, ÷òî çíà÷åíèÿ ôóíêöèé x(t) è y(t) ïðè 0 < t 6 t0 ñ÷èòàþòñÿ èçâåñòíûìè
(çàäàííàÿ ïðåäûñòîðèÿ).

Ïðåäñòàâèì äàëåå ñèñòåìó (4.2) â âèäå




xk =
tvk∫
yk

H(tk, τ)x(τ)dτ +
k−1∑
j=vk

tj+1∫
tj

H(tk, τ)x(τ)dτ,

tvk∫
yk

K(tk, τ)x(τ)dτ +
k−1∑
j=vk

tj+1∫
tj

K(tk, τ)x(τ)dτ = fk,

(4.3)

ãäå xk = x(tk), yk = y(tk), fk = f(tk), k = 1, N.

Âîçìîæíû äâà ñëó÷àÿ äëÿ êàæäîãî k.

Cëó÷àé I. vk = k.

Èñïîëüçóÿ íà ìàëûõ ó÷àñòêàõ äëÿ èíòåãðàëîâ êâàäðàòóðíóþ ôîðìóëó
ïðÿìîóãîëüíèêîâ, èìååì 




xk = (tk − yk)H(tk, tk)xk

fk = (tk − yk)K(tk, tk)xk.

Îòñþäà
xk =

fkH(tk, tk)

K(tk, tk)
, yk = tk − 1

H(tk, tk)
, k = 1, N, (4.4)

ïðè÷åì K(t, t), H(t, t) 6= 0 ïðè t ∈ [t0, T ] èç ýêîíîìè÷åñêèõ ñîîáðàæåíèé.
Cëó÷àé II. vk < k.

Ïðèìåíÿÿ ê (4.3) ôîðìóëó ñðåäíèõ ïðÿìîóãîëüíèêîâ, èìååì




xk = (tvk
− yk)H(tk, tvk

)xvk
+ (tk − tk−1)H(tk, tk−0.5)xk + SH(vk)

fk = (tvk
− yk)K(tk, tvk

)xvk
+ (tk − tk−1)K(tk, tk−0.5)xk + SK(vk),

ãäå

SH(vk) =
k−2∑
j=vk

H(tk, tj+0.5)xj+1,
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SK(vk) =
k−2∑
j=vk

K(tk, tj+0.5)xj+1,

tk−0.5 =
tk−1 + tk

2
, tk+0.5 =

tk + tk+1

2
.

Ñëåäîâàòåëüíî,

xk − fk = (tvk
− yk)xvk

[
H(tk, tvk

)−K(tk, tvk
)
]

+ SH(vk)−

−SK(vk) + (tk − tk−1)xk

[
H(tk, tk−0.5)−K(tk, tk−0.5)

]
.

Îòñþäà 



xk =
fk+(tvk

−yk)xvk

[
H(tk,tvk

)−K(tk,tvk
)
]
+SH(vk)−SK(vk)

1+(tk−tk−1)
[
K(tk,tk−0.5)−H(tk,tk−0.5)

] ,

(tvk
− yk)xvk

= fk−(tk−tk−1)K(tk,tk−0.5)xk−SK(vk)

K(tk,tvk
)

.

Òàêèì îáðàçîì,

xk =
fk +

(
fk−(tk−tk−1)K(tk,tk−0.5)xk−SK(vk)

)[
H(tk,tvk

)−K(tk,tvk
)
]

K(tk,tvk
)

+ SH(vk)− SK(vk)

1 + (tk − tk−1)
[
K(tk, tk−0.5)−H(tk, tk−0.5)

] .

Îáîçíà÷èâ
A =

H(tk, tvk
)−K(tk, tvk

)

K(tk, tvk
)

,

B = 1 + (tk − tk−1)
[
K(tk, tk−0.5)−H(tk, tk−0.5)

]
,

ïîëó÷àåì îêîí÷àòåëüíî




xk = SH(vk)+(1+A)(fk−SK(vk))
B+A(tk−tk−1)K(tk,tk−0.5)

,

yk = tvk
+ SK(vk)−fk+(tk−tk−1)K(tk,tk−0.5)xk

xvk
K(tk,tvk

)
, k = 1, N.

(4.5)

Òàêèì îáðàçîì, ïðè çíàíèè íîìåðîâ vk, k = 1, N, ïðèáëèæåííûå çíà÷åíèÿ xk è yk

èñêîìûõ ôóíêöèé â òî÷êàõ ñåòêè ìîãóò áûòü íàéäåíû ïî ôîðìóëàì (4.4),(4.5).
Èäåÿ îïðåäåëåíèÿ íîìåðîâ vk ñîñòîèò â ïîñëåäîâàòåëüíîì äëÿ êàæäîãî íîìåðà óçëà

k = 1, 2, . . . , N, ïåðåáîðå âîçìîæíûõ çíà÷åíèé vk : vk = 1, vk = 2, . . . , vk = k, è íàõîæäåíèè
ñîîòâåòñòâóþùèõ çíà÷åíèé xk è yk ïî ôîðìóëàì (4.4),(4.5). Ïåðåáîð ïðåêðàùàåòñÿ â ñëó÷àå
âûïîëíåíèÿ óñëîâèÿ yk ∈ [tvk−1, tvk

], ïîäòâåðæäàþùåãî ïðåäïîëîæåíèå î ïðèíàäëåæíîñòè
yk óêàçàííîìó èíòåðâàëó.

Íåòðóäíî âèäåòü, ÷òî ïîãðåøíîñòü ïðèáëèæåííîãî ðåøåíèÿ ñèñòåìû (4.1) ïî
âû÷èñëèòåëüíîé ñõåìå (4.4),(4.5) ñîñòàâëÿåò O( 1

N
).
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5 ×èñëåííûå ïðèìåðû

Íèæå ïðèâåäåíû íåêîòîðûå ÷èñëåííûå ðåçóëüòàòû ðàáîòû êàê ïðÿìîãî ÷èñëåííîãî ìåòîäà
(çàäà÷è 1-2), òàê è áîëåå ñëîæíîãî èòåðàöèîííîãî àëãîðèòìà (çàäà÷è 3-4).

Ìîäåëüíàÿ çàäà÷à 1.




x(t)−
t∫

y(t)

etτx(τ)dτ = 0,

t∫
y(t)

et−τx(τ)dτ = et t2−ln(et2−t−1)
t+1

,

t ∈ [3, 5], (5.1)

Îòìåòèì, ÷òî ïåðâîå óðàâíåíèå â ñèñòåìå (5.1) èìååò íåâûðîæäåííîå áûñòðîðàñòóùåå
ÿäðî H(t, τ).

Òî÷íûì ðåøåíèåì ñèñòåìû (5.1) ÿâëÿþòñÿ ôóíêöèè

x∗(t) = et, y∗(t) =
t + ln(et2 − t− 1)

t + 1
.

Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: N � ÷èñëî óçëîâ,
εx = max

i
|xm(ti)− x∗(ti)|, εy = max

i
|ym(ti)− y∗(ti)| � òî÷íîñòü â óçëàõ.

N εx εy

10 0.0018 2.68 · 10−9

20 0.0031 9.2 · 10−9

50 0.0041 1.89 · 10−8

100 0.0045 2.41 · 10−8

150 0.0047 2.6 · 10−8

Òàáëèöà 1: Òî÷íîñòü ðåøåíèÿ (5.1)

Ìîäåëüíàÿ çàäà÷à 2.




x(t)−
t∫

y(t)

tτx(τ)dτ = 0,

t∫
y(t)

τx(τ)dτ = 1,

t ∈ [10, 15], (5.2)

Òî÷íûì ðåøåíèåì ñèñòåìû (5.2) ÿâëÿþòñÿ ôóíêöèè x∗(t) = t è y∗(t) = 3
√

t3 − 3.
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N εx εy

30 4.62 · 10−14 0.0052
60 2.13 · 10−14 0.0012
100 1.24 · 10−14 0.0004
200 7.11 · 10−15 7.31 · 10−5

500 1.78 · 10−15 9.96 · 10−6

Òàáëèöà 2: Òî÷íîñòü ðåøåíèÿ (5.2)

Ìîäåëüíàÿ çàäà÷à 3 (ëèíåéíûå ÿäðà).




x(t)−
t∫

y(t)

tτx(τ)dτ = 0,

t∫
y(t)

τx(τ)dτ = 6,

t ∈ [10, 15]. (5.3)

Òî÷íîå ðåøåíèå: x∗(t) = 6t, y∗(t) = 3
√

t3 − 3.
Íèæå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: N � ÷èñëî óçëîâ, m � ÷èñëî èòåðàöèé;

εx = max
i
|XN

m (ti)− x∗(ti)|, εy = max
i
|Y N

m (ti)− y∗(ti)| � ïîãðåøíîñòü â óçëàõ.
Ðåçóëüòàòû äëÿ ñèñòåìû (5.3) ïðè íà÷àëüíîì ïðèáëèæåíèè x0(t) = 2t+50, y0(t) = 0.9t)

ïðèâåäåíû â Òàáëèöå 3:

N m εx εy

50 1 7.11 · 10−12 0.26

50 2 8.14 · 10−12 0.083

50 5 6.12 · 10−15 0.00215

50 10 3.29 · 10−15 5.04 · 10−6

50 20 3.01 · 10−15 2.78 · 10−11

50 30 3.01 · 10−15 3.35 · 10−13

Òàáëèöà 3:

Òàáëèöà 4 ñîäåðæèò ðåçóëüòàòû äëÿ ñèñòåìû (5.3) ïðè èñïîëüçîâàíèè ìåíåå òî÷íîãî
íà÷àëüíîãî ïðèáëèæåíèÿ x0(t) = 30, y0(t) = 2t.

11



N m εx εy

50 1 6.21 · 10−11 37.50

50 2 7.86 · 10−12 14.76

50 3 5.24 · 10−13 9.57

50 4 8.17 · 10−14 4.81

50 5 7.12 · 10−14 1.29

50 10 2.97 · 10−14 0.0051

50 20 1.31 · 10−14 2.88 · 10−6

50 30 1.05 · 10−14 2.76 · 10−9

50 50 1.01 · 10−14 3.47 · 10−13

Òàáëèöà 4:

Ìîäåëüíàÿ çàäà÷à 4 (íåëèíåéíûå ÿäðà).




x(t)−
t∫

y(t)

etτx3(τ)dτ = 0,

t∫
y(t)

√
x(τ)dτ = et −

(
e2t

[
et2+6t − t− 8

]) 1
t+8

,

t ∈ [3, 4], (5.4)

Òî÷íîå ðåøåíèå ñèñòåìû (5.4):

x∗(t) = e2t, y∗(t) =
2t + ln(et2+6t − t− 8)

t + 8
.

Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âîçüìåì ôóíêöèè x0(t) = 10t, y0(t) = t. Òàáëèöà
5 îòðàæàåò ðåçóëüòàòû äëÿ äàííîãî ñëó÷àÿ.
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